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Preface

Still image coding is one of the oldest research topics in the image processing field. Activity in
this area has spanned the last four decades, producing a huge volume of scientific literature and
an innumerable amount of algorithms and techniques, each with their own merits and drawbacks.
Starting from the mid-1980s, an intense standardization activity has been carried out, leading to the
release of the worldwide popular JPEG standard in 1992. Since then, the JPEG format has reached
an ubiquitous diffusion, becoming the privileged means to exchange images stored in digital for-
mat. Along with JPEG, other coding standards have been developed, like the JBIG standard, just
to mention one, that meet the requirements set by particular applications. Spurred by new advances
in image processing and the availability of increasing computational power, a new standardization
activity began in the mid-1990s that resulted in the release of two new coding standards: the JPEG-LS
and JPEG 2000. Image coding is still a mature research field, leading one to assume that little room
exists for new significant advances. In this framework, a question naturally arises: Is image coding
research still worth it? As strange as it may seem, the answer is definitely yes. The reasons for such
an answer are rather simple and are basically the same as those that spurred the research in the
last decades: The computing power made available by technological advancements is continuously
increasing, hence making it possible for the development of new approaches that were unfeasi-
ble until a few years ago. At the same time, new image representation tools are being developed
whose exploitation for image coding looks particularly promising. Finally, new application areas are
appearing that call for the development of ad hoc image coding algorithms.

Having answered the above basic question about the usefulness of image coding research, it is
also possible to answer a second question: Is a new book on still image coding worth it? Once again
the answer is yes. One reason is that the process that led to the abandonment of the old block-DCT
approach that is typical of the JPEG standard is not properly covered by most image coding textbooks.
Second, new promising research directions are still appearing, making image coding research as
exciting as it has been during the last decades. Finally, while many books deal with the application
of image coding to a particular application scenario, it is not easy to find a reference in which several
such scenarios are gathered together. It is the aim of this book to provide a snapshot of the latest
advancements in the image coding field, providing an up-to-date reference of the best performing
schemes proposed so far, while at the same time highlighting some new research directions that are
likely to assume great importance in the years to come. In this spirit, this book is targeted to scientists
and practitioners who, while possessing an elementary knowledge of conventional image coding
theory including basic notions of image processing and information theory, want to keep abreast of
the latest results in the field.

The book is organized into three parts. Part I describes the current state of the art of image coding.
The first three chapters of this part are of a general nature. Chapter 1 (“Multiresolution Analysis for
Image Compression,” by Alparone, Argenti, and Bianchi) provides an introduction to multiresolu-
tion image representation and its application to image coding, with multiresolution analysis being
the common denominator of most of the post-JPEG image coding algorithms. Chapter 2 (“Advanced
Modeling and Coding Techniques for Image Compression” by Taubman) presents advanced coding
and modeling techniques that are applied in some of the newest image compression algorithms. Chap-
ter 3 (“Perceptual Aspects of Image Coding,” by Neri, Carli, and Mitra) deals with perceptual issues in
image coding, a topic that has received renewed interest in recent years. The next two chapters focus
on two classes of coding schemes; the former (“The JPEG Family of Coding Standards,” by Magli)



presents the JPEG family of coding standards with particular attention to JPEG 2000 and the latter
(“Lossless Image Coding,” by Forchhammer and Memon) discusses lossless image coding, a topic
that has also received increased interest in recent years due to its importance in applications like remote
sensing and biomedical imaging. The first part of the book ends with a chapter on fractal image coding
(“Fractal Image Compression,” by Hamzaoui and Saupe), a completely different approach to the
coding problem that was developed during the 1990s.

The second part of the book introduces the reader to four new research fields: image coding by
means of image representation paradigms that go beyond the wavelet-based framework (“Beyond
Wavelets: New Image Representation Paradigms,” by Fiihr, Demaret, and Friedrich); image coding by
means of redundant dictionaries, an approach whose interest is going to increase with the availability
of increasing computing power (“Image Coding Using Redundant Dictionaries,” by Vandergheynst
and Frossard); application of distributed source coding paradigms to image compression (‘“Distributed
Compression of Field Snapshots in Sensor Networks,” by Servetto); and the exploitation of novel data-
hiding techniques to improve the effectiveness of current codecs both in terms of coding efficiency
and robustness (“Data Hiding for Image and Video Coding,” by Campisi and Piva).

The third and last part of the book is devoted to the description of coding techniques expressly devel-
oped to compress particular classes of images, to which the general-purpose algorithms could not be
applied successfully. In particular, Chapter 11 (“Binary Image Compression,” by Boncelet) discusses
the compression of binary images, Chapter 12 (“Two-Dimensional Shape Coding,” by Ostermann and
Vetro) deals with the coding of binary shapes, and Chapter 13 (“Compressing Compound Documents,”
by de Queiroz) presents coding schemes available to efficiently compress compound documents, i.e.,
images depicting both natural scenes and text. In Chapter 14 (“Trends in Model-Based Coding of
Multidimensional Medical Data,” by Menegaz) the compression of biomedical images is addressed,
whereas in Chapter 15 (“Remote-Sensing Image Coding,” by Aiazzi, Baronti, and Lastri) coding
of remote sensing imagery is considered. The book ends with a chapter (“Lossless Compression of
VLSI Layout Image Data,” by Dai and Zakhor) devoted to the compression of VLSI image data.

As is evident from the outline given above, this book is the result of the efforts of several researchers
spread all over the world. I am grateful to all of them for agreeing to share their expertise and time.
Without them, this book would have never been possible. I also thank my wife, Francesca, and my
sons, Giacomo, Margherita, and Simone; even if they did not actively participate in the preparation
of the book, their closeness has been an invaluable help to me. Finally, I would like to thank my
colleague and friend, Franco Bartolini, who suddenly passed away on January 1, 2004 at a young
age of 39. As with many other initiatives, we conceived this book together, though in the end Franco
was not able to accompany me in this project. There is still much of his view in it.

Mauro Barni
Siena
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1.1 INTRODUCTION

With the advent of the multimedia era and the growth of digital packet networks, the total amount of
image data accessed and exchanged by users daily has reached the huge value of several petabytes.
Therefore, the compression of continuous-tone still images, either grayscale or color, has grown
tremendously in importance.

Compression algorithms are said to be reversible, or lossless, when the images that are recon-
structed from the coded bit stream are identical to the originals, or lossy. The difference in performance
expressed by the compression ratio between lossy and lossless algorithms can be of one order of mag-
nitude without a significant perceptual degradation. For this reason, lossy algorithms are extremely
interesting and are used in all those applications in which a certain distortion may be tolerated. When-
ever reversibility is recommended, compression ratios higher than 2 can hardly be obtained because
the attainable bit rate is lower bounded by the entropy of the imaging sensor noise [34].
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The classical image compression scheme consists of a decorrelator, followed by a quantizer and
an entropy coding stage. The purpose of the decorrelator is to remove spatial redundancy; hence it
must be tailored to the specific characteristics of the data to be compressed. Examples are orthogonal
transforms, e.g., discrete cosine transforms (DCTs) and discrete wavelet transforms (DWTs) [25], and
differential pulse code modulations (DPCMs), either causal, i.e., prediction-based, or noncausal, i.e.,
interpolation-based, or hierarchical [4]. The quantizer introduces a distortion to allow a decrement in
the entropy rate to be achieved. Once a signal has been decorrelated, it is necessary to find a compact
representation of its coefficients, which may be sparse data. Eventually, an entropy coding algorithm
is used to map such coefficients into codewords in such a way that the average codeword length is
minimized.

After the introduction of DWTs, it was noticed that a full-frame DWT allows long-range correla-
tion to be effectively removed, unlike DCTs in which full-frame processing leads to a spread of energy
in the transformed plane due to the fact that DCTs are not suitable for the analysis of nonstationary
signals. In fact, DCTs are not usually applied to the full frame, but only to small blocks in which
the assumption of stationarity approximately holds [32]. Hence, they fail in exploiting long-range
correlations and can effectively remove only short-range correlations. The DC component of each
block that is coded stand-alone (e.g., by spatial DPCMs) is a typical drawback of first-generation
transform coders, e.g., JPEGs [31]. The emerging standard JPEG 2000 [19] was devised to overcome
such limitations and to cope with scalability issues dictated by modern multimedia applications,
thereby leading to substantial benefits over JPEGs.

Another purpose of this chapter is to compare “early” wavelet coding with “second-generation”
wavelet coding. Image coding was one of the first applications of the newly discovered wavelet
theory [5]. The reason for this was that wavelet analysis was very similar to the well-established
subband analysis, which meant that the techniques of subband coding [16] could be directly applied
to wavelet coding. More recent wavelet coders use techniques that are significantly different from
those of subband coding and are based on ideas originating with embedded zero-tree wavelets (EZWs)
[36]. The main innovation is that coding of sparse data (nonzero coefficients after quantization) is
expedited by exploiting the self-similarity of details across scales [33,43] or, equivalently, the absence
of details across scales [35,36].

The remainder of the chapter is organized as follows. Section 1.2 reviews the theoretical fun-
damentals of wavelet analysis and discusses the basic properties of the wavelet transform that are
pertinent to image compression. The material in this section builds on the background material in
generic transform coding. This section shows that boundary effects motivate the use of biorthogonal
wavelets and introduces the lifting paradigm as a promising means to implement wavelet transforms.
Optimal, in the minimum mean-squared error (MMSE) sense, quantization strategies of wavelet coef-
ficients are reported as well. Section 1.3 presents the enhanced Laplacian pyramid (ELP), a redundant
multiresolution decomposition suitable for lossless/near-lossless compression through quantization
noise feedback loops at intermediate resolution levels. Section 1.4 describes the second-generation
wavelet coders that extend the ideas found in the last decade as well as a lesser-known encoder that
exploits inter- and intrascale statistical dependencies of ELP coefficients. Wavelet and ELP coders
are assessed together with two state-of-the-art spatial DPCM schemes on the test image Lenna.
Concluding remarks are drawn in Section 1.5.

1.2 WAVELET ANALYSIS AND FILTER BANKS

The theoretical fundamentals of multiresolution analyses will be briefly reviewed in this section.
Following Mallat’s approach, a basis for the space of square summable functions satisfying certain
multiresolution properties is constructed based on dilations and translations of a lowpass scaling
function ¢(t) and a bandpass wavelet function ¥ (¢). This multiresolution representation is strictly
related to the continuous wavelet transform (CWT) used for analyzing a continuous function f(¢)
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and is defined starting only from the function (¢). In the following, first the CWT is introduced and
then a rapid tour of the principal properties of multiresolution representations and filter bank theory
is given.

1.2.1 CoNTINUOUS WAVELET TRANSFORM AND FRAMES

Let L2(R) denote the Hilbert space of real, square summable functions, with a scalar product (f, g) =
f f(x)g(x) dx. The CWT represents the projection of f(¢) onto the function ¥, ,(¢) = 1//ay((t — b)/
a), that is,

—b
Wi(a,b) = {f, Yra) = /f(t)—tlf< )dr (L)

where a and b are the scale and shift parameters, respectively. The transform is invertible and f(¢)
can be reconstructed from Wy(a, b). According to the uncertainty principle, the analyzing functions
Y, p(t) are characterized by a variable time and frequency support and, hence, by a variable time and
frequency resolution capability. This trade-off is ruled by the choice of the scale parameter a. Thanks
to this property, the CWT is able to capture fast-decaying transients and resolve (long-duration) tones
very close in frequency.

As can be seen, however, a two variate transform is associated to a one-dimension function. From
a compression point of view, this is not an appealing property. It is apparent that such a representation
is redundant, and, if appropriate conditions are met, a sampling of the parameters a and b does not
affect the reconstruction property. The set of coefficients obtained by discretizing the scale and shift
parameters, a and b, is called a frame. If we let a = ao, b= kboao, and ;1 (1) = aoj 72 1//(ta0 — kby),
J,k €7Z, it is possible to demonstrate that, with reasonable choice of (¢), ag, and by, there exist dual
wavelet functions lﬁj,k(t) such that

f= Z(ﬁ Vi) Vi k() (1.2)

Jk

Under suitable hypotheses, the sets of functions {v/;«(?),], k € Z} and {fﬁj,k(t), J,k € Z} constitute a
basis for L2(R), so that they yield a minimum redundancy representation for f(¢). The basis can be
orthogonal, and in this case @j,k(t) coincide with ;1 (¢). The bases are biorthogonal if they satisfy
(¥jks fhm,n) =6(j —m)d(n — k). The existence of two different sets of functions, one for the analysis
and one for the synthesis of f(¢), allows the biorthogonal bases to present more degrees of freedom
than the orthogonal ones, so that special features can be added during their design. The most valuable
of such features is the symmetry of the basis functions, which cannot be achieved in the orthogonal
case. This property is of particular interest for image processing applications.

In the following, multiresolution spaces with specific reference to the dyadic case, i.e., an analysis
whose scales vary as powers of 2, are considered. This is obtained with the choice of ag =2 and
bo=1.

1.2.2  MULTIRESOLUTION SPACES

Multiresolution analysis with J levels of a continuous signal f having finite energy is a projection of
f onto a basis {¢;, {V;k}j<slkez [14]. First, the case of orthogonal bases is considered; then, the
modifications that must be introduced in the case of biorthogonal wavelets are summarized.

The approximation of f at the scale 2/ is given by the projection of f onto the set of functions
djx(t) = 27/ 2¢(2‘-7 t — k), obtained from the translations and dilations of the same lowpass func-
tion ¢(¢), called the scaling function, verifying f ¢(t)dt = 1. The family {¢;}rez spans a subspace
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V;C L*(R) so that the projection of f onto V; is described by the coefficients

{aj = ([, Pjx) ez (1.3)

Analogously, the basis functions v/; ¢ () = 2792 1//(2_j t — k) are the results of dilations and trans-
lations of the same bandpass functions ¥(¢), called the wavelet functions, which fulfills f Y(t)dr=0.
The family {y/;}rez spans a subspace W; C L?*(R). The projection of f onto W; yields the wavelet
coefficients of f, defined as

{wjk = (f, ¥jx)kez (1.4)

representing the details between two successive approximations, i.e., the data to be added to Vj to
obtain V;. Hence, W;, is the orthogonal complement of V;, 1 in Vj,ie., V;=V; 11 @ Wiy .

The subspaces V; realize the multiresolution analysis [25]. They present several properties, among
which we have

-cvicVyCcVocC--- (1.5)
and
eV & feneV (1.6)

Eventually, multiresolution analysis with J levels yields the following decomposition of L2(R):

L®)=|Pw|eov (1.7)
Jj<J

As a consequence of this partition, all functions f € L?(R) can be decomposed as follows:

[ = Zafk Gra)+ D> ik Yixld) (1.8)

Jj<J k

In the biorthogonal case, the spaces V; and W; are no longer orthogonal to each other. In this
case, two new functions, ¢(7) and @(t), dual to the scaling and wavelet functions ¢(#) and ¥ (¢), can be
defined, and a new basis for L2(R) can be constructed from their dilations and translations. Similar
to what was previously exposed, dual spaces \7 and W can be constructed from ¢(¢) and ¥(¢). The
new basis is called biorthogonal if ¢(t — k) is orthogonal to 1//(t — k) and ¢(t — k) is orthogonal to
Y(t — k), Yk € Z. This choice leads to V; L WJ and W; L V

As for CWTs, the basis {¢y k, {¥j«}j<s}kez is used for analysis, whereas {qSJ,k, {%i’k}jgj ez 18
used for synthesis; in the biorthogonal case, (1.8) becomes

f@) = Zm Gri®) + DY wik Via(t) (1.9)

Jj<J k
where ay x and wj are defined in (1.3) and (1.4), respectively.

1.2.3 MULTIRESOLUTION ANALYSIS AND FILTER BANKS

The connection between filter banks and wavelets stems from dilation equations that allow us to
pass from a finer scale to a coarser one [13,14,25]. Since V| C Vj, the functions ¢(x/2) and ¥(x/2)
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can be decomposed as

G(t/2) =2 hip(t — i)

! (1.10)
Y(t/2) =2 gidlt — i)

where h; = (¢1.,0, ¢o.i) and g; = (Y10, Po,;). Normalization of the scaling function implies Zi h;= V2.
Analogously, [y(r)dt =0 implies >_; g; =0.

It can be shown [25] that the coefficients of the multiresolution analysis of a signal f at a resolution
Jj can be computed from those relative to the immediately higher resolution by means of a filter bank
composed of the lowpass analysis filter {#;} and the highpass analysis filter {g;}, that is,

i1k = ([, Pj+14) = Zhi—Zk aj; = (aj; xh_){2

: (1.11)
Witk = (f> Vi) = D 8i-ak @i = (aj; * g2
i

In other words, a coarser approximation of f at scale 2t! is provided by lowpass filtering the
approximation coefficients at the scale 2/ with the filter 4_; and by downsampling the result by a
factor 2. Wavelet coefficients at scale 2/ are obtained by highpass filtering the same sequence with
the filter g_; followed by downsampling by a factor 2.

The reconstruction of the approximation coefficients are derived from

ajx = {fdix) =Y a2 ajrri+ ) gk—2i Wit

; ; (1.12)

= (aj11,i12) * hi + (Wj1,12) * g
In words, to reconstruct the approximation of a signal at the resolution 2/, the approximation and
detail coefficients at the immediately coarser resolution are upsampled by a factor 2 and filtered by
the synthesis filters {#;} and {g;}. The scheme of wavelet decomposition and reconstruction is shown
in Figure 1.1. For orthogonal bases, the set of relationships between analysis and synthesis filters is
completed by [25]

gn=(1)"h_np1 (1.13)

The wavelet analysis can be directly applied to a discrete sequence. Consider a sampled signal
fm)={f(®)l|;—,r}, where T is the sampling period. The samples can be regarded as the coefficients
of the projection of a continuous function f(¢) onto Vo, that is, f(n) =ap,. The output sequences
of the analysis stage represent the approximation and the detail of the input sequence {f(n)}, i.e., a
smoothed version and the rapid changes occurring within the signal, respectively.

FIGURE 1.1 Dyadic wavelet analysis and synthesis.
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1.2.4 ORTHOGONAL AND BIORTHOGONAL FILTER BANKS

The wavelet representation is closely related to a subband decomposition scheme [46], as can be
seen from Figure 1.1. Thanks to this relationship, multirate filter banks theory and wavelet theory
benefit from each other. Several results that were known in the former field have suggested further
developments in the latter, and vice versa. For example, the rigorous mathematical formalism and the
explanation of some properties of filter banks related to the regularity of the filter frequency responses
can be borrowed from the wavelet theory. On the other side, scaling and wavelet functions can be
derived from the frequency responses of the filters %, and g, [25], so that filter bank design methods
can also be used for wavelet construction. Considering the importance of two-channel filter banks for
wavelet theory, some facts about their properties are now summarized. The two-channel filter bank
scheme shown in Figure 1.2(a), using z domain representation, will be taken into consideration in
this section. The analysis and synthesis filters have been renamed and the notation has been slightly
changed. The output sequence x(n) is the reconstruction of the input sequence x(n).

Useful results can be obtained from the polyphase representation of the analysis and synthesis
filters, given by

Ho(z) = Hoo(z%) + zHo.1(z%)
, , (1.14)
Go(2) = Gop(z°) + 2Go.1(z°)
Hi(z) = Hi0(z%) + 27 Hyi1(2%)
S ) (1.15)
G1(z) = G1o(z°) + 277 G1,1(z7)

Let the analysis and synthesis polyphase matrices be defined as

Ho0(z) Ho,1(2) Hio(z) H1,1(2)
E(z) = ’ ’ , R = ’ ’ 1.16
® an&m) © Qmm&m) (10

By using these definitions and the noble identities [46], which allow the order of transfer functions
and upsamplers/downsamplers to be changed, the two-channel filter bank can be redrawn as shown
in Figure 1.2(b).

Applying upsampler and downsamplers input/output relationships, the reconstructed signal x(n)
can be written as [46,47]

X@) = LHo@H (@) + Go()G1(DIX(2)

X (1.17)
+3[Ho(—2)H1(z) + Go(—2)G1(2)1X(—2)

z E(2) R(2) z!

(b)

FIGURE 1.2 (a) Two-channel analysis/synthesis filter banks; (b) filter bank polyphase representation.
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The second term on the right-hand side of (1.17) is called aliasing component. In a perfect recon-
struction (PR) system, the aliasing component is null and the overall transfer function is equal to a
constant times a delay, that is,

Ho(D)H1(2) + Go(2)G1(z) = cz7*
Ho(—=2)H1(z) + Go(—=2)G1(2) = 0

(1.18)

As discussed in the previous section, an orthogonal multiresolution representation is characterized
by orthogonal filter banks, which satisfy the following relationships:

Hi(z) = Ho(z™")
Gi(z) = Go(z™h (1.19)
Goz) = —z 'Ho(—z7")

As can be seen, all the filters of the bank can be derived from a single lowpass prototype, namely
Hy(z). The filter banks are PR if the following power complementary property is verified:

|Ho(w)|* + |Ho(w + m)]> = 1 (1.20)

which is obtained by substituting (1.19) into the first equation appearing in (1.18). This class of PR
filter banks and methods for its design, based on (1.20), were known in the multirate signal processing
community as conjugate mirror filter (CMF) banks [29,38,39].

However, using orthogonal filter banks is not the only way to obtain the PR property [26,48].
Actually, less restrictive conditions than those shown in (1.19) can be used to achieve PR. If the
synthesis filter bank is derived from the analysis filter bank by

Hi(2) 21 Go(=2) 12
Gi@)  \=ez* ' Ho(—2) '
where ¢ is a constant and k an integer, then cancellation of the aliasing term is still verified. Let
P(z) = Hyo(2)H|(2). It can be shown that G(z)G1(z) = P(—z); hence, from the first of (1.18) we have
PR if the condition P(z) + P(—z) = 2 holds. This constraint defines a valid polynomial, characterized
by all even-indexed coefficients equal to zero, apart from p(0) = 2. The filter bank design problem
may be stated as searching for a valid polynomial P(z) with lowpass characteristics and, from its
factorization, the filters of the bank are derived. This bank is denoted as biorthogonal filter bank.
The constraints imposed on orthogonal banks do not allow for the design of PR banks with
filters having simultaneously the properties of linear-phase frequency response and finite impulse
response (FIR). Orthogonal, linear-phase, FIR filter banks can be designed if the PR constraint is
relaxed and substituted by quasi-PR, i.e., X(n) ~ x(n). Quadrature mirror filter (QMF) banks [12,21]
are an example of filter banks belonging to this class, in which the prototype Hy(z) satisfies only
approximately the power complementary property. On the contrary, thanks to the larger number of
degrees of freedom, symmetric filters are compatible with biorthogonal conditions. This fact makes
this type of filter bank particularly appealing for image processing.

1.2.5 RECONSTRUCTION AT BOUNDARIES

An important problem that must be tackled when the DWT is applied to a finite length sequence is
representing the signal without an expansion of the number of coefficients in the wavelet domain.
Consider, for example, a finite sequence composed of L samples and a DWT implemented by a low-
pass and a highpass filter, both having an N-tap impulse response. Before subsampling, the lowpass
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and highpass subbands are sequences composed of L + N — 1 samples and, after subsampling, each
subband comprises [(L+ N — 1)/2] samples. Hence, in the wavelet domain, the signal is represented
by about L 4+ N samples, that is, the number of coefficients needed to represent the signal is expanded.

An appealing feature of a wavelet transform applied to finite length signals would be the use of
a number of coefficients equal to the length of the signal. Different methods have been devised to
solve this problem. Boundary filters for two-channel [18] and M-channel [17] filter banks can be
constructed to satisfy the PR property at the beginning and at the end of the signal. Other methods
consider a periodic extension of the input signal and exploit the fact that the resulting subbands are
also periodic sequences. This method can be applied when both linear and nonlinear phase filters,
either FIR or IIR [6,40], are used. A major problem in using a periodic extension is that the last
sample of the signal becomes adjacent to the first sample, so that a discontinuity may be created.
If the jump of the discontinuity is quite large, high-amplitude samples — thus, highly costly to be
coded — are generated in the highpass subband at the beginning and at the end of the signal.

One way to overcome this problem is to use a periodic symmetric extension of the signal. Thanks
to the symmetric extension, discontinuities do not appear in the periodic repetition of the signal and
smoother subband samples are produced at the borders. A symmetric extension, e.g., around the
origin, can be obtained by reflecting the signal around n = 0. If the sample in n =0 is not repeated,
the sequence becomes symmetric around this sample; if the sample is repeated, the symmetry axis
is halfway between two samples. These two types of extensions are called whole-sample symmetric
(WS) and half-sample symmetric (HS), respectively. Antisymmetric extensions can be defined in
a similar way, yielding whole-sample antisymmetric (WA) and half-sample antisymmetric (HA)
sequences.

The period length of the extended input sequence is about 2L samples: different period lengths
must be considered according to the different types of symmetric extensions used at both borders.
The important fact is that if also the impulse responses of the wavelet filters are symmetric or
antisymmetric,” then the lowpass and highpass filtered signals are, before subsampling, still (about)
2L-periodic sequences. Their period is a symmetric or antisymmetric sequence, so that only (about)
L samples are necessary to represent each subband. If the subsampled versions of such signals are
still symmetric or antisymmetric, then they can be represented with (about) L/2 samples and the
coefficient expansion problem does not occur.

Several studies have investigated the necessary conditions that allow the decimated subband
samples to be periodic-symmetric or -antisymmetric sequences. The case of a subsampling factor
M =2 was first dealt with in [40] and extensions to generic values of M can be found, e.g., in
[7,9,22,27]. The choice of the correct type of symmetric extensions is illustrated with an example.

Example. Consider a finite length signal composed of L =9 samples. Consider a biorthogonal
wavelet decomposition [14] with lowpass and highpass filters transfer functions given by>

Hy(z) = —0.354 + 1.061z7 ! + 1.061z72 — 0.3547 3
(1.22)
Go(z) = —0.177 + 0.530z~! — 0.530z72 + 0.17773

The impulse responses are HS and HA, respectively, and have a group delay of tg, =76, =3/2
samples. The signal has been HS-extended at both ends, obtaining the 18-periodic signal shown in
Figure 1.3(a). The lowpass and highpass subbands before decimation are shown in Figure 1.3(b) and
Figure 1.3(d), respectively. They are 18-periodic sequences with WS and WA extensions, respectively,

!'In WA extensions, the sample coinciding with the center of symmetry has a null amplitude.

2 A symmetric or antisymmetric filter impulse response can also be classified as WS, HS, WA, or HA by observing if the
center of symmetry or antisymmetry coincides with a sample or it is halfway between two samples.

3 The filters coefficients used in this example have been obtained with the Matlab® call wfilters (‘bior3.1’) .
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at both ends. This is the result of filtering the original HS sequence by means of either an HS or an HA
sequence. This fact can be seen also in terms of the delay introduced by the filters: the half-sample
symmetry of the left extreme of the input can be seen as a —1/2 delay of the symmetry axis; after the
filter delay, the final position of the symmetry axis is at n =1, as can be verified from Figure 1.3(b).
Figure 1.3(c) and Figure 1.3(e) show the subbands obtained after decimation and upsampling by a
factor 2 (upsampling has been included to improve the readability of the plots): these are the signals
that will be filtered by the synthesis stage. The number of significant samples in the lowpass and
highpass subbands is five and four, respectively, so that a nonexpansive transform is implemented.

1.2.6 LIFTING SCHEME

Construction of wavelet filters usually relies on certain polynomial factorizations in the frequency
domain. The lifting scheme is an alternative approach that allows a generic biorthogonal wavelet to be
defined directly in the spatial domain [41,42]. The main reason behind the introduction of the lifting
scheme is its ability to define wavelets in the case of complex geometries and irregular sampling,
i.e., in settings where the translation and dilation approach cannot be applied. Usually, these kinds of
wavelets are referred to as second-generation wavelets, to distinguish them from classical wavelets,
also called first-generation wavelets.

The typical lifting stage is composed of three steps: split, predict (P), and update (U), as shown
in Figure 1.4. Consider a set of data x, whose spatial correlation properties are known. The aim is to
exploit this correlation to find a more compact representation of x.

. L

(d) (e)

FIGURE 1.3 Signal composed of L =9 samples and HS-extended at both sides. (a) Periodic symmetric exten-
sion; (b) lowpass subband before subsampling; (c) lowpass subband after subsampling and upsampling; (d)
highpass subband before subsampling; and (e) highpass subband after subsampling and upsampling.

H+ ) —>s
u

!
BE— .

FIGURE 1.4 Canonical lifting stage.

X—»  Split
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First, the original sequence X is split into two nonoverlapping sets, X and X, comprising the
even and odd samples of x, respectively. Owing to the structure of the data in the initial set, we can
suppose that the data in X, and X, are highly correlated and that the values of x, can be predicted
from the data in X.

The second step of the lifting scheme consists of a predictor P that processes the even part of the
input data set in order to obtain a prediction for the odd part. The data in x,, are then replaced by the
prediction residual given by

d=x,—P(xe) (1.23)
The form of the predictor depends on some model that takes into account the correlation structure
of the data. Obviously, the predictor P cannot depend directly on the data x, otherwise a part of the
information in x would be hidden in the predictor. Given x., d, and P, we can reconstruct exactly
the initial data set. Hence, the predict step preserves all information contained in x. Moreover, if the
predictor fits well the original data set, we expect the residual d to contain much less information
than the odd data set. The new representation obtained after the predict step is indeed more compact
than the initial one. However, it does not preserve some global properties of the original data. In
particular, the data set X, may not have the same average value as the original data set.

The lifting scheme uses a third step that updates the values of x¢, based on the residual d. The
updated version is given by

s =xe +U(d) (1.24)

where U is referred to as the update operator. Usually, the update operator is so designed that s
maintains some desired properties of the original data set.

Once the predictor P and the update operator ¢/ have been chosen, the lifting stage can be
immediately inverted by reversing its operations, as shown in Figure 1.5. Given d and s, the even and
odd parts of the original data set can be obtained as

Xe = s — U(d) (1.25)
X, = d 4+ P(xe) (1.26)

Therefore, these two data sets can be merged to recompose the original data set. An important property
is that the inverse lifting scheme holds irrespective of the choice of predictor and update operator,
i.e., the lifting scheme is implicitly biorthogonal, thereby yielding PR.

1.2.6.1 Implementing Wavelet Transforms via Lifting

The lifting scheme is a generic tool that can be applied to arbitrary data sets. Examples include the
extension of the wavelet transform to nonuniformly spaced sampling and to complex geometries as
the sphere [42] as well as the definition of wavelets in arbitrary dimensions [23]. However, it can
also be used to implement any classical DWT or two-channel filter bank [15]. The main advantages
of implementing a wavelet transform by means of lifting are the reduced complexity as well as the
possibility of a fully in-place calculation of the wavelet coefficients. Furthermore, lifting can be used
to define wavelet transforms that map integers to integers [11].

. i ™
d T =/-t\ T X,

U °

FIGURE 1.5 Inverse lifting stage.
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Consider a signal x(n). The even and odd polyphase components can be defined as x.(n) = x(2n)
and x,(n) =x(2n + 1), respectively. If the predictor and the update operator are modeled as linear
time-invariant (LTI) filters with transfer functions P(z) and U(z), then the lifting stage is equivalent
to a critically sampled two-channel perfect reconstruction filter bank defined by the pair of polyphase

matrices
(1 U® 1 0]
E(z) = 01 ] [_P(Z) 1 (1.27)
and
1 01 U]
R(z) =  ro) 1} [0 - (1.28)

The interconnections between the lifting scheme and a two-channel filter bank are highlighted in
Figure 1.6.

It is demonstrated in [15] that any two-channel perfect reconstruction filter bank with FIR filters
can be factorized into a finite sequence of simple filtering steps implemented via lifting. Given
an arbitrary biorthogonal wavelet transform, the synthesis polyphase matrix associated with it can

always be expressed as
" 1 0 1 -Ui(2) y 0
R@z) = 1.29
¥ E[MIMO 1 MOI/V} -

where y is a nonzero constant. The above factorization means that any FIR filter wavelet transform
can be obtained by starting with a twofold polyphase decomposition of the input signal followed
by m lifting steps and a final scaling. We can start from the simplest wavelet decomposition, i.e., a
polyphase decomposition, and then “lift” it through a finite number of steps until we obtain a wavelet
having the desired properties.

The relationships between wavelet transforms and lifting can be explained more clearly by means
of an example.

Consider the Le Gall’s wavelet transform, implemented with 5- and 3-tap filters whose coefficients
are shown in Table 1.1 [24]. In this case, the synthesis polyphase matrix can be factorized as

1 (—2—2z"1)/8
Rz =
z+1D/2 (—z+6—-2z"1/8

1 0[1(-1-z1/4
le+pptil]o 1

(1.30)

»(F
l T
-P@)| | U2 |

>+
E(2)

FIGURE 1.6 Analogies between lifting and filter banks.
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TABLE 1.1
Le Gall’s 5/3 Wavelet Filter Coefficients

Analysis Filters Synthesis Filters
n fi(n) fr(n) gi(n) gu(n)
0 6/3 1 1 6/3
+1 2/8 -12 12 —2/8
+2 —1/8 —1/8

yielding the expressions P(z) = (z+ 1)/2 and U(z) = (1 + 7 /4. Therefore, the lifting stage that
implements Le Gall’s 5/3 wavelet transform is given by

dln] = x[2n+ 1] — %(x[2n + 2] + x[2n]) (1.31)
stnl = x[2n] + 3(d[n] +dln — 1]) (1.32)

As can be seen, the expressions in (1.31) and (1.32) are very attractive from a computational
point of view, since they can be implemented relying only on additions and divisions by powers of 2.
Moreover, the lifting scheme allows an integer-to-integer version of Le Gall’s transform to be derived.
This transform is obtained by simply rounding the output of P(z) and U(z) and can be expressed as [11]

din] = x[2n+ 1] — | $(x[2n + 2] +x[2n]) | (1.33)
stnl = x[2n] + | z(d[n] +dln — 1) + 5 (1.34)

where the constant term in (1.34) is needed to avoid bias effects on rounding. Note that the transform
defined by (1.33) and (1.34) is no longer the equivalent of the two-channel filter bank based on Le
Gall’s filters because the new predictor and update operator are nonlinear. However, due to the implicit
biorthogonality, and hence PR, of the lifting scheme, it can be perfectly inverted relying on the general
equations in (1.25) and (1.26). This version of the Le Gall’s transform has a particular relevance in
practical applications, since it is used as lossless transform in the JPEG 2000 standard [37].

1.2.7 WAVELET DECOMPOSITION OF IMAGES

Image multiresolution analysis [25] can be implemented by using 2-D separable filters. Filtering and
downsampling, as in the 1-D case, is applied to image rows and, successively, to image columns.
Since a lowpass and a highpass subband are generated in both row and column processing, the lower
resolution representation consists of four subbands, denoted with the superscripts LL, HL, LH, and
HH. Let AJ-LL (m, n) be the approximation coefficients at the jth level of decomposition, in which (m, n)
is the pixel position. Relationships to obtain the (j + 1) level coefficients from the jth level are

Al m,n) =) " hiiAFQm + k. 2n + 1)
Ik

WH ) =Y "> " higrA@m+ k. 2n + 1)
1 k
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FIGURE 1.7 Two-level wavelet decomposition of test image Lenna.

WiLomn) =Y "> gihiAr@m + k,2n + 1)
Ik

Wi mn) =" gigeAl @m + k, 2n + 1) (1.35)
1 k

In Figure 1.7, the wavelet decomposition applied to the image Lenna is shown.

1.2.8 QUANTIZATION OF MALLAT'S DWT

The output of the transform stage of a K-level octave decomposition on image data is M =3K + 1
separate subbands of coefficients. By the design of an orthogonal filter bank, the coefficients in
each subband are uncorrelated from coefficients in other subbands. As a result, the coefficients
in each subband can be quantized independently of coefficients in other subbands without loss in
performance. The variance of the coefficients in each of the subbands is typically different, and thus
each subband requires a different amount of bit resources to obtain best coding performance. The
result is that each subband will have a different quantizer, with each quantizer having its own separate
rate (bits/sample). The only issue to be resolved is that of bit allocation, or the number of bits to be
assigned to each individual subband to give the best performance.

Let us derive the solution to the bit allocation problem for the case of uniform scalar quantization
in each of the subbands. The goal is to assign each subband, containing a fraction o of the total
number of coefficients (Zg’zl ay = 1), abit rate, denoted as Ry bits/coefficient, such that the average
rate is

M
R = ZakRk (1.36)
k=1

and the reconstruction distortion is minimized. If uniform scalar quantization is used, the quadratic
distortion, or error energy, introduced by the quantizer in each subband can be modeled by

Dy = crop2 R (1.37)

where a,% is the variance of coefficients in the kth subband, R; the subband bit rate, and c; a parameter
which depends on the probability distribution in the subbands, e.g., e/6 and e? /6 for Gaussian and
Laplacian PDF, respectively [20]. Equation (1.37) makes intuitive sense since the more bits/sample
allocated to the subband (Ry), the lower the resulting distortion from that subband. Since all subbands
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are orthogonal to each other, the total quadratic distortion D, or reconstruction error of the wavelet
coefficients, assuming the same ¢y = ¢ in each subband, will be given by

M
D=c Z o727k (1.38)
k=1

Equations (1.36) and (1.38) can be combined to form a constrained minimization problem that can
be solved using the Lagrange multipliers method, where the Lagrangian to be minimized is

M M
J=c) o2 2R —) (R — ZakRk) (1.39)
k=1 k=1

Minimization of this function results in the best bit allocation

2
2 [ iz (oxoj)*

According to (1.40), distortion is allocated among subbands proportionally to their size, i.e., to the
oS, to minimize the total distortion D, given the rate R. If oy = 1 /M, Vk, (1.40) reduces to

2
Ok

M
M
(Hk:l U/%)

For the case of a biorthogonal wavelet decomposition, it holds that D = 224: (wiDg. In fact,
depending on the synthesis filters, the distortion coming from each subband is differently weighted.
Therefore the set coefficients wy must be introduced in (1.38) and (1.39) as well. In order to expe-
dite the distortion allocation task, biorthogonal filters yielding wy ~ 1 are desirable. The widely
used 9/7 biorthogonal filter set deviates by only a few percent from the orthogonal filter weighting
(wr =1, Vk) [45].

1
Ri =R+ 5 log, (1.41)

1.3 ENHANCED LAPLACIAN PYRAMID

In this section, another multiresolution decomposition suitable for image compression is reviewed.
The main advantage with respect to Mallat’s orthogonal pyramid is that the intrinsic redundancy
of this structure is exploited through the design of a suitable quantizer to obtain an Ls,-bounded,
or near-lossless, coding scheme, analogous to spatial DPCM, but with the extra feature of spatial
scalability.

The Laplacian pyramid, originally introduced by Burt and Adelson [10] several years before
wavelet analysis, is a bandpass image decomposition derived from the Gaussian pyramid (GP),
which is a multiresolution image representation obtained through a recursive reduction (lowpass
filtering and decimation) of the image data set.

A modified version of Burt’s LP, known as ELP [8], can be regarded as a redundant wavelet
transform in which the image is lowpass-filtered and downsampled to generate a lowpass subband,
which is re-expanded and subtracted pixel by pixel from the original image to yield the 2-D detail
signal having zero mean. Thus, the output of a separable 2-D filter is recursively downsampled
along rows and columns to yield the next level of approximation. Again, the detail is given as the
difference between the lowpass approximation at a certain scale and an expanded version of the
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lowpass approximation at the previous (finer) scale. Unlike the baseband approximation, the 2-D
detail signal cannot be decimated if PR is desired.

The attribute enhanced depends on the zero-phase expansion filter having cutoff at exactly one
half of the bandwidth, and chosen independently of the reduction filter, which may have half-band
cutoff as well or not. The ELP outperforms the former Burt’s LP [10] when image compression is
concerned [4], thanks to its layers being almost completely uncorrelated with one another.

Figure 1.8 shows the GP and ELP applied of the test image Lenna. Notice the lowpass octave
structure of GP layers as well as the bandpass octave structure of ELP layers. An octave LP is
oversampled by a factor 4/3 at most (when the baseband is 1 pixel wide). Overhead is kept moderate,
thanks to decimation of lowpass components.

Burt’s LP [10] achieves PR only in the case of infinite precision. When dealing with finite
arithmetics, roundoff is introduced in order to yield integer-valued pyramids, denoted with superscript
stars.

Let G§ ={G{(m,n),m=0,....M —1;n=0,...,N—1}, M=p x 2K and N=¢ x 2K be an
integer-valued image with p, ¢, and K being positive integers. The set of images {G},k=0,1,...,K},
with G} = {G}(m,n),m=0,...,M/2¥ —1,n=0,...,N/2F — 1}, constitutes a rounded GP in which,
for k > 0, G}, is a reduced version of G}_:

G} = round[reduce(Gj_,)] (1.42)

in which roundoff to integer is applied component-wise, and reduction consists of linear lowpass
filtering followed by downsampling by 2:

Ig Ix
[reduce(Gy_)] (m,m) & Y~ > r(i) x r(j) x Gi_2m +i,2n + j) (1.43)

i=—Ig j=—Ig

FIGURE 1.8 (a) GP and (b) ELP of Lenna.
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where k identifies the pyramid level (K is the top or root). Burt’s parametric kernel {r(i), i = —2,...,2}
(Ir =2) has been widely used [8,10,30]:

2
RD2 Y ri =a+025+27")+ (025 - 05a)* +272) (1.44)
=2

An integer-valued ELP [8] {L{,k=0,1,...,K}, with L}={L;(m,n),m=0,. M/Zk -1,
n=0 N/2k— 1} may be defined from G* fork K, Ly =G}, while for k=0, -1,

Li(m,n) = G{(m,n) — round{[expand(G} |)1(m, n)} (1.45)

in which expansion signifies upsampling by 2, followed by linear lowpass filtering:

. . i+m j+n
[expand (G )1(m,n) 2 Z Z e(i) x e(j) x Gi 4 <T 5 ) (1.46)
i=—Ip J=—IE
(j+n) mod 2=0
(i+m) mod 2=0
The following 7-taps half-band kernel has been employed for expansion:
3 .

EQ 2> el =1+bc+7 )+ 05-b) +277) (1.47)

i=-3

Even though Ir = 3, the filter has the same computational cost as for Burt’s kernel, thanks to the null
coefficients. Analogous to the a appearing in the reduction filter (1.44), b is an adjustable parameter,
which determines the shape of the frequency response (see [1,4,8]) but not the extent of the passband,
which is variable for Burt’s kernel [8,10]. Burt’s LP uses the same Kernel (1.44) for both reduction
(1.43) and expansion (1.46), apart from a multiplicative factor to adjust the DC gain in (1.46), and
does not feature roundoff to integer values in (1.42) and (1.45).

1.3.1  QuANTIZATION OF ELP wiTtH NOISE FEEDBACK

When quantizers at each level are not independent of each other, the analysis leading to optimal
distortion allocation is more complex, because the rate distortion (RD) plot at the kth level depends
on the working point at level k + 1, containing the lower frequency components. To explain the
meaning of dependent quantizers, let us consider the Block diagram of an ELP coder with quan-
tization noise feedback, shown in Figure 1.9. Let Q(-) indicate quantization with a step size Ay,
Qi (t) =round[t/Ar], and Q;l () the inverse operation, Q,:l () =1Ak. We immediately note that, for
perfect reconstruction, an arbitrary step size Ay can be used for quantizing L, provided that Ay = 1.
With nonunity step sizes, G,’; the integer-valued GP reconstructed at the receiving end for k < K will

be recursively given by the sum of the expanded GZ 41 and of an approximate version of i,’{‘ due to
quantization errors, in which

Z,,f(m,n) = G;(m,n) — round{[expand{é,fﬂ}](m, n)} (1.48)

Since the term G,’(‘ 41 recursively accounts for previous quantization errors starting from the root
level K down to level k + 1 inclusive, setting Ag=1 causes all errors previously introduced and
delivered to the pyramid base to be compensated irrespective of the other step sizes. Absolute errors
are upper-bounded as well, if Ag > 1.
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&) () S

+ +

FIGURE 1.9 Block diagram of a hybrid (ELP + DPCM) encoder with switchable quantization noise feedback.
The output of reduction/expansion filtering blocks, R(z) and E(z), is rounded to integer values.
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FIGURE 1.10 Spectral energy subdivision of Laplacian pyramids with ideal filters: (a) independent quantizers
(no feedback); (b) quantization noise feedback with suitable step sizes.

Figure 1.10 highlights the meaning of independent and dependent quantizers for the ELP. In the
case without feedback (a), analogous to Mallat’s wavelet pyramid, the power spectral density is verti-
cally sliced in disjoint frequency octaves (bandpass representation) that are quantized independently
of one another. In the case of feedback (b), the lower frequency components are coarsely quantized,
and their errors, having flat spectra, are added to the higher frequency layers before these are quan-
tized as well. The resulting pyramid levels embrace all the octaves starting from the baseband, and
thus constitute a lowpass representation. It is also evident that quantization errors coming from upper
levels affect the quantizers at lower levels. The RD curve of a quantizer at a given pyramid level
depends on the distortion value introduced by the quantizer at the upper level, i.e., on the work point
on the previous RD plot. If the set of quantization step sizes is chosen as in Figure 1.10(b), the spectra
will be vertically sliced, resulting in a maximum flatness of the coefficients to be coded at each level.
From the above considerations, such a set of step sizes is expected to be data-dependent and, thus,
to vary from one image to another.

Upon these premises, let us derive the optimum set of dependent quantizers for the ELP coder in
Figure 1.9. Let Dy and Ry, respectively, denote the MSE distortion produced at the kth level of the
ELP with quantization noise feedback (1.48), and the mean binary rate needed to transmit one ELP
coefficient at the same level. Assuming that Ry, is large, and therefore Dy is small, the relationship
between Dy and R; may be written as [20]

Dy = 677272 (1.49)
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where &,’:2 is the variance of I:Z and ¢ is a coefficient that depends on the shape of the PDF of the
data and is independent of Dy. Inverting (1.49) yields

Re = Llog, S5 (1.50)
=—lo .
k=35 g2 Dy
An equivalent entropy rate of ELP may be defined as
K K %2
Ry 1 1 CkO';:
Req = E 4— = E E 47 10g2 Dk (151)

Due to quantization noise feedback, a dependence exists between &;2 and Dy, which can be
modeled as

612 = 0}* 4+ Diy1 P2 (1.52)

where Pg denotes the power gain of the 1-D expansion filter E(z) (1.47). {0;:, k=0,1,...,K—1}

represent the square roots of the variances of L (1.45). The latter equals I:z (1.48) calculated with
unit quantization step sizes. Denoting by D the overall distortion of the reconstructed image, D = Dy.

The problem may be stated as: given D, i.e., Dy, find Dy, k=1, ..., K, that minimize the overall
rate Req. It can be solved by replacing (1.52) into (1.51), taking its partial derivatives with respect
to Dy, k=0,...,K, and imposing them to be null with the constraint Dy = D. This procedure yields
Dk, k=1,...,K, the distortion values that minimize (1.51),

2
Dy = G’?*; (1.53)
3P;
If {Ak, k=1,...,K} is the set of step sizes of the optimum uniform quantizer, and a piecewise linear

PDF approximation is taken within each quantization interval, in the middle of which the dequantized
value lies, the relationship between step size and distortion is Dy = A,% /12. Replacing (1.53) yields
the optimum step sizes

R 207,

Ay = —— (1.54)

Pg

The step sizes Ak may be approximated with odd integers, so as to minimize the PE of the lower
resolution image versions, without introducing a significant performance penalty, as shown in [4].
The step size A is set up based on quality requirements, since the optimal quantizer is independent
of its value.

1.4 CODING SCHEMES

1.4.1 EMBEDDED ZERO-TREE WAVELET CODER

The wavelet representation offers a set of features that are not fully exploited in classical subband
or transform coding schemes. First, the wavelet transform is multiresolution, i.e., it offers different
representations of the same image with increasing levels of detail. Moreover, the wavelet transform
has a superior ability in decorrelating the data, i.e., the energy of the signal is compacted into a very
small subset of wavelet coefficients. This permits to code only a relatively small amount of data,
thereby achieving very good compression performance. The main drawback of this approach is that
the information relative to the position of the significant wavelet coefficients also needs to be coded.
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A possible way to overcome this problem could be to exploit the multiresolution properties of the
wavelet representation for coding this information in a more efficient way.

The EZW coding algorithm proposed by Shapiro [36] was the first coding scheme that exploited
the multiresolution of the wavelet transform to yield a very compact representation of the significant
coefficients. From this point of view, it can be considered as the ancestor of the subsequent coding
schemes that have led to the JPEG 2000 standard.

The two key concepts of EZW are the coding of the significance map by means of zero-trees and
successive approximation quantization. The significance map is defined as the indication of whether
a particular coefficient is zero or nonzero with respect to a given quantization level. The main idea of
the EZW algorithm consists of the fact that the zeros of the significance map can be coded in a very
efficient way if we rely on the self-similarity of the wavelet representation. Given a coefficient at a
coarse scale, the coefficients having the same spatial location at finer scales are called descendants
and can be represented by means of a tree, as shown in Figure 1.11. Experimental evidence shows that
if a zero is present in the significance map at a coarse scale, then its descendants are likely to be zero.
Hence, all the coefficients belonging to the tree can be coded with a single symbol. Usually, this set of
insignificant coefficients is referred to as zero-tree. Relying on zero-trees, a very compact description
of a significance map can be obtained. Moreover, this representation is completely embedded in the
bit stream, without the need of sending any side information.

A significance map can be thought as a partial bit plane that codes only the most significant bit
of each coefficient. In order to obtain a finer representation of the wavelet coefficients, the EZW
algorithm uses a successive approximation strategy. This consists of a refinement step in which, for
each coefficient that was found to be significant at the previous levels, a new bit is produced according
to the current quantization level. In practice, given the bit plane relative to a particular quantization
threshold, this step codes the bits that cannot be deduced from the significance map. Thanks to this
coding strategy, the EZW algorithm is also SNR-scalable, i.e., the output bit stream can be stopped
at different positions yielding reconstructed images of different quality.

The details of the EZW algorithm can be better explained by using a simple example. Consider
the three-level wavelet decomposition of an 8 x 8 image tile shown in Figure 1.12. We will denote
the four subbands at the ith decomposition level as LL;, HL;, LH;, and HH;, using the same order in
which they are visited by the EZW algorithm. Smaller subscript values correspond to finer resolution
levels. Coarser resolution levels are visited first. Obviously, subband LL is present only at the coarsest
level and it is the first subband that is coded.

The EZW algorithm considers two lists referred to as the dominant list and the subordinate list.
The dominant list contains all the coefficients that are not already found to be significant. When a

P
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FIGURE 1.11 Example of descendant trees in a three-level wavelet decomposition.
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127 | 26 69 11 o 3 10 1

—81 | 33 7 —12 | 1 8 2 0

2 17 | -12 11 5 2 -4 0

30 13 7 -6 | 3 2 5 -3

o 5 13 0 o 2 1 0

3 13 5 0 |-1 1 1 0

13 6 1 -3 |-1 0 1 0

10 o 4 | o 2 0 -4

FIGURE 1.12 An example of three-level wavelet decomposition.

coefficient is found to be significant with respect to a given threshold, that coefficient is moved to
the subordinate list. In the initialization pass, all wavelet coefficients are inserted in the dominant list
and the quantization threshold is set to T = 2122 *max] Referring to Figure 1.12, we have Ty = 64.

The algorithm is composed of two main passes. In the first pass, referred to as dominant pass, all
the coefficients in the dominant list are compared with the threshold and coded in the significance
map by using one of four possible symbols:

o ps (positive significant): the coefficient is positive and its magnitude is greater than the
threshold.

« ns (negative significant): the coefficient is negative and its magnitude is greater than the
threshold.

o iz (isolated zero): the coefficient magnitude is less than the threshold, but some of the des-
cendants are significant.

o 7zt (zero-tree): the magnitude of the coefficient and of all the descendants is less than the
threshold.

Considering Figure 1.12, the output of the first dominant pass is given in Table 1.2. In particular,
when a zero-tree is found, the descendants are not coded. Referring to Table 1.2, we find that subband
HH, as well as most coefficients in the first decomposition level do not need to be coded.

In the second pass, referred to as the subordinate pass, the coefficients in the subordinate list are
coded with a 1 or a 0 depending on whether the coefficient magnitude is in the upper or lower half
of the quantization interval. The first subordinate pass relative to the proposed example is shown in
Table 1.3. Note that this pass considers the threshold 7'=32. This is due to the fact that since the
subordinate list contains only the coefficients that are found to be significant at previous passes, for
T = 64, this list is empty.

The above passes are repeated in a loop, halving the threshold at each step. The coding process
ends when the desired bit rate is achieved. Usually, the string of symbol produced by the EZW
algorithm is entropy coded by means of an arithmetic encoder to meet the required compression rate.

1.4.2 Set PARTITIONING IN HIERARCHICAL TREES CODER

The set partitioning in hierarchical trees (SPIHT) algorithm proposed by Said and Pearlman [35] can
be thought of as an improved version of the EZW scheme. It is based on the same concepts that are
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TABLE 1.2

Output of the First Dominant Pass in EZW (T = 64)
Subband Coefficient Symbol Reconstructed Value
LLs 127 ps 96

HL; 26 iz 0

LH; —81 ns —-96

HH; 33 7t 0

HL, 69 ps 96

HL, 11 zt 0

HL, 7 7t 0

HL, —-12 at 0

LH, 22 zt 0

LH, 17 7t 0

LH, 30 at 0

LH, 13 zt 0

HL, 0 iz 0

HL, 3 iz 0

HL, 1 iz 0

HL, 8 iz 0
TABLE 1.3

Output of the First Subordinate Pass in EZW (T =32)
Coefficient Symbol Reconstructed Value
127 1 112

—81 0 80

69 0 80

involved in EZW, i.e., the coding of the significance of the wavelet coefficients relative to a given
threshold and the successive refinement of the significant coefficients. However, the significance is
coded in a completely different way than in the EZW technique. In particular, the representation
offered by SPIHT is so compact that it achieves performance comparable or superior to the EZW
scheme even without using an entropy coder.

The main feature of SPIHT is a set partitioning rule that is used to divide the set of wavelet
coefficients into significant and insignificant subsets. The rule is based on the well-known self-
similarity properties of the wavelet decomposition and aims at obtaining insignificant subsets with a
large number of elements, so that they can be coded at very little expense.

The set partitioning algorithm relies on the same tree structure, often referred to as spatial
orientation tree, as shown in Figure 1.11. Relying on the spatial orientation tree, the set partitioning
algorithm defines some particular sets of wavelet coefficients that are used for sorting the coefficients
according to their significance. Given a wavelet decomposition, the set of four coefficient at the
coarsest resolution is called H and is used to initialize the algorithm. Then, with respect to a generic
coefficient denoted by the index k, the following sets are defined:

o O(k): set of the offspring. With respect to a particular coefficient, the offsprings are the four
direct descendants in the next finer level of the wavelet decomposition.
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e D(k): set of all the descendants of the coefficient k.
o L(k): defined as D(k) — O(k).

The above-described sets are evaluated by means of a significance function that decides whether
a set is to be partitioned. Given the generic set T, the significance of 7 with respect to the nth bit
plane is defined as

1 ifthereisak € T so that c(k) > 2"
S,(T) = (1.55)

0 elsewhere

where c(k) denotes the magnitude of the coefficient with index k.

The rationale of the set partitioning algorithm is as follows. First, the set of wavelet coefficients
is partitioned into the four single-element sets {k}, for k € H, plus the three sets D(k) corresponding
to the coefficients in H that have descendants. Therefore, each significant D(k) is divided into the
four single-element sets {/}, for [ € O(k), plus the set L(k). Finally, for each set L(k) that is found
to be significant, a new partition is obtained considering the four sets D(I), for [ € O(k). The above
partitioning rules are applied iteratively until all the sets L(k) prove to be empty, i.e., there are no
descendants other than the four offsprings.

In the SPIHT algorithm, the order of the splitting pass is stored by means of three ordered
lists, namely, the list of significant pixel (LSP), the list of insignificant pixel (LIP), and the list of
insignificant set (LIS). Here we use the same terminology as in [35], where “pixel” denotes a wavelet
coefficient. The LIS contains either set D(k) or L(k). If an entry refers to a set D(k) it is called of type
A, otherwise type B. The LIP contains sets of single insignificant pixels. The LSP contains sets of
single pixels that are found to be significant. Both the encoder and the decoder use the same control
list, so that the decoder can recover the splitting ordering from the execution path.

In the following, the entire SPIHT encoding algorithm is presented as given in [35]. As can be
seen, in the sorting pass the LIP and the LIS are processed, whereas in the refinement pass the LSP
is processed.

1. Imitialization: output n = |log, (maxy{c(k)})]; set the LSP as an empty list, add all k € H to
the LIP and only the three with descendants also to the LIS, as type A entries;
2. Sorting Pass:
2.1. for each k in the LIP do
2.1.1. output S,,({k});
2.1.2. if S,({k}) =1 then move k to the LSP; output the sign of c(k);
2.2. for each k in the LIS do
2.2.1. if the entry is of type A then
« output S,,(D(k));
o if S,(D(k))=1 then
—for each I € O(k) do
x output S,({});
x if S,({/}) =1 then add / to the LSP; output the sign of c(/);
* if §,({l}) = 1 then add [ to the LIP;
—if L(k) # @ then move k to the LIS, as an entry of type B; go to 2.2.2;
—if L(k) = then remove k from LIS;
2.2.2. if the entry is of type B then
o output S,(L(k));
o if §,(L(k))=1 then
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—add each [ € O(k) to the LIS, as an entry of type A;
—remove k from the LIS;

3. Refinement Pass: for each k in the LSP, except those included in the last sorting pass, output
the nth bit of c(k);
4. Quantization Step Update: n = n — 1; go to 2.

The above algorithm can be better understood by means of a simple example considering again
the wavelet decomposition in Figure 1.12. At the beginning of the algorithm we have n=6 and
the control list are set to LSP — {}, LIP — {127, 26, —81, 33}, and LIS — {26(A), —81(A), 33(A)}.
Step 2.1 in the first sorting pass along with its output is shown in Table 1.4. For simplicity, in the
example, each coefficient k is denoted by its value c(k). As can be seen, two significant coefficients
are found in the LIP and they are indicated in the output stream as 1 followed by a sign symbol (p
and n to denote the positive and negative sign, respectively). At the end of this pass the control list
are LSP — {127, —81} and LIP — {26, 33}. The LIS is kept unchanged.

TABLE 1.4
Output of the First Sorting Pass in SPIHT (n=6): Step
2.1
LIP Sa({k}) Output
127 1 1
P
26 0 0
—81 1 1
n
33 0 0
TABLE 1.5
Output of the First Sorting Pass in SPIHT (n=6): Step
2.2

LIS  Type S.DK) ShLK) T1eOKk) S,(OGH) Output

26 A 1 — — — 1
69 1 1

p

11 0 0

7 0 0

—12 0 0

—81 A 0 — — — 0
33 A 0 — — — 0
26 B — 0 — 0
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Step 2.2 in the first sorting pass is shown in Table 1.5. In this case, we note that one significant
descendant set is found. For this set, one of the four offsprings is found to be significant and is coded
in the output stream as in the previous step. Note that the root of this set (c(k) =26) is moved to
the end of the LIS as an entry of type B and evaluated in the same sorting pass. This means that
if either a significant D(k) or L(k) is found in the LIS, then this set is recursively partitioned until
either an insignificant set or a single element set is found. After step 2.2, the control lists become
LSP — {128, —81, 69}, LIP — {26,33,11,7,—12}, and LIS — {—81(A), 33(A), 26(B)}.

As to the refinement pass, this is identical to that in the EZW algorithm and gives exactly the same
output. It is worth noting that the SPIHT algorithm yields an output stream of binary symbols. This
stream can be either directly mapped onto a bit stream or entropy-coded, according to the desired
trade-off between complexity and compression performance.

1.4.3 EMBEDDED BLock CODING WITH OPTIMIZED TRUNCATION

The embedded block coding with optimized truncation (EBCOT) algorithm [43] shares with its
predecessors, namely the EZW and the SPIHT coders, the use of the wavelet transform to decorrelate
the data of the input image. The coding engine that follows the transform, however, is completely
different. The principal aim of the coder is “scalable compression,” in its various forms. Resolution
scalability refers to the fact that the compressed information contains a subset of data that can be
decoded independently of the remainder of the bit stream, which allows a lower spatial resolution
image to be reconstructed. SNR scalability refers to the possibility for the decoder to reconstruct
different quality images decompressing only a subset of the bit stream. The EBCOT algorithm
achieves these forms of scalability in an extremely simple way. For this reason it has been chosen as
the coding algorithm for the standard JPEG 2000 [44]. Thanks to the scalability feature, an image
can be compressed once and decoded by many decoders with different needs of resolution and
quality.

In EBCOT, each subband is partitioned in smaller blocks of samples, which are termed code-
blocks. The bit planes of each code-block are coded by starting from the most significant bits of
its samples. This resembles what is done in EZW and SPIHT, but unlike these coders, in EBCOT,
no dependence among samples belonging to different subbands is created, so that code-blocks are
coded independently of each other. Resolution scalability is obtained by decoding all the code-blocks
belonging to the subbands that form a certain level of resolution of the wavelet decomposition. SNR
scalability is achieved by inserting into the bit stream truncation points, which allows samples to be
reconstructed with different quantization step sizes. “Natural” truncation points are placed after a bit
plane has been coded. Fractional bit plane coding is introduced to create further truncation points
within the compressed bit stream. Some details about each pass of the coding procedure are now
given.

Code-blocks are rectangular partitions of the subbands obtained from the wavelet transform.
Typical code-block dimensions are 32 x 32 or 64 x 64. The 9/7-taps Daubechies’ and 5/3-taps Le
Gall’s biorthogonal wavelet transforms are used for irreversible (or lossy) and reversible (or lossless)
coding, respectively. These transforms are implemented by using a multistage lifting scheme as
shown in Section 1.2.6.

Each sample s;(k;, k2), belonging to code-block B; of the bth subband, is quantized with a
deadzone quantizer having quantization step size equal to Aj; and deadzone width equal to 2A,. The
information to be coded is the sign of s;(k1, k2) and the quantized magnitude v; = | s;(k1, k2)/Ap]. Let
vlp (k1, k2) be the pth bit of the binary representation of the positive integer-valued quantity v;(ky, k).

max

Bit plane coding means transmitting first the information related to the bits vip " (k1,kp), where

"™ is the most significant bit of the samples in the code-block B;, then the information related to
max—1 . . . cs . .
vip ! (k1, k2), and so forth. Truncating the bit stream after decoding j bit planes is equivalent to a

coarser representation of the samples, i.e., with a quantization step size equal to 271" =D A,
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Bit planes are coded by means of the MQ conditional arithmetic coder, whose probability models
are derived from the context of the bit that must be encoded and is based on the neighboring samples.
The context is identified by means of the state of some variables associated to each sample in B;.
The significance o;j(k1, k2) is a variable that is initialized to zero and is set to one as soon as its most
significant bit is coded. Four primitives are used to encode a bit or a set of bits in each bit plane. The
zero coding (ZC) primitive is used to code a bit given that it did not become significant in previous
bit planes. The significance of s;(k;, k) is strongly influenced by the state of the significance of
its immediate eight neighbors. Based on these values, nine ZC contexts have been identified and
are used by the arithmetic coder. The run-length coding (RLC) primitive is invoked when a run of
four insignificant samples (with insignificant neighbors) is encountered. A bit of the group, however,
can become significant in the current bit plane and its position must be coded. The use of this
primitive is motivated more by decreasing the number of calls to the arithmetic coder than by a
compression performance improvement, which is quite limited. The sign coding (SC) primitive is
used when a code-block sample becomes significant during a ZC or a RLC primitive. It is used
once for each sample. Since sample signs are correlated, five SC contexts have been identified based
on the significance and the sign of four (horizontal and vertical) neighbor samples. The magnitude
refinement (MR) primitive is used to code a bit of a sample that became significant in a previous bit
plane. It uses three MR contexts, which are derived both by the significance of its eight immediate
neighbors and by a new state variable, which is initialized to 0 and is set to 1 after the MR primitive
is invoked.

As already mentioned, bit plane coding indicates the positions where truncation points are to
be placed. The rate R and the distortion D obtained after coding a bit plane identifies a point (R, D)
that lies on the RD curve characteristic of the EBCOT coder, which is obtained by modulating the
quantization step sizes and decoding all bit planes. All the points belonging to this curve identify
“optimum coders,” i.e., characterized by minimum distortion for a given rate or minimum rate for a
given distortion. Truncating the bit stream between the pth and the (p + 1)th bit plane truncation point
allows the decoder to reconstruct the image using the pth bit plane and a part of the (p 4 1)th bit plane
information. The resulting (R, D) point usually does not lie on the optimum coder R—D curve. The
reason for this fact is that the most effective samples in reducing the distortion not necessarily occupy
the first positions scanned during the block coding process. To avoid loss of performance, fractional
bit plane coding is used in EBCOT. It consists of three coding passes: in each pass, the samples of the
code-block are scanned in a determined order and the bits of the samples that are estimated to yield
major distortion reduction are selected and coded. The first pass selects the bits of those samples that
are insignificant but at least one of its immediate neighbors is significant; the second pass selects
the bits that became significant in a previous bit plane; and the third pass selects the remainder bits.
Every bit of each bit plane is coded in only one of the three coding passes. Truncation points are
placed after each coding pass is completed and the bits of the selected samples have been coded.
Truncation of the bit stream at one of these points again yields reconstructed images characterized
by (R, D) points on the optimum R-D curve.

The main achievement of the fractional bit plane coding is a refinement of the truncation points
distribution. The more dense the positions of the truncation points, the larger the number of optimum
coders, characterized by a given bit rate or distortion, embedded into the bit stream. This fact makes
the EBCOT algorithm extremely flexible and suitable for a wide range of applications.

1.4.4 CoNTENT-DRIVEN ELP CODER

The minimum-distortion quantizers described in Section 1.3.1 would lead to optimum encoding if
the pyramid were a space-invariant memoryless source. However, such hypotheses are far from being
valid when true images are being dealt with. Therefore, the ELP scheme has been further specialized
in order to take advantage of both the residual local correlation and the nonstationarity by selecting
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only areas comprising significant features at low resolution and by demanding full reconstruction at
the bottom level through the feedback mechanism.

To this end, ELP levels are partitioned into adjacent 2 x 2 blocks that may not be split further,
and are considered as information atoms. A quartet of nodes at level k is assumed to have a parent
node at level k£ 4 1; also, each node from a quartet at level k > 0 is regarded as the parent node of a
2 x 2 underlying block at level k — 1. A quad-tree hierarchy is thus settled, to enable the introduction
of a split decision rule based on image content.

Content-driven progressive transmission, introduced for quad-tree structured gray-scale images,
has been slightly modified and extended within the framework of LP [30]. It originally featured
multiple breadth-first tree-scan steps, each driven by a different set of thresholds {7, k=1,...,K}
related to pyramid levels. An activity function of the parent node at level k, Ax, was computed on
each underlying block at level k — 1 of the LP, possibly within a neighborhood of the 2 x 2 block.
If Ay > Tk, the four interpolation errors were encoded; otherwise, they were taken to be null. In
this way, the information was prioritized: the most important pyramid coefficients were considered
from the early stages. However, only nodes underlying a split node were retained for content-driven
transmission, while all the nodes underlying an unsplit node were automatically disregarded, same as
a zero-tree [36]. Therefore, the content-driven feature precluded error-free reconstruction in a single-
step scanning manner, since skipped nodes were no longer expanded [8]. In the present scheme,
still featuring a single-step pyramid scanning, all the quartets at any level are to be checked for their
activity, to permit reversibility.

A crucial point of the above outline is the choice of a suitable activity measure. Several functions
have been reviewed in [30]. In subsequent works [1,4,8] as well in the present work, Ax(m, n), the
activity function of node (m, n) at level k, is taken as the Ly, norm, or maximum absolute value
(MAV) of its four offspring, i.e., four underlying interpolation errors,

Axm,n) £ max {|i;§_l(2m i 2n+ j)|} (1.56)
1,]=U,

fork=K K—1,...,1;, m=0,... ,M/Zk —1; n=0,... ,N/2k — 1. In terms of both visual quality
and objective errors, this choice represents a very simple, yet efficient, selection criterion. In fact,
due to the residual spatial correlation of ELP, four neighboring values are likely to be of similar
magnitude; therefore, thresholding their MAV guarantees a selection that is efficient for the whole
quartet of values.

The content-driven decision rule with uniform quantization of the retained quartets may be
regarded as a data-dependent threshold quantization in which the quantization levels of the quartet
of coefficients to be discarded are all zero, and quantization errors equal the values themselves. All
the errors introduced by the decision rule can therefore be recovered at higher-resolution pyramid
layers, thus extending quantization feedback also to content-driven pyramid schemes. In addition,
when the split decision is embedded in the noise feedback loop, Tk, the decision threshold at level
k=1,...,K—1, is not critical for the lossless, or near-lossless, performance, since the error is
thoroughly determined by the quantizer at the bottom level. In practice, the set of thresholds can
be related to the step sizes of the uniform quantizer (1.54), e.g., by taking LAk_l/ZJ <Ti < Ay,
analogously to a dead-zone quantizer [16].

The Kth level of the GP (root image or baseband) is encoded followed by the quantized and coded
ELP at levels from K — 1 to 0. The feedback loops enclosing the pairs of quantizer/dequantizer are
evident in the flow-chart of Figure 1.9, in which the block Q;, i =0, 1, stands for content-driven
quantizer. A causal spatial prediction is employed on the root set at level K = 2.

It is better to exploit the local correlation of the root by DPCM encoding than to overly reduce
the size of pyramid layers. Quantization errors of the root are interpolated as well and delivered
to subsequent coding stages. The optimum step size Ak is no longer optimum for minimizing
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entropy. Since the quantizer at level K is embedded in the DPCM loop (see Figure 1.9), too coarse a
quantization would reduce the prediction efficiency. The best value of Ak is chosen empirically.

A simple prediction scheme employs a linear regression of four neighboring pixels, three in the
previous row and one in the current row. The predicted value at (m, n), Gl*((m, n), is given by

GI*((m, n) = round[$p1Gx(m — 1,n — 1) + ¢2Gx(m — 1,n)

(1.57)
+¢3Gx(m — 1,n+ 1) + 4G (m,n — 1)]

where the optimal coefficients {¢;, i =1, ..., 4} are found by least squares minimizing the difference
between G5 (m, n) and Gy (m, n). For an auto-regressive (AR) model of the field [20], the inversion of
a correlation matrix of a size equal to the prediction support is required. Nonzero prediction errors are

quantized and entropy-coded. Positions of zero/nonzero quantization levels are run-length-encoded.
Quantization errors of the root are interpolated as well and fed back to subsequent pyramid layers.

1.4.4.1 Synchronization Tree

The introduction of a selective choice of the nodes to be split is effective in the coding scheme, but
requires a synchronization overhead. Flag bits may be arranged to form a binary tree whose root
corresponds to the Kth layer and whose bottom corresponds to the first layer of the ELP. Each one-bit
marks the split of the related node into the quartet of its offspring. Conversely, each zero-bit indicates
that the underlying quartet of interpolation errors has not been considered. A straightforward encoding
of the split-tree is not efficient because of the survived correlation, which reflects the features of the
ELP: contours and active regions are marked by clustered one-bits, while homogeneous areas are
characterized by gatherings of zero-bits.

An easy way to exploit such a correlation is to run-length encode the sequences of zeros and
ones. Each level of the quad-tree is partitioned into square blocks. Each block is alternately scanned
to yield runs of zeros and ones, possibly continuing inside one of the adjacent blocks. Experiments
on x-ray images showed that the average run-length is maximized when 8 x 8 blocks are considered.
Figure 1.13 depicts the quad-tree of synchronization bits and outlines how the run-length scan mode
takes advantage of the spatial correlation within each tree level, in the case of 4 x 4 blocks at level
k — 1. Notice that the scheme does not feature zero-trees: due to activity introduced by error feedback,
also an unsplit node at level kK may become father of any split nodes at level k — 1.

/——j run-length D zero flag . one flag

/5555/
/2

| scanpath

FIGURE 1.13 Detail of a sample synchronization flag tree associated to content-driven ELP coding, with
inter-block run-length of its levels (4 x 4 blocksize scan mode).
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1.4.5 RESuLTS

In this section, coding results are briefly reported with the intent of highlighting the difference in
performance among a new-generation wavelet coder (namely EBCOT, standardized as JPEG 2000
[JPEG2K]), the ELP coder, an advanced DPCM coder (RLPE [3]), relying on a crisp adaptive spatial
prediction and a context modeling for entropy coding suitable for near-lossless coding [2], and the
DPCM standard JPEG-LS [49].

Let {g(i,/)}, 0 <g(i,)) < gf, denote an N-pixel digital image and {g(i,)} its distorted version
achieved by compression. Widely used distortion measurements are, MSE or L%,

1
MSE = = > lg(i.)) — G/ (1.58)
i

maximum absolute distortion (MAD), or peak error, or Ly,

MAD = H}f}x{lg(i,j) — 8Nl (1.59)
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FIGURE 1.14 Lossy compression performances of RLPE, ELP, JPEG-LS, and JPEG 2000.
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peak signal-to-noise ratio (PSNR)

2

8fs
PSNR(dB) 10 IOglo MSE + % (1.60)
in which the MSE is incremented by the variance of the integer roundoff error, to handle the limit
lossless case, when MSE = 0. Thus, PSNR will be upper-bounded by 101log;, (12gj%s), in the loss-
less case.
Rate distortion plots are shown in Figure 1.14 for RLPE, ELP, and JPEG-LS, all working in
near-lossless, that are Ly, error-constrained as well as for the lossy JPEG 2000.

(b)

(d)

®

FIGURE 1.16 Lenna coded at 0.8 bit/pel by (a) JPEG 2000 and (b) ELP; at 0.4 bit/pel by (c) JPEG 2000 and
(d) ELP; at 0.2 bit/pel by (e) JPEG 2000 and (f) ELP.
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The wavelet coder gives the best performance for a wide interval of bit rates. RLPE is always
superior to JPEG-LS, especially for low rates, and gains over JPEG 2000 only for very high rates
(>1.25 bit/pel). The rapidly decaying curve for decreasing rates shown by RLPE and by JPEG-LS
is typical of all the causal DPCM schemes and is an effect of quantization noise feedback in the
prediction loop. The “noisy” data that are reconstructed at the decoder are utilized for prediction,
thus making it increasingly poorer as the quality, and hence the bit rate, decreases. This effect is also
exhibited, though at rates even lower, by the DCT-based JPEG, and is due to DPCM coding of the DC
component [31]. The noncausal prediction of ELP performs better for low rates, with an RD curve
similar to that of JPEG 2000, which, however, is not Ly,-constrained. The near-lossless plots, i.e.,
Lo vs. bit rate, shown in Figure 1.15, demonstrate that the error-bounded encoders are obviously far
superior to JPEG 2000. RLPE and ELP share the best results, the former for rates higher than 0.75
bit/pel, the latter otherwise.

The visual quality of decoded images at high, medium, and low bit rates is shown in Figure 1.16
for the test image Lenna, the original of which is shown in Figure 1.8(a). Only JPEG 2000 and ELP
are compared, since the causal DPCM schemes, RLPE, and especially JPEG-LS, perform rather
poorly at low bit rates. Although the difference in PSNR of coded images between JPEG 2000 and
ELP is about 1 dB, the peak error of JPEG 2000 is more than three times greater than that of ELP.
The thin features of the hat in Figure 1.16(e) and Figure 1.16(f) reveal that the JPEG 2000 coded
image is more pleasant, but the ELP coded one more accurate, at low bit rates.

1.5 CONCLUSIONS

This survey has pointed out the potentialities of multiresolution analysis for lossy compression of
still images, especially for low/medium bit rates. Concepts native of scale-space analysis, developed
by a new generation of wavelet coders during the last decade, have given rise to the new JPEG 2000
standards, which trades off coding efficiency with requirements of scalability and layered coding
dictated by multimedia applications. Although the scientific quality of image data is better preserved
by predictive near-lossless coders, like JPEG-LS and RLPE, we wish to remind that a new coder [28],
in which a three-level DWT pyramid is split into as many trees as pixels in the lowpass approximation
(see Figure 1.11), which are arranged into 8 x 8 blocks and coded analogously to DCT-JPEG, is being
recommended by CCSDS (Consultative Committee for Space Data Systems) [50] for high-quality
lossy compression of images acquired from space.
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2.1 INTRODUCTION

The objective of image compression may be summarized as that of finding good approximations
to the original image that can be compactly represented. The key questions are: (1) how can we
choose “good” approximations? and (2) how can we represent the chosen approximations with as

35
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few bits as possible? In recent years, scalable compression has proven to be of particular interest.
A scalable compressed bit-stream contains multiple embedded approximations of the same image,
with the property that the bits required to represent a coarse approximation form a subset of the
bits required to represent the next finer approximation. Scalable compressed bit-streams support
successive refinement, progressive transmission, accurate rate control, error resilience, and many
other desirable functionalities. Scalability gives rise to a third important question: (3) how can we
choose a sequence of good approximations, whose representations are embedded within each other?

In this chapter, we begin by reviewing established technologies for the efficient representation
of information, exploiting internal statistical redundancies in order to use as few bits as possible.
Shannon referred to this as “noiseless coding” in his landmark paper, which gave birth to the field of
information theory. Noiseless coding tells us only how to efficiently represent an image approximation
once it has been chosen. It tells us nothing about how to choose good approximations, or how to
build good embeddings. These are addressed in the second part of the chapter. Our treatment is
necessarily brief, and so we alternate between a discussion of broad principles and illustration of how
those principles are embodied within the specific scalable compression paradigm of the “EBCOT”
algorithm found in JPEG2000.

2.2 INTRODUCTION TO ENTROPY AND CODING

2.2.1 INFORMATION AND ENTROPY

Information is a property of events whose outcomes are not certain. Information theory, therefore, is
fundamentally dependent upon statistical modeling. In the simplest case, we may consider a single
random variable X, having a discrete set of possible outcomes Ay, known as the alphabet of X.
With each x € Ay, we can associate a quantity hx(x) = log, 1/fx(x), which can be understood as
the “amount of information we receive if we learn that the outcome of X is x.” Here, fx(x) is the
probability mass function (PMF), representing the probability that the outcome of X is x. The average
amount of information conveyed by learning the outcome of X is then the statistical expectation of
the random variable hx(X), which is known as the entropy of X:

1
1
= XEZA;XfX(x) log, m 2.2)

The fact that H(X) and hx(x) are the most appropriate measures of information is not imme-
diately obvious. This must be established by a coding theorem. It can be shown that H(X) is the
minimum average number of bits per sample required to code the outcomes of X. More precisely,
the following can be shown: (1) among all possible schemes for representing the outcomes of a
sequence of independent random variables X,,, each having the same probability distribution as X,
no scheme can reliably communicate those outcomes using an average of less than H(X) bits per
outcome; and (2) it is possible to construct a reliable coding scheme whose bit-rate approaches the
lower bound H(X) arbitrarily closely, in the limit as the complexity of the scheme is allowed to
grow without bound. These two statements establish H(X) as the asymptotic lower bound on the
average number of bits required to code outcomes of X. They were first proven by Shannon [14]
in his noiseless source coding theorem. The proof is not complex, but will not be repeated here for
brevity.
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2.2.2  FiXeDp- AND VARIABLE-LENGTH CODES

For a finite alphabet Ay, with |Ax| elements, it is quite clear that each outcome can be represented
uniquely using fixed length words with [log, |.Ax|] bits each.! This is known as fixed-length coding.
Accordingly, it is not surprising that H(X) is always upper bounded by log, |.Ax|. This upper bound
is achieved if and only if X is uniformly distributed, meaning that fx(x) = 1/|Ax|, Vx. To be able
to represent an information source more efficiently, it must produce events whose outcomes are
distributed in a highly nonuniform fashion. We refer to these as skewed sources. Skewed sources can
generally be represented more efficiently if a variable-length code is used in place of a fixed-length
code. To illustrate this point, consider the following example.

EXAMPLE 2.2.1

Suppose X takes its outcomes from the set of natural numbers, i.e., Ax =N={1,2,3,...}. We can uniquely
represent each outcome x € Ay, by sending a string of x — 1 “0” bits, followed by a single “1.” This is known
as a comma code, since the trailing “1” of each codeword may be interpreted as a comma, separating it
from the next codeword. A message consisting of the outcomes 1,3,2,4, for example, would be represented
using the following string of bits:

11001 ]01|0001

The vertical bars here serve only to clarify the separation between codewords; they are not part of the encoded
message.

Suppose now that X has the geometrically distributed PMF, fx(x) = 27%, for which the reader can easily
verify that 3~ . 4 fx(x)=1. In this case, the average number of bits required to code outcomes of X is
given by

o0 o0
R=>"nfxm=>) n-27" (2.3)
n=1 n=1
writing
o0 o0 o0
2R = Zn Lp=(=D) - Z (n—1).27=b 4 Z 2=(n=1) (2.4)
n=1 n=1 n=1
N— ——
R 2

we readily conclude that the code-rate is only R =2 bits per sample.

The above example is illuminating from several perspectives. First, Ay contains an infinite
number of elements, so that fixed-length coding is not even possible. Secondly, for the geometric
PMF the code requires exactly Ay(x) bits to represent each outcome x, so that the average number
of bits required to represent the outcomes of X is exactly equal to the entropy, H(X). The comma
code has been widely used as a component of compression systems, including the JPEG-LS lossless
image compression standard discussed in Chapter 4.

More generally, a variable-length code is one that assigns a unique string of bits (codeword) to
each possible outcome, such that a message consisting of any string of such codewords can be uniquely
decoded. A necessary condition for unique decodability is that the codeword lengths /, must satisfy

Z 27k < (2.5)
xe.Ax

This is known as the McMillan condition. Moreover, given any set of lengths which satisfy the
McMillan condition, a theorem by Kraft shows that it is always possible to construct a uniquely

!'Here, [y] = min{x | x >y} denotes the value obtained by rounding y up to the nearest integer.
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decodable variable length code whose codewords have these lengths. The code-rate of the code will,
of course, be R= ) Iy - fx ().

We are now in a position to reinforce the notion of H(X) as a lower bound to the code-rate R,
by observing that R and H(X) would be identical if we were able to make the selection I, = hx(x).
Certainly, this choice satisfies the McMillan inequality, since

Z 9—hx(x) _ Z ology fx(x) Z fx(x) =1 (2.6)

xeAyx xeAyx xeAyx

Unfortunately, though, variable-length codes must have integer-length codewords. Suppose then, we
choose

Iy = Thx(x)] 2.7

This choice produces integer-valued lengths in the range hyx(x) <[, < hx(x) 4 1, which satisfy the
McMillan condition. Accordingly, the code-rate must lie in the range H(X) <R < H(X) + 1.

EXAMPLE 2.2.2

Suppose X takes its outcomes from the alphabet Ax = {0, 1,2, 3}, with probabilities

g1 ]
fx()—r fx()—fx()—fx()—@

28’
One optimal set of codewords, in the sense of minimizing the code-rate, is as follows:
co=“0" ¢, = “10," cy = “110,” ¢c3 = “111”

The code is uniquely decodable, since no codeword is a prefix (first part) of any other codeword, meaning
that a decoder can always find the boundaries between codewords. Thus, the message

“0111010110”
is unambiguously decoded as the string of outcomes 0, 3,0, 1, 2. With an average bit-rate of
R=1-fxO)+2- -fx(1)+3-fx2)+3-fx(3) = 1.039 bits (2.8)

the variable-length code clearly outperforms the fixed-length code-rate of 2 bits/sample. On the other hand,
the source entropy of H(X) = 0.1975 bits suggests that we are still wasting almost 1 bit/sample.

2.2.3 JoOINTAND CONDITIONAL ENTROPY

We have seen that coding can be beneficial (with respect to a naive fixed-length code) as long as the
source has a skewed probability distribution. In fact, in the limit as the probability of one particular
outcome approaches 1, the entropy of the source is readily shown to approach 0. Unfortunately,
image samples do not typically have significantly skewed probability distributions. A typical gray-
scale image, for example, may be represented by 8-bit intensity values in the range 0 (black) to 255
(white). While not all values occur with equal likelihood, there is no reason to suppose that one or
even a few brightness levels will occur with much higher probability than the others. For this reason,
the entropy of such an image is typically close to 8 bits.

Nevertheless, images are anything but random. To illustrate this point, suppose the image samples
are encoded in raster fashion, so that at some point in the sequence the next sample to be coded is
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100 102 103
-0 >0 >0—>
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FIGURE 2.1 The advantage of context. By the time image sample “X” is to be coded, the indicated neighboring
values are already known to both the encoder and the decoder, so they can be used in selecting a good code
for “X.”

that marked with an “X” in Figure 2.1. By the time it comes to decoding sample “X,” the decoder has
already observed the values of all preceding samples, some of which are also shown in the figure.
Based on these previously decoded values, one (read, the decoder) would not be particularly surprised
to learn that sample “X” turns out to be 100. On the other hand, one (read, the decoder) would be
very surprised indeed to learn that the value of “X” is 20. Even though both values may have similar
probabilities of occurring within the image as a whole, knowledge of the context in which “X” occurs
can dramatically alter the amount of information conveyed by its outcome, and hence the number of
bits required to encode that outcome.

The key notions here are those of conditional probability and conditional entropy. The fact that
20 seems a much less likely outcome for “X” than 100, given the surrounding values shown in
Figure 2.1, arises from an underlying belief that image intensities should be somehow smooth. In
fact, images are substantially smooth, having highly skewed conditional statistics.

The conditional probability distribution of a random variable X, given a context consisting of the
outcomes of some other random variables Y1, Y, ..., Yy, is described by the conditional PMF

Sy Y X Y1, Ym) (2.9)

or, more compactly, by fxy(x | y), where Y is the random vector composed of the context random
variables Y| through Y,,, and y is the vector of observed context outcomes. Conditional probabilities
satisfy Baye’s rule,

fyuy) - fyey)
() D aeay fxx(ay)

where fy y(x, y) is the joint probability that the outcomes of X and Y are equal to x and y, respectively.
Proceeding as before, we define

fxyxly) = (2.10)

1
hxyy(x | y) = 10g2m (2.11)

to be the amount of information communicated by the outcome X = x, given that we already know that
the outcomes of Y| through Y,, are y; through y,,, respectively. The average amount of information

communicated by learning the outcome of X, given that we already know the context y, is the
conditional entropy,

1
HX|Y)=E[h X|Y)] = ,y) -1 _ 2.12
X 1Y) [m('”xgikww‘&mww> (2.12)

Applying Baye’s rule, we see that

&] (2.13)

1
HX|Y)=E]|1 — | =E|l
X [%MWWJ [%mmm
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which may be rewritten as
HX,Y)=HX|Y)+HY) (2.14)

This important result may be interpreted as follows. H(Y) is the minimum average number of bits
required to code the outcome of the random vector Y.? Similarly, H(X,Y) is the minimum average
number of bits required to jointly code the outcomes of X and Y. It follows that we can avoid the
complexity and delay associated with coding the outcomes of X and Y jointly, while still achieving
the minimum possible average number of bits, by first coding the outcome of Y and then coding the
outcome of X, conditioned on our knowledge of the observed context y. In fact, equation (2.14) may
be recursively expanded as

HX, Yy . YD) =HX | Yoo YD)+ HE o | V1o Y1) + - 4+ H(YY) (2.15)

This means that we can code Y| first, then Y conditioned upon Y1, then Y3 conditioned upon Y7 and
Y5, and so forth.

One particularly important observation, on which we shall later rely, is that it does not matter in
what order we code the outcomes. Given a random vector Y, consisting of m random variables Y|
through Y,,,, H(Y) may be expanded in any of the following ways, each of which suggests a different
order for coding the outcomes:

HY)=HY)+HY2 | YD+ - +HYy | Yi—t,..., Y2, Y1) (2.16)
=HY)+HYp_1 | YY)+ +HX1 | Yo,.... )
=HY2)+HXY1 | Y2)+HY3 | Y1,Y2) +---

To code the outcome of X with an average bit-rate approaching the conditional entropy H(X | Y),
itis necessary to explicitly use our knowledge of the context outcome y. In the case of variable-length
coding, we should select a different code for each possible context y, where the codeword lengths I y
are as close as possible to hxy(x | y) = log, 1/fx)y(x | y), while satisfying the McMillan condition,
Zx 2~y < 1. If we were able to choose lLyy =hx y(x | y), the average number of bits spent coding
X would exactly equal H(X | Y). As before, however, the need to select integer-length codewords
may cost us anywhere from O to 1 bits per sample. Moreover, a chief difficulty with conditional
variable-length coding is the need to maintain a separate set of codewords (a codebook) for each
distinct context, y. These difficulties are both elegantly addressed by arithmetic coding, which is the
subject of the next section.

2.3 ARITHMETIC CODING AND CONTEXT MODELING

2.3.1 From CoDINGTO INTERVALS ON (0,1)

We have seen how variable-length codes produce a message which consists of a string of bits, whose
length depends on the outcomes which were actually coded. Let by, by, . . ., b,,, denote the message
bits produced when coding a particular sequence of symbols (outcomes), say xi,x3,...,X,. LThe

2 Note that a discrete random vector can always be put in 1-1 correspondence with a random variable whose alphabet contains
one element for each possible outcome of the random vector. Coding a random vector then is equivalent to coding its equivalent
random variable, so the interpretation of H(X) as the minimum average number of bits required to code outcomes of X carries
directly across to random vectors.
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number of bits n,, is equal to the sum of the variable-length codes associated with each symbol,
that is,

m
=Y Ly (2.17)
k=1

It is instructive to think of the message bits as the fraction bits (digits following the binary point) in

the binary representation of a numeric quantity S,,. Specifically, 8, has the following binary fraction
representation:

Bn =0.byby---by, (2.18)
with the numeric value 8, = ZLI b2~ €[0,1). The value of 8, uniquely identifies the m coded
symbols.

Now suppose we continue coding more symbols, X, 11, X;42, - - . , producing more message bits
and corresponding binary fractions B,,+1, Bm+2, - - - - These binary fractions have the property that

Bi € T = [Bms B +27"), Vk >m (2.19)

That is, the first m coded symbols define an interval, Z,, C [0, 1), such that all messages, which
commence with the same m symbols must lie within Z,,. Moreover, any message that does not
commence with these same first m symbols must lie outside Z,,. It follows that

O0,D)>Zi D DLy DLyt1 D+ (2.20)

and the coding of symbol x4 is equivalent to the process of selecting one of a number of disjoint
subintervals of Z,,. These concepts are illustrated in Figure 2.2.

It is worth noting that interval length |Z,,| is related to the number of message bits,
through n,, = log, (1/|Z,4]). Equivalently, the number of bits spent for coding symbol x,, is
Ly, = logy (|Zn—11/|Zm|). Since each distinct outcome for X, corresponds to a disjoint subinterval of
Tn—1, it is clear that

> 1T x| < T 2.21)

xeAx

This reveals the origin of the McMillan condition, since

DY %\ijf'_ <1 (2.22)
m—1

xeAx xeAx

_ Sc ) > >
2 = 2 2 2
= /< ﬂ <
12 1 N 1
ap=1 = a;= 272 e ax= 273 = az= 275'{ =
0 © 0 0 0
o | ¢,=0.10 | 0,=0.100 | 03 =0.10011 %
FIGURE 2.2 Variable-length encoding of the sequence x; =1, x, =0, x3 =2 for a ternary alphabet with

codewords “0,” “10,” and “11,” producing the encoded bit string “10011,” shown as interval remapping.
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The McMillan inequality is strict if and only if |, Ay Ly, =x 1s astrict subset of Z,,_1; meaning
that there are some strings of bits, which cannot arise from any legitimate coding of message symbols.
These are the bit strings whose binary fractions f lie in the “holes” between the disjoint subintervals,
1 x,,=x- These so-called “holes in the code-space” represent redundancy in the coded message; they

correspond to wasted bits, but many compression standards deliberately leave holes in the code-space
so as to facilitate the detection of transmission errors.

2.3.2 Erias CODING

The connection between coding and subranging of the unit interval [0,1) was recognized shortly after
Shannon’s original publication on information theory in 1948. The fact that this relationship can be
turned around to yield an arithmetically computed coding scheme is generally attributed to Elias. The
algorithm associates each m-symbol prefix of the message being encoded with a unique half-open
interval Z,,, = [c, cm + @) C [0, 1), such that the length of this interval satisfies

Tl = am = [ [ fxCa) (223)

k=1

This is achieved by initializing co and ap to 0 and 1, respectively, so that Zy = [0, 1), and recursively
applying the following interval subranging algorithm.

Algorithm. FElias Coding.
Foreachm=1,2, ...

o Setam=damu_1 - fx(m)
e Setcm=cCm_1 + am_1 - tx(xXm)

where tx(x) = ) _, fx(x). The tx(x) are best understood as the thresholds in a partition of the unit
interval, such that each element x € Ay is assigned a distinct subinterval of [0, 1) whose length is
Jfx(x), as shown in Figure 2.3. The interval subranging algorithm “codes” x,, by shifting and scaling
this partition to fit within Z,,_; and then selects the particular shifted and scaled subinterval that
corresponds to the outcome x;,.

We have seen in the case of fixed-length coding that the length of the interval Z,, is a,, =27,
where 7, is the length of the encoded message. In that case, the boundaries of Z,, are aligned on
exact multiples of 27" In Elias coding, there is no such alignment, but it is sufficient to send to the
decoder only the first

1
i = ’71ng —W (2.24)
am
1 L
wy 2| Gt apt@) 8 |#HO
(2 (2 5 @
{2) 2 @) Scale and shift a2t 2 Jani(2)
t) I MO tofitinsidelny | Tnit [ |Ans gy agt) 1|5
0| %0 0 |,440)
£(0) 1 0 . Con-1 Corr+ 8 £(0)

FIGURE 2.3 Subinterval thresholds and lengths for a four-symbol alphabet Ay = {0, 1,2, 3}.
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bits of the binary fraction representation of c,,. To see this, observe that the decoder can always
synthesize a quantity

B, =0.biby...b, 111... (2.25)

by appending an infinite string of 1’s to the received ny, bits. Since the first n,, fraction bits of g,
are identical to those of ¢,, and the remaining, synthesized fraction bits are all 1’s, it is clear that
B, > cm. It is also clear that 8, — ¢,y < 27", since the bit positions in which 8, may differ from
cm correspond to multiples of 2~ m+) with i > 1. It follows that Bl € [cm, cm + am), so it uniquely
identifies the first m coded symbols. This means that the number of bits required to represent symbols
x1 through x,, is at most

[og, aw] = {Z o8 £ J = {Z hx(xk)w <Y hx(u)+1 (2.26)
k=1 k=1

This, in turn, serves to emphasize the fact that s (xx ) is the right measure for the amount of information
associated with the individual outcome X = x;. Evidently, the average number of bits required to
encode a sequence of m symbols is within 1 bit of m - E[hx(X)] =mH (X), so for long messages we
essentially achieve the entropy.

Before pressing on, it is worth describing the decoding process more carefully. Suppose symbols
x1 through x,,—; have already been decoded. To decode the value of x,,, the decoder must read
sufficient bits of the complete message f to unambiguously identify the particular subinterval of Z,,,_;
to which it belongs. After n bits, the decoder can know that 8 lies within the interval [B1.,, B1:n +27"),
where

n
Bin=) b2 (2.27)
It must therefore read a sufficient number of bits n, to be sure that
[Bins Bion +277) C [em—1 + am—11x(X), cu—1 + am—1(tx(x) + fx(x))] (2.28)

for some x, whereupon it can be certain that this x = x,,. Although unlikely, it is conceivable that
the decoder may need to read right to the end of the encoded message before it can make such
a determination. This, together with the fact that the arithmetic precision required to perform the
encoding and decoding calculations grows rapidly with m, rendered Elias coding little more than an
intellectual curiosity for many years. It turns out, however, that both problems can be readily solved
using finite precision arithmetic, while achieving code-rates that differ negligibly from the entropy.
These practical arithmetic coding schemes are the subject of the next subsection.

2.3.3 PracTicAL ARITHMETIC CODING

In Elias coding, the interval Z,,_1, representing symbols x; through x,,_1, is updated to the interval
T, representing symbols x; through x,,, by assigning

am < Am—1fx Xnm) (2.29)

Cm < Cm—1 + Am—1tx(Xm) (2.30)

The key observation required to bound the implementation precision is that we need not use the exact
value of a,, produced by these ideal update relationships. Suppose instead that

0 < am < am—1fx(xm) (2.31)
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Then the subintervals corresponding to each potential outcome of X;, remain disjoint, so that unique
decoding is still guaranteed. There is, of course, some loss in coding efficiency due to the appearance
of holes in the code-space; in fact, we sacrifice log, (am;—1fx(xm))/an bits in coding the outcome
Xm =Xxm. As we shall see, however, modest arithmetic precision is sufficient to render this loss as
negligible.

We are now in a position to describe a practical coding algorithm. At any point in the coding
sequence, let the interval length be represented by an N-bit integer A,,, together with an exponent
Zm» such that

1
In = Llogz a—J and  a, =27 (27NA,,) (2.32)
m v
A;ﬂ

The quantity A’ =27NA,, € [%, 1) is an N-bit binary fraction of the form
A, =0.laa...a (2.33)
N bits

and the quantity z,, is the number of leading 0’s in the binary fraction representation of a,,, that is,

a, =0.00...0laa...a (2.34)
Zm Zeros Am

Next, we represent all probabilities approximately using P-bit integers p,, such that
@ ~p,=2""p, xeAx (2.35)

The interval length is then updated according to Equation (2.29) and rounded down, if necessary, to
the closest representation of the form in Equation (2.34). Together, these operations are embodied
by the following algorithm.

Algorithm. Finite Precision Interval-Length Manipulation

o SetT <« Ap—1px, and Zy, < Zm—1

Note that T' =2~NFP)T is an (N + P)-bit binary fraction, with T' =A,_ Dy,
o While 7 <2V*P=1 (e, while 7" < §)

—increment Z,, <— Z, + 1

—shift T < 2T
e SetA,=|2""T|

Evidently, we have made two approximations that lead to slight losses in coding efficiency: (1) the
probabilities are approximated with finite precision representations; and (2) the rounding operation
in the last line of the algorithm generally reduces the interval length and hence increases the number
of code bits by an amount strictly less than

V-1
log, ZN——T ~ 2~ N=D]og, ¢ bits (2.36)

We have now only to describe the manipulation of the interval lower bound, c,,. Since the PMF
JSfx(x) is approximated by P-bit binary fractions p/., the thresholds zx(x) are also approximated by
P-bit binary fractions

Ty(x) = Z Pl =27 Tx(x) (2.37)

x'<x
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From the update equation (2.30) we deduce that ¢, is an (N + P + z,,)-bit binary fraction of the form

cm=0.xx...xcc...c (2.38)

Zpm bits Cpn

Let C,, be the integer formed from the least significant N + P bits of this representation. Then
the update operation consists of adding two (N + P)-bit integers, A,,Tx, and C,,, and propagating
any carry bit into the initial z,,-bit prefix of c,.

At first glance it appears that the need to resolve a carry will force us to buffer the entire z,,-bit
prefix of ¢;,. Fortunately, however, carry propagation can affect only the least significant r,, 4 1 bits
of this prefix, where r,, is the number of consecutive least significant 1’s. In fact, no future coding
operations may have any effect on the more significant bits in the prefix. Consequently, the initial
Zm — Fm — 1 bits of the codeword may be sent to the decoder immediately, so the encoder need not
allocate storage for them. The binary fraction representation of the evolving codeword then consists
of three key segments, as follows:

0. xxxxxx...x011...1cc...c
e e e e e e’

Zm—Trm—1 bits 7, -+1 bits Cpn

The complete encoding algorithm is shown below for the special case of a binary alphabet Ax = {0, 1}.
As we shall see in the next section, binary arithmetic coding is sufficient for the efficient compression
of any source, regardless of its alphabet. Note that we drop the subscripts on the state variables A,,,
Cwm, m, and z,,,. Also note that we need to introduce a special state, identified by r = —1, to deal
with the possibility that a carry may occur when r =0, causing the 0 bit to flip to a 1 with no
subsequent O bits. Since future carries can never propagate this far, it is sufficient to flag the unusual
condition by setting » = —1, which has the interpretation that the central segment in the binary
fraction representation of ¢, is empty and can remain empty until a zero bit is shifted out of C,,,.

Algorithm. Binary Arithmetic Encoder

Initialize C=0,A=2",r=—1,7z=0
Foreachm=1,2,...,

o SetT < Apo
o Ifx,=1,
—setC<«C+TandT < Ap; =2PA—-T
o If C>2N*P do “propagate carry”
Subalgorithm. Propagate Carry.
emit-bit(1)
Ifr>0,
—execute r — 1 times, emit-bit(0)
—setr <0
else
—setr <« —1
o While T <2NtP—1 do “renormalize once”
Subalgorithm. Renormalize Once.
Increment z <— 7+ 1
Shift T < 2T and C < 2C
If C > 2M*P (pushing a “1” out of C)
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—If r <0, emit-bit(1)
—else, increment r <—r + 1
else
—If r > 0, emit-bit(0) and execute r times, emit-bit(1)
—Setr=0
o SetA <« [27PT]

After each iteration of the algorithm, the number of bits that have actually been output is given by
z—r — 1, but if this quantity is of no interest the state variable z may be dropped.

We now describe a binary arithmetic decoding algorithm. The decoder maintains an N-bit state
variable A, which represents the current interval width a,,, exactly as in the encoder, following
identical update procedures. The decoder also maintains an (N + P)-bit state variable C; however,
the interpretation of this quantity is somewhat different to that in the encoder.

To develop the decoding algorithm, let B denote the value represented by the entire encoded
message, taken as a binary fraction. Then

B € lem,cm + am), Ym (2.39)

Suppose we have correctly decoded x; through x,,, and the decoder has reproduced the evolution of
ap, in the encoder. We could keep track of ¢, in the decoder and then decode x,,, according to

0 if B <cm+am_1p;
X = (2.40)

1 if ,8 >cm+ am—1p6

It is simpler, however, to keep track of the quantity 8 — ¢, and then decode x,,, according to

0 ifB—cm1 < am—1p6
Xy = (2.41)

I if B cnt = ano1p
To see why this is simpler note that 8 — ¢, € [0, a,), where a,, has the binary fraction representation

an=0.00...0laa...a (2.42)

Zm Z€10S A
and a,,p;, has the binary fraction representation

ampy =0.00...0xx...x (2.43)

Zm 2€108 A, po

It follows that the z,,-bit prefix of B—c;, is zero and the decision in Equation (2.41) may be formed
using the next N + P bits of S—cy,,. This is the quantity managed by the decoder’s state variable Cp,.
The binary fraction representation of c—c,, has the structure

¢c—¢m =0.00...0cc...chbbb... (2.44)

Zm zeros Gy,
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where the suffix “bbb . ..,” represents remaining bits in the encoded bit-stream, which have not yet
been imported by the decoder. The decoding algorithm follows immediately:

Algorithm. Binary Arithmetic Decoder.
Initialize A=2",z=0
Import N + P bits from the bit-stream to initialize C.

Foreachm=1,2,...,

o SetT < Apg
e IfC<T,
—output x,, =0
o else
—output x,, =1
—update C <~ C—Tand T «<2PA—-T
e While T <2NtP—1 do “renormalize once”
Subalgorithm. Renormalize Once.
Increment z <z + 1
Shift T < 2T and C < 2C
Load C <« C + load-next-bit()
o SetA <« [27PT]

The incremental nature of the decoding procedure is particularly worth noting. Unlike the Elias algo-
rithm, the amount by which the decoder must read ahead in the bit-stream in order to unambiguously
decode the next symbol is bounded by N + P bits. The decoder is also somewhat simpler than the
encoder, since it need not deal with the effects of carry propagation.

2.3.4 ConNDITIONAL CODING AND CONTEXT MODELING

We have seen that arithmetic coding is able to approach the entropy of a source with negligible loss,
while experiencing surprisingly low complexity. As mentioned in Section 2.2.3, however, what we are
really interested in is coding outcomes with the conditional entropy H(X | Y), where Y represents
previously encoded context information, whose outcome y is already known. In the context of
arithmetic coding, this can be achieved with remarkable ease, by simply replacing the probabilities
fx(x) with conditional probabilities fx|y (x | y). In the particular case of the binary arithmetic encoding
and decoding algorithms presented in the preceding subsection, we have only to replace the term
po by a position-dependent term py ,,, Which is a P-bit approximation of the conditional probability
x,.1Y,,(0 | ym). Here, y,, denotes the observed context within which x;, is to be coded.

Since y,, depends upon previous outcomes, the incremental decoding process described above
will have already recovered these values so that it can form exactly the same value for pg as that
formed in the encoder. The encoder and decoder thus both form exactly the same partition of the
previous interval Z,,_; according to the agreed conditional probability distribution, fx, |y, (0 | yu).
Unlike variable-length coding, where each context requires a separate codebook, arithmetic coding
computes the interval subdivisions dynamically, without the need to explicitly store codebooks. This
makes arithmetic coding particularly attractive for efficient, incremental conditional coding. There is,
however, the question of how the encoder and decoder should decide on an agreed set of conditional
probabilities, fx, |v,,(0 | ¥,). Note that we are restricting our consideration here to binary alphabets,
so one probability must be estimated and stored for each distinct context vector, y.
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2.3.4.1 Adaptive Probability Estimation

One of the most significant advantages of arithmetic coding is that the probabilities p, , may be
changed dynamically. This allows us to adaptively estimate the probability distribution associated
with each context, based on information that has previously been encoded. Suppose, for example,
that we maintain two counters Kgfy and K {f'y, for each context y, representing the number of times an
outcome of x; =0 and x; =1 (respectively) has been seen when coding a previous sample x; in the
same context, y. That is,

m—1 m—1
K=Y 8y —yo(l—x) and KJ'\, = &y -y (2.45)
i=1

i=1

Since the values of K6’7'y and K {'fy depend only on previously decoded samples, the decoder can form

the same counts as the encoder. Both encoder and decoder can then use the following simple estimate
for fx,,v,,(0 | ym):

p/ — Kg,ly + A
O,m Kg + K +2A

(2.46)

The offset A > 0 is included here to account for the fact that a reliable estimate of fx, y,,(0 | ym)
cannot be formed until the counters attain values considerably greater than 0. For such scaled-count
estimators, A is typically chosen in the range % to 1 [20], depending on how skewed we expect the
probability distribution to be.

‘We may think of the scaled-count estimator as a state machine, since our conditional probability
model for context y depends on the state (Koy,Kjy), of the two counters. Each time a sample
is coded in context y, the state is updated according to the rules expressed in Equation (2.45).
One of the most significant developments in practical arithmetic coding has been the realization that
renormalization events can be used to probabilistically gate transitions in the estimation state machine.
Specifically, the state is updated immediately after any symbol encoding/decoding operation, which
involves one or more calls to the “Renormalize Once” routine. The new state identifies the probability
estimates to be used for all subsequent symbols, until a further renormalization event induces another
transition in the state machine. It also turns out that the number of states associated with each
probability model can be made much smaller than one might expect from our previous discussion of
scaled-count estimation. This is done by collapsing states, which correspond to similar conditional
probabilities.

To illustrate the above principles, Table 2.1 provides the state transition table from the MQ binary
arithmetic coder, which is employed by the JPEG2000 [7] and JBIG2 [6] image compression stan-
dards. Like many other variants, the MQ coder employs a convenient trick to halve the size of the
transition table. By maintaining a separate state bit sy, which provides the identity of the outcome
that is currently considered most likely within context y. We say that x,, is a most probable symbol
(MPS) if it is equal to sy when coded in context y. Conversely, we say that x,, is a least proba-
ble symbol (LPS) if it is equal to 1 — sy when encoded in context y. The X, and Xjps columns
identify the new state to be used in the event that a renormalization event occurs when coding an
MPS or LPS, respectively. The X; column holds 1 if the identity of the MPS is to be switched,
and the p{ps column holds the estimated LPS probability associated with each state, X. For greater
insight into the origin of this state transition table, the reader is referred to [2,18]. For our purposes
here, however, the key point to observe is that the probability model associated with each context
may be adaptively estimated with remarkably low complexity using a simple state machine, having
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TABLE 2.1
Probability State Transition Table for the MQ Coder
X Transition Estimate X Transition Estimate
2:mps 2:Ips Xs prs zmps les X Pips

0 1 1 1 0.475 24 25 22 0 0.155

1 2 6 0 0.292 25 26 23 0 0.132

2 3 9 0 0.132 26 27 24 0 0.121

3 4 12 0 0.0593 27 28 25 0 0.110

4 5 29 0 0.0283 28 29 26 0 0.0993

5 38 33 0 0.0117 29 30 27 0 0.0938

6 7 6 1 0.475 30 31 28 0 0.0593

7 8 14 0 0.463 31 32 29 0 0.0499

8 14 0 0.397 32 33 30 0 0.0476

9 10 14 0 0.309 33 34 31 0 0.0283
10 11 17 0 0.265 34 35 32 0 0.0235
11 12 18 0 0.199 35 36 33 0 0.0145
12 13 20 0 0.155 36 37 34 0 0.0117
13 29 21 0 0.121 37 38 35 0 0.00692
14 15 14 1 0.475 38 39 36 0 0.00588
15 16 14 0 0.463 39 40 37 0 0.00287
16 17 15 0 0.447 40 41 38 0 0.00157
17 18 16 0 0.397 41 42 39 0 0.000797
18 19 17 0 0.309 42 43 40 0 0.000453
19 20 18 0 0.292 43 44 41 0 0.000194
20 21 19 0 0.265 44 45 42 0 0.000108
21 22 19 0 0.221 45 45 43 0 0.000022
22 23 20 0 0.199 46 46 46 0 0.475
23 24 21 0 0.188

relatively few states, whose transitions occur only during renormalization events. Noting that renor-
malization always involves the generation of new code bits, there will be at most one transition per
coded bit.

In light of the previous discussion, one might suspect that the best way to minimize the coded
bit-rate of an information source is to use as many previously coded symbols as possible to form the
context y, within which to code the next symbol. In this way, the statistical dependencies between
numerous symbols can be simultaneously exploited. Of course, there will be a practical limit to the
number of different contexts for which we can afford to maintain a separate probability model, but
the estimator of Table 2.1 requires less than 1 byte to store the state associated with each model.
Unfortunately, there is a more subtle cost to be paid by tracking too many different contexts. This
cost, known as the learning penalty, arises from the fact that the first few symbols within any context
are generally coded using inappropriate probability estimates. As more symbols are coded within
that context, the probability estimates stabilize (assuming the source is approximately stationary)
and coding becomes more efficient. Regardless of the specific method used to estimate context
probability models, it is clear that the creation of too many contexts is undesirable. If two distinct
coding contexts exhibit identical conditional PMF’s, their combined learning penalty may clearly be
halved by merging the contexts.
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2.3.4.2 Binary Arithmetic Coding Is Enough

We have mentioned earlier that it is sufficient to consider only binary arithmetic coders. To see why
this is so, suppose that Ay is not a binary alphabet, having 2K entries for some integer K > 1.3 Then
each element of Ay may be represented by a K bit integer. In this way, the random variable X is
equivalent to a K-dimensional random vector B, where

Bo (MSB)
By

B=|. (2.47)
Bx_1 (LSB)

and the By are binary random variables representing the digits in the K-bit representation of X. Then

H(X) = H(B)
= H(Bo)+ H(By | Bo)+ -+ HBk—1 | Bo,...,Bx-2) (2.48)

We have thus only to encode the individual binary digits of X, being careful to condition our coding
of each successive digit by, on the values of all previously coded digits, by, . . ., bx—1. Since a binary
arithmetic coder can essentially achieve the conditional entropy, the total bit-rate associated with
coding all of the digits in this fashion will essentially be equal to the entropy of the source. Of course,
additional context information may be used from previously coded samples, so as to exploit the
statistical dependencies between samples as well as between the digits of each sample.

2.3.5 ARITHMETIC CODING VARIANTS

In Section 2.3.3, we introduced one practical arithmetic coding algorithm. This algorithm requires
one integer-valued multiplication per coded symbol, in addition to a number of addition/subtraction
and comparison operations. In hardware implementations in particular, multiplication is much more
expensive than addition. As a result, numerous arithmetic coding variants have been proposed,
wherein the multiplication operation is approximated in one way or another. Most of these schemes
were proposed in the late 1980s and early 1990s.

Multiplier-free operation and renormalization-driven probability estimation are the most distin-
guishing features of a broad class of arithmetic coding algorithms, which includes the Q coder [12],
QM coder, [11], MQ coder and Z coder [1]. The basic idea is to replace the computation

T < Am—lpO,m (2.49)
found in the algorithms described hitherto, with
T < pipsim = 2NO(Plps,m (2.50)

where 2N & 2N % may be interpreted as a fixed estimate of the “average” value of A,,_;, and the
algorithm is adjusted so as to code a 1 if x,, = sy (MPS) and a O if x,, = 1 — sy (LPS). For further
details regarding multiplier-free arithmetic coding and the determination of optimal values for «, the
reader is referred to [8,18]. We note here, however, that the actual value of pyps that is used in the MQ
coder may be derived from the p{ps values reported in Table 2.1 by setting o = 0.708.

3 1If the size of the alphabet is not a power of 2, we can always fill it out to a whole power of 2, by adding extra symbols, each
having zero probability; the extra symbols then have no impact on the entropy.
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In addition to the method used to scale interval lengths (discussed above) and the method used to
adaptively estimate probabilities for each context, arithmetic coder variants may also be distinguished
according to the way in which they handle carry propagation effects in the encoder. There are two
principal methods for handling carry propagation. The first is the method described in Section 2.3.3
above, in which a state variable r is used to keep track of the number of consecutive 1’s, which
are immediately more significant than the bits in the C register. This approach is taken by the Q-
and QM-coder variants. A second method for handling carry propagation is to employ a bit-stuffing
technique to deliberately open up small holes in the code-space, in such a way as to limit the number
of bit positions over which a carry can propagate. This has a number of practical implementation
advantages, which come at a very small cost in compression efficiency. Moreover, the holes that are
introduced into the code-space represent a form of redundancy, which can readily be exploited for
error detection. This approach is taken by the MQ coder, adopted by JPEG2000. In this coder, the
presence of bit-stuffing means that no error-free bit-stream will ever contain two consecutive bytes
whose numeric value lies in the range FF90 to FFFF. Special marker codes, with values in this
range, allow a JPEG2000 decoder to resynchronize itself in the event that errors are detected. For a
thorough description of the MQ coder and its bit-stuffing procedure, the reader is referred to [18].

2.3.6 AriTHMETIC CODING IN JBIG

The JBIG bi-level image compression standard [5] presents us with a relatively simple, yet effective
example of the use of context-adaptive binary arithmetic coding. The Joint Bi-level Image experts
Group (JBIG) committee was formed under the auspices of the International Standards Organization
(ISO) to establish a standard for efficient lossless coding of bi-level, i.e., black and white images.
The target source material for JBIG includes graphics and line artwork, scanned text, and halftoned
images.

At the core of the JBIG algorithm is a conditional arithmetic coding scheme, based around
the QM coder. The QM coder uses a related, but different probability state transition table to that
shown in Table 2.1. It is a multiplier-free variant, following the principles described in the preceding
subsection, with full carry propagation resolution as opposed to bit-stuffing. In JBIG, a separate
context label is assigned to each of the 2'° possible neighborhood vectors arising from the selection
of one or the other of the two neighborhood configurations shown in Figure 2.4. The first of these
contexts typically gives an improvement of around 5% in bit-rate over the second; the second form
is provided primarily for memory critical applications in which the need to store two preceding rows
of image pixels may be prohibitive.

The JBIG standard has a number of other significant features that are of less interest to us in
this present treatment, but are worth mentioning in passing. The standard provides a mechanism
for modifying the context state vector from time to time by inserting certain control codes in the
bit-stream. In this mode, one of the pixels used to form the context vector y is a floating pixel,
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FIGURE 2.4 Neighborhoods used by the JBIG image compression standard to generate 10-bit contexts.
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which has the form x[m — ki, my — ky], where k1 and k; are vertical and horizontal lag parameters
controlling the position of this floating context pixel, relative to the location of the symbol x[m, m;]
that is being coded. An encoder may attempt to uncover underlying periodicity in the image, such
as may arise when compressing halftoned gray-level images, setting the lag terms accordingly. JBIG
also contains a progressive coding mode, wherein lower resolution versions of the image may be
coded first and then progressively refined. This is done by including information from the lower
resolution versions within the context vector y used to encode higher resolution information. For a
more complete summary of the technical features of the JBIG lossless binary image compression
algorithm, the interested reader is referred to [4]. It is also worth noting that JBIG has been superseded
by a more recent bi-level image compression standard, JBIG2 [6]. JBIG2 builds upon the approach
in JBIG in many ways; interestingly, JBIG2 replaces the QM coder with the MQ variant, which is
also employed by JPEG2000.

2.4 INFORMATION SEQUENCING AND EMBEDDING

In the preceding sections, we have considered only the efficient representation of information. In
this section, we turn to the other questions that we posed in the abstract — namely, the selection of
suitable image approximations and the creation of embedded representations.

2.4.1 QUANTIZATION

For simplicity, we restrict our attention to gray-scale images. Such images can be represented using
a two-dimensional sequence of intensity values x[n1, n2], which we will frequently write more com-
pactly as x[n], where n is a two-dimensional sequence index. Where necessary, we suppose np as the
row index, working downwards from 0 at the top of the image, and we suppose n; as a column index,
working rightwards from 0 at the left of the image. The simplest way to form an approximate repre-
sentation of the image is to apply uniform scalar quantization independently to each of its samples.
That is, the image is approximated by

(2.51)

x[n]
Y

y[n] = Ag[n], where g[n] = <—

Here, (z) means “round z to the nearest integer,” and A is the quantization step size. We refer to g[n]
as the quantization index for x[n].

As shown in Figure 2.5, the quantization index ¢ identifies a unique quantization interval (or
bin) I, € R. The quantizer replaces each sample value x[n], with the index g[n] of the bin to which
it belongs. Associated with each bin Z, is a representation level, y,. The dequantizer obtains the
approximated image by replacing each quantization index ¢g[n] with the corresponding representation
level, producing y[n] =y,m). Equation (2.51) implements these operations for the simple case of
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FIGURE 2.5 Quantization bins, indices, and representation levels illustrated for the simple case of uniform
scalar quantization with step size A.




Advanced Modeling and Coding Techniques for Image Compression 53

uniform quantization, wherein all bins have the same length A, and each representation level is at
the center of its respective bin. In Section 2.4.3, however, we shall see the need to create quantization
bins with different lengths.

In addition to quantization with nonuniform bins, it is possible to extend the notion of sample-
by-sample quantization to that of vector quantization. In vector quantization, source samples are
collected into groups (or vectors) and each vector is mapped to one of a number of quantization
indices. Associated with each index, is a representation vector, with which the index is replaced
during dequantization. Vector quantization has a number of advantages over the scalar quantization
operation considered here. However, if the image is first transformed using a suitable linear transform,
the advantages of vector quantization over scalar quantization become less significant. Indeed, such
transforms are the subject of the next subsection. For brevity, therefore, we do not explicitly consider
vector quantization in this chapter.

2.4.2 MULTIRESOLUTION COMPRESSION WITH WAVELETS

The discrete wavelet transform (DWT) provides a natural framework for scalable image compression.
The DWT has already been introduced in Chapter 1, so we summarize only the most essential elements
here. As shown in Figure 2.6, a first DWT stage decomposes the image into four subbands, denoted
LL;, HL; (horizontally high-pass), LH; (vertically high-pass), and HH;. The LL; subband is a
good low-resolution rendition of the original image, with half the width and height. The next DWT
stage decomposes this LL; subband into four more subbands, denoted LL,, LH,, HL, and HH,.
The process continues for some number of stages D, producing a total of 3D + 1 subbands whose
samples represent the original image.

The multiresolution properties of the DWT arise from the fact that the LL; subband is a good
low-resolution image, whose dimensions are reduced by a factor of 2¢ from those of the original
image. The LL; subband may be recovered from the subbands at levels d + 1 through D, by applying
only the first D — d stages of DWT synthesis. As long as the subbands are compressed independently,*
we may convert a compressed image into a lower resolution compressed image, simply by discarding

FIGURE 2.6 A D=2 level DWT decomposition tree.

4 Fully independent compression of the subbands is not actually required. It is sufficient to ensure that each subband from
DWT stage d is compressed without reference to information from any of the subbands from DWT stages d’ <d.
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TABLE 2.2
Resolution Subsets of the “Bike” Image

Subset % Bits % Size Bit-Rate (bps)

LLy 100 100 1.00
LL, 52.5 25.0 2.10
LL, 20.4 6.25 3.26
LL3 7.25 1.56 4.64

those subbands that are not required. The number of resolutions available in this way is D + 1. The
lowest resolution is represented directly by the LLp subband, while the highest resolution is that of
the original image, which we may interpret as an LL subband.

The property described above is known as resolution scalability. Specifically, aresolution scalable
bit-stream is one from which a reduced resolution image may be obtained simply by discarding
unwanted portions of the compressed data. The lower resolution representation should be identical
to that which would have been obtained if the lower resolution image were compressed directly.

In addition to resolution scalability, the DWT also ensures that most of the subband samples are
likely to take values which are close to zero, except in the neighborhood of image edges. This property,
known as energy compaction, allows comparatively simple quantization and coding techniques to
achieve high compression efficiency for a selected level of image quality.

Although resolution scalability (the ability to discard high-frequency subbands) provides a crude
mechanism for trading image quality for compressed file size, this turns out to be much less useful
than one might expect. Table 2.2 shows the reason; starting with a 2560 x 2048 photographic test
image, “Bike,” compressed to 1.0 bits/sample,> we might discard the higher frequency subbands
to reduce the total number of compressed bits. Unfortunately, the number of compressed bits does
not decrease in proportion to the number of samples. For example, discarding the two highest DWT
levels divides the number of image samples by 16, but reduces the compressed file size by less than
five times.

The real problem here is that the LL, image is available at an effective compressed bit-rate of 3.26
bits/sample, which is far more than we need to reconstruct an image at this resolution (640 x 480)
with high visual quality. The additional bits are required only when the LL, image is used in the
reconstruction of a higher resolution image, where small errors in the LL, component can be greatly
magnified during the synthesis process. This example serves to highlight the fact that resolution
scalability is of relatively little use unless coupled with a second type of scalability, known as
distortion scalability. Specifically, we would like to be able to strip away some of the bits associated
with the lower frequency subbands (this increases their distortion), when the image is reconstructed
at a reduced resolution. Distortion scalability is the subject of the next subsection.

2.4.3 EMBEDDED QUANTIZATION AND BIT-PLANE CODING

A distortion scalable bit-stream is one in which more coarsely quantized representations are embedded
within more finely quantized representations. Among other virtues, distortion scalability allows us to
solve the problem presented in Table 2.2. Specifically, it allows us to reduce the accuracy (and hence
compressed size) of lower resolution subbands, when the image is to be reconstructed at a reduced
size, thereby yielding a reduction in file size, which is comparable to the reduction in image size.

3 Details of the compression algorithm are irrelevant here, but JPEG2000 was used to obtain these results.
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FIGURE 2.7 Three embedded deadzone quantizers.

Since prefixes of an embedded distortion scalable bit-stream must correspond to successively
finer quantizations of the sample data, embedded coders are necessarily associated with a family of
quantizers. In fact, these quantizers (whether scalar or vector) are inevitably embedded [19, §4B], in
the sense that the quantization bins associated with a finer quantizer must be completely contained
within those of each coarser quantizer. Many scalable image compressors use scalar deadzone quan-
tizers, having the structure depicted in Figure 2.7. The central quantization bin, corresponding to
those sample values that get quantized to 0, is known as the deadzone. By making the deadzone twice
as large as the nonzero quantization bins, a family of embedded quantizers arises when the step size
A is halved between successive members of the family. The enlarged deadzone, sometimes called a
fat zero, is also helpful when coding high-frequency subband samples; these tend to be close to zero,
except in the neighborhood of appropriately oriented image edges and other important features. The
numerous zero-valued quantization indices, produced by samples falling within the deadzone, lead
to highly skewed statistics, that are amenable to efficient coding.

The embedded quantization structure of Figure 2.7 may be conveniently associated with the
bit-planes in a sign-magnitude representation of the subband samples. Let x;[n] = x3[n1, ny] denote
the two-dimensional sequence of subband samples associated with DWT subband b, and let qg)) [n]
denote the quantization indices (the bin labels) associated with the finest deadzone quantizer for this
subband, having step size Ap. Then

. |xp[m]|
g5 In] = sign(xy[n]) - LA—b (2.52)
Letting qu)[n] denote the indices of the coarser quantizer with step size 2” A, we find that
(0
O il | 4" m
gy, [m] = sign(xp[n]) - o, | sign(g,,”[n]) - > (2.53)

Thus the coarser quantization indices, qép) [n], are obtained simply by discarding the least significant

p bits from the binary representation of the finer quantization indices’ magnitudes, |q§,0) [n]].

Based on the above observation, an embedded bit-stream may be formed in the manner sug-
gested by Figure 2.8. Assuming a K-bit magnitude representation, the coarsest quantization indices
|q§]K_l)[n]| are represented by the most significant magnitude bit of each sample, together with the
signs of those samples whose magnitudes are not quantized to zero. A bit-plane coder walks through
each of the samples, coding these bits first. If the bit-stream is truncated at this point, the decoder

receives the coarsest quantization indices, qZK_l)[n]. The bit-plane coder then moves to the next
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FIGURE 2.8 Bit-plane coding sequence, shown for K =6 magnitude bit-planes. Black and white boxes
correspond to values of “1”and “0,’respectively.

magnitude bit-plane, also coding the sign of any sample whose magnitude first becomes nonzero in
this bit-plane. If the bit-stream is truncated after this point, the decoder receives the finer quantization
- (K—-2)

indices g, [n], and so forth.

‘We now remind the reader of the conclusions from Sections 2.2.3 and 2.3.4 it makes no difference
in what order we code the binary digits which make up the subband samples x,[n]. As long as we
exploit the substantial redundancy which exists between successive bit-planes (e.g., by careful use
of conditional arithmetic coding), an embedded bit-stream can have the same coding efficiency as
a nonembedded bit-stream in which each sample is coded completely before moving to the next.
Thus, distortion scalability would appear to be achievable without any cost in coding efficiency. The
reader is reminded, however, that the requirement for successive quantizers to be embedded within
one another does impose a constraint on the design of the quantizer bins themselves. For many
information sources, this can be shown to represent a source of suboptimality with respect to the
optimal achievable nonscalable compression performance [3].

2.4.4 FrAcTIONAL BIT-PLANE CODING

In the bit-plane coding procedure described above, the only natural truncation points for the embedded
bit-stream are the bit-plane end points. These correspond to K different quantizations of the original
subband samples, whose quantization step sizes are related by powers of 2. It is possible to achieve a
more finely embedded bit-stream, with many more useful truncation points, by coding the information
in each bit-plane over a series of two or more coding passes. The first coding pass for each bit-plane
codes the relevant magnitude bit and any necessary sign bit, only for those samples that are likely
to yield the largest reduction in distortion relative to their coding cost. Conversely, the last coding
pass in each bit-plane processes those samples that are expected to be least effective in reducing
distortion, relative to their cost in increased bit-rate. Together, the coding passes code exactly one
new magnitude bit for every sample in the subband.

Figure 2.9 provides an illustration of these ideas, identifying the effects of different truncation
lengths on the expected distortion in the reconstructed subband samples. The straight line segments
between coding pass end points represent the expected mean squared error (MSE) and coded length
that would result if the bit-stream were truncated part-way through a coding pass. As suggested by
the figure, the operational distortion-length characteristic of a fractional bit-plane coder generally
lies below (lower distortion) that of a regular bit-plane coder, except at the bit-plane end points.
Importantly, this is a consequence only of information reordering. As long as the order in which
samples are visited by the coding passes is dependent only on information that has already been
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FIGURE 2.9 Effects of fractional bit-planes on the operational distortion-length characteristics of an embedded
bit-stream subject to truncation. Solid dots show the bit-plane end points, while hatched dots correspond to the
end points of the fractional bit-plane coding passes.

encoded, we need not send any additional bits to inform the decoder of the coding sequence. We
refer to this as context-induced information sequencing.

The concept of fractional bit-plane coding may be found in many successful scalable image
compression algorithms, albeit in different forms. The well-known SPIHT [13] algorithm builds
a quad-tree structure across the DWT resolutions and uses this structure to derive the context
information that determines which bits will be coded next. In Section 2.5, we describe more care-
fully how the fractional bit-plane procedure operates in the EBCOT [17] algorithm at the heart of
JPEG2000. Indeed, fractional bit-plane coding in JPEG2000 is the culmination of several research
efforts [10,15,16]. We also note that a more elaborate strategy for fractional bit-plane coding was
proposed in [9], wherein information from one bit-plane might not be coded until after the coding of
a less significant bit-plane has begun, depending on the expected reduction in distortion relative to
coding cost.

2.4.5 CODING VS. ORDERING

The DWT is an important tool in the construction of resolution scalable bit-streams, while embedded
quantization is the key to distortion scalability. A bit-stream that is both distortion and resolution
scalable must contain identifiable elements, which successively reduce the distortion of the subbands
ineachresolution level. This is illustrated stylistically in Figure 2.10, where the relevant elements lie at
the intersection of each distortion level Q; (assume Q as standing for “quality”), with each resolution
level R,. Here, resolution level R consists of the LLp subband of a D-level DWT such as that
shown in Figure 2.6, while higher resolution levels R, each consist of the detail subbands LH;, HL,,
and HH, at depth d =D + 1 — r. The three resolution levels in Figure 2.6 are identified by shaded
regions. Figure 2.10 shows two potential ways of ordering the elements in the compressed bit-stream,
so as to create embedded representations that progress by resolution and quality, respectively.

It is important to observe that dependencies introduced while coding the embedded quantization
indices (e.g., bit-planes) can destroy one or more degrees of scalability. For example, the tree coding
structure employed by the SPIHT [13] algorithm introduces downward dependencies between reso-
lution levels, which interfere with resolution scalability. Specifically, in SPIHT, it is not possible to
discard all of the information associated with the higher resolution subbands and still decode lower
resolution subbands.
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FIGURE 2.10 Elements of a distortion and resolution scalable bit-stream, with (a) quality progressive and
(b) resolution progressive orderings.

We have seen that the order in which information is coded does not affect the ultimate compres-
sion efficiency we can hope to achieve. However, this is true only to the extent that we exploit the
information available from previously coded symbols in the coding of later symbols. Indeed, we have
seen that such context information can be important both for achieving the conditional entropy (Sec-
tion 2.3.4) and for dynamically generating scanning orders with good embedding properties (Section
2.4.4). If we wish to be able to follow anything other than a predetermined one-dimensional pro-
gression through the two-dimensional scalability space depicted in Figure 2.10, we must deliberately
sacrifice some of this contextual information. One particularly flexible way to do this is to partition
the subband samples into small blocks and to code each block independently. Context information
is exploited within a block, but not between different blocks. In the next section we shall see some
of the benefits of this approach.

2.5 OVERVIEW OF EBCOT

In this section, we describe the embedded block coding with optimal truncation (EBCOT) algorithm,
which lies at the heart of the JPEG2000 [7] image compression standard. The image is first subjected
to a D level DWT, after which each subband is partitioned into relatively small blocks, known as
code-blocks, having typical dimensions of 64 x 64 or 32 x 32 samples each. This is illustrated in
Figure 2.11. Each code-block B5; is coded independently, producing its own embedded bit-stream,
with many useful truncation points. In the ensuing subsections, we first describe the block coding
algorithm itself; we then describe how truncation points may be selected for each individual code-
block so as to minimize the overall reconstructed image distortion, for a given constraint on the
bit-rate. Finally, we describe EBCOT’s abstract quality layer paradigm.

2.5.1 EmBEDDED BLock CODING PRIMITIVES

In EBCOT, contexts consisting of previously coded data bits are used both for probability modeling
(so that arithmetic coding can approach the relevant source conditional entropy) and for information
sequencing (i.e., for defining the fractional bit-plane coding passes). Ideally, if we were able to
exploit all previously coded data bits when encoding new bits, we would expect to find that the
coding efficiency itself is unaffected by the coding order. Even in the practical case, where the
contexts used for probability modeling must be much more heavily restricted, we find that coding
efficiency is substantially independent of coding order. For this reason, we begin our description of
the block coder by describing the conditional coding primitives; these are the same, regardless of the
order in which samples are coded.
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Code-block

FIGURE 2.11 Division of the subbands from Figure 2.6 into code-blocks.

Following the notation developed in Section 2.4.3, let g[j] = g[ j1,j>] denote the sequence of quan-
tization indices for a particular code-block, obtained after deadzone quantization with a quantization
step size of A. Write x[j] for the sign and v[j] for the magnitude of ¢[j], and let v [j] = [27Pv[j]]
be the magnitude of the coarser quantization indices, corresponding to a step size of A27; these are
obtained simply by discarding the least significant p bits from v[j]. Finally, write v"[j] € {0, 1} for
the least significant bit of v”[j], which is also the value found in bit-plane p of v[j], and let K be the
number of magnitude bit-planes that must be coded to capture the information in v[j].

Image subband samples tend to exhibit distributions that are heavily skewed toward small ampli-
tudes. As aresult, when v?+D[j] = 0, meaning that x[j] lies within the deadzone for the quantizer with
step size A2PT!, we can expect that x[j] is also likely to lie within the deadzone for the finer quantizer
with step size A2, i.e., that v(l’)[j] = 0. Equivalently, the conditional PMF, pr|V(p+1)(v1’ ,0), is heavily
skewed toward the outcome v’ = 0. For this reason, an important element in the construction of
efficient coding contexts is the so-called significance of a sample, defined by

. 1 ifv?[j]1 >0
o] = { b v@)H} -0 (2.54)
To help decouple our description of the coding operations from the order in which they are applied,
we introduce the notion of a binary significance state, o[ j]. At any point in the coding process, o[ j]
assumes the value of oP)[ j], where p is the most recent (least significant) bit for which information has
been coded at location j. Equivalently, we initialize the significance state of all samples in the code-
block to 0 at the beginning of the coding process and then toggle the state to o[ j] = 1 immediately
after coding the first nonzero magnitude bit at location j.

Given the importance of the condition o[ j] =0, we identify three different types of primitive
coding operations as follows. If o[ j] =0 we refer to the task of coding v”[j] as significance coding,
since v”[j] =1 if and only if the significance state transitions to o[j] =1 in this coding step. In the
event that the sample does become significant, we must invoke a sign coding primitive to identify x[j].

For samples which are already significant, the value of v”[j] serves to refine the decoder’s knowledge
of the nonzero sample magnitude. Accordingly, we invoke a magnitude refinement coding primitive.
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JPEG2000 employs the binary arithmetic coder variant known as the MQ coder, with a total of
18 distinct contexts, ten of these are associated with the important significance coding primitive. We
remind the reader of the learning penalty, which is incurred if too many different contexts are used.
The learning penalty is particularly significant in EBCOT, since adaptive probability estimation must
start from scratch within each code-block.

2.5.1.1 Significance Coding

The significance coding primitive involves a normal mode and a run mode. In the normal mode,
one of nine different contexts is selected, based on the significance of the sample’s eight immediate
neighbors. A context index «%'¢[j] is formed from the following three intermediate quantities:

L] = olji.jo — N+ oljija + 1] (2.55)

] = olji — Ljal + olji + 1.ja] (2.56)

Klil= Y > olji+kija+kal (2.57)
ki==%1ky==+1

Samples that lie beyond the boundaries of the relevant code-block are regarded as insignificant for
the purpose of constructing these three quantities. Evidently, there are 45 possible combinations of
the three quantities, Pl jl, «'[j] and Pl jl- A context reduction function is used to map these 45
combinations into the nine distinct context labels, «€[ j]. Details of the context reduction mapping
may be found in [17] or [18].

At moderate to high compression ratios, code-block samples are expected to be predominantly
insignificant. For this reason, a run mode is introduced to dispatch multiple insignificant samples
with a single binary symbol. The run mode serves primarily to reduce complexity, although minor
improvements in compression efficiency are also typical. The run mode codes groups of four consec-
utive samples together, which must themselves be aligned on a four-sample boundary. As we shall
see in Section 2.5.2, the scanning pattern itself works column by column on stripes of four rows at
a time. This means that run-mode samples must constitute a single stripe column. The run mode is
used only if all four samples have insignificant neighborhoods, meaning that no immediate neighbor
of any of the four samples can be significant. In the run mode, a single binary digit is coded within its
own context «™", to identify whether or not any of the samples in the run become significant in the
current bit-plane. If so, the index of the first such sample is signalled using what essentially amounts
to a 2-bit fixed length code.

2.5.1.2  Sign Coding

The sign coding primitive is invoked at most once in any given location j, immediately after the sig-
nificance coding operation in which that location first becomes significant. Most algorithms proposed
for coding subband sample values, whether embedded or otherwise, treat the sign as an independent,
uniformly distributed random variable, devoting 1 bit to coding its outcome. It turns out, however, that
the signs of neighboring sample values exhibit significant statistical redundancy. Some arguments to
suggest that this should be the case are presented in [17].

The JPEG2000 sign coding primitive employs five contexts. Context design is based upon the
relevant sample’s immediate four neighbors, each of which may be in one of three states: signifi-
cant and positive, significant and negative, or insignificant. There are thus 81 unique neighborhood
configurations. For details of the symmetry conditions and approximations used to map these 81
configurations to one of five context labels, KSien| jl, the reader is referred to [17].
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2.5.1.3 Magnitude Refinement Coding

The magnitude refinement primitive is used to code the next magnitude bit v”[j] of a sample, which
was previously found to be significant. As already noted, subband samples tend to exhibit probability
distributions fx (x), which are heavily skewed toward x = 0. In fact, the conditional PMF fy»|ge+n (V7 |
g?*D) typically exhibits the following characteristics: (1) it is independent of the sign of ¢g®*1;
) fyrjoen (0 | gPTD) >% for all g?*; and (3) fyr e+ (0 | gPTD)~ % for large |g?+D)|.

As aresult, it is beneficial to condition the coding of v”[ j] upon the value of p@PED[ j] only when
v®*D[j] is small. We also find that it can be useful to exploit redundancy between adjacent sample
magnitudes when v®»+D[j] is small. These observations serve to justify the assignment of one of
three coding contexts k™€, as follows:

0 if vPtU[jl=1 and «"[jl+«"[j]+«[jl=0
KM =11 if vl =1 and «"[j]+«"[§1+«] > 0 (2.58)
2 if vPtD[§] > 1

2.5.2 FRACTIONAL BIT-PLANE SCAN

In JPEG2000, three fractional bit-plane coding passes are employed. Each coding pass traverses the
sample locations within its code-block, following the stripe-oriented scan depicted in Figure 2.12. The
first coding pass in each bit-plane, Pf , includes any sample location j, which is itself insignificant but
has a significant neighborhood, that is, at least one of its eight neighbors is significant. Membership in
Pf may be expressed by the conditions o[j] =0 and Kh[j] + eV [j1+ K9] jl > 0. These conditions are
designed to include those samples that are most likely to become significant in bit-plane p. Moreover,
for a broad class of probability models, the samples in this coding pass are likely to yield the largest
decrease in distortion relative to the increase in code length [10]. Once a sample becomes significant,
the four neighbors that have not yet been visited in the scan also have significant neighborhoods,
and will be included in Pf unless they were already significant. This pass is called the significance
propagation pass, due to this tendency to dynamically propagate its membership.

Figure 2.12 provides an example of the significant propagation pass for one stripe of the code-
block. In the figure, empty circles identify samples that are insignificant in bit-plane p; shaded circles
identify samples that become significant during the pass, P/; and solid dots indicate samples that
were already significant in bit-plane p — 1. Crosses are used to mark those samples that do not belong
to the significance propagation pass, either because they were already significant, or because their
neighborhood is entirely insignificant at the point in the scan when they are visited.

Context window—"

O

O0eO000O0

:

<+~—— Stripe ——

v

FIGURE 2.12 Stripe-oriented scan of the JPEG2000 block coder, illustrating the 3 x 3 context window used
both for probability modeling and coding pass membership selection.
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In the second pass of each bit-plane, P), the magnitude refinement primitive is used to code
magnitude bit v”[j] of any sample that was already significant in the previous bit-plane. Equivalently,
Pg includes any sample whose significance state is o[j] = 1, which was not already included in Pf .
The final coding pass, P%, includes all samples for which information has not already been coded
in bit-plane p. From the definitions of Pf and P, we see that samples coded in this pass must be
insignificant. We also note that the conditions for the run mode may occur only in this coding pass.

2.5.3 OPTIMAL TRUNCATION

In the previous subsections, we have described the mechanisms whereby each code-block B; is
converted into a single embedded bit-stream. The natural truncation points for this embedded bit-
stream are the coding pass end points, of which there are three per bit-plane. For each such truncation
point z, we can identify the length L?, of the smallest prefix of the embedded bit-stream from which
all of the arithmetically encoded symbols in the first z coding passes can be unambiguously decoded.
We assume that the overall reconstructed image distortion can be represented (or approximated)
as a sum of distortion contributions from each of the code-blocks and let D} denote the distortion
contributed by block B;, if only the first z coding passes are decoded. The calculation or estimation of
D7 depends upon the subband to which block B; belongs, as well as the particular model of distortion
that is deemed relevant. For our present purposes, it is sufficient to note that both MSE and the
so-called visually weighted MSE measures satisfy our additivity assumption, provided the DWT basis
functions are approximately orthogonal and the quantization errors can be considered uncorrelated.
Visually weighted MSE refers to the weighting of distortion contributions from different subbands
in accordance with “average” visual detection thresholds for the corresponding spatial frequencies.

Since the code-blocks are compressed independently, we are free to use any desired policy for
truncating their embedded bit-streams. If the overall length of the final compressed bit-stream is
constrained by Li,x, we are free to select any set of truncation points {z;}, such that

L= "L < Lo (2.59)

]

Of course, the most attractive choice is that which minimizes the overall distortion,

D= ZD?‘ (2.60)

The selection of truncation points may be deferred until after all of the code-blocks have been
compressed, at which point the available truncation lengths Lf’, and the associated distortions Df, can
all be known. For this reason, we refer to the optimal truncation strategy as one of postcompression
rate-distortion optimization (PCRD-opt).

Let {z; 1} be any set of truncation points that minimizes

D(\) + AL(M) = Z (D" + AL (2.61)

for some A > 0. It is easy to see that these truncation points are optimal in the sense that the distortion
D cannot be further reduced without also increasing the length L, or vice versa. Thus, if we can
find a value of A such that the {z;,}, which minimize Equation (2.61) yield L(X) = Lax, this set of
truncation points must be a solution to our optimization problem. Since the set of available truncation
points is discrete, we shall not generally be able to find such a A. Nevertheless, since the code-blocks
are relatively small and there are typically many truncation points, it is sufficient in practice to find
the smallest value of A such that L(A) < Lyax.-
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FIGURE 2.13 Upper convex hull produced by the distortion-length coordinates of a set of possible truncation
points. Solid dots show those truncation points that can arise as solutions to Equation (2.62).

For any given A, minimization of Equation (2.61) reduces to an independent minimization task
for each code-block, i.e.,

2iy. = argmin,_ (D — ALY) (2.62)

Interestingly, some truncation points z can never arise as solutions to this simple optimization problem,
regardless of the selected value for A. These “useless” truncation points are those whose (D7, LY)
coordinates fall strictly inside the upper convex hull of the set {(Df, Lf)} 2, as illustrated in Figure 2.13.
A good embedded block coder should have the property that most of its coding passes produce
truncation points that lie on the boundary of this convex hull. Studies of the EBCOT coding passes,
such as one found in [18], suggest that all of its coding passes produce truncation points that have a

high likelihood of contributing to the convex hull boundary.

2.5.4 MuLtiPLE QUALITY LAYERS

Since each code-block has its own embedded bit-stream, it is convenient to use a separate term to refer
to the overall compressed image bit-stream. We shall call this a pack-stream, because it is inevitably
constructed by packing contributions from the various code-block bit-streams together in some fash-
ion. The simplest pack-stream organization consistent with the EBCOT paradigm is illustrated in
Figure 2.14. In this case, the optimally truncated block bit-streams are simply concatenated, with
length tags inserted to identify the contribution from each code-block.

This simple pack-stream is resolution-scalable, since each resolution level consists of a well-
defined collection of code-blocks, explicitly identified by the length tags. The pack-stream also
possesses a degree of spatial scalability. As long as the subband synthesis filters have finite support,
each code-block influences only a finite region in the reconstructed image. Thus, given a spatial
region of interest, the relevant code-blocks may be identified and extracted from the pack-stream.

Interestingly, the simple pack-stream of Figure 2.14 is not distortion-scalable, even though its
individual code-blocks have embedded representations. The problem is that the pack-stream offers
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FIGURE 2.14 Simple pack-stream, created by concatenating optimally truncated code-block bit-streams
together with length tags.
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FIGURE 2.15 S=2 EBCOT quality layers, indicating the order in which code-block contributions should
appear for a quality-progressive pack-stream.

no information to assist in the construction of a smaller pack-stream whose code-block contributions
are optimized in any way.

Figure 2.15 illustrates the quality layer abstraction introduced by the EBCOT algorithm [17]
to resolve the above difficulty. Only six code-blocks are shown for illustration. There are a total
of S quality layers, labeled Qg through Qg_;. The first layer Qg contains optimized code-block
contributions, having lengths L?’xo , which minimize the distortion D = } ; D?‘x“ , subject to a length

constraint ) ; LfMO <L . Subsequent layers Q; contain additional contributions from each code-

max-*
Ziy LZi,A],l
i i

block, having lengths L
constraint ), LfM’ <Ll...

Although each quality layer notionally contains a contribution from every code-block, some or
even all of these contributions may be empty. In Figure 2.15, for example, code-block B3 makes
no contribution to layer Q;. A distortion-scalable pack-stream may be constructed by including
sufficient information to identify the contribution made by each code-block to each quality layer.
Moreover, quality progressive organizations are clearly supported by ordering the information in the
manner suggested by the numbering in Figure 2.15.

If a quality progressive pack-stream is truncated at an arbitrary point then the decoder can expect
to receive some number of complete quality layers, followed by some fraction of the blocks from
the next layer. In the example shown in Figure 2.15, the third quality layer Q, is truncated before
code-block By. In this case, the received prefix will not be strictly optimal in the PCRD-opt sense.
However, this suboptimality may be rendered negligible by employing a large number of layers.
On the other hand, more layers imply a larger overhead to identify the contributions made by
each block to each layer. The EBCOT algorithm provides a second tier coding strategy for this
type of information. For further details of the second tier coding strategy, the reader is referred
to [17,18].

, which minimize the distortion D! = > ; wa , subject to a length
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2.6 REFLECTIONS

We have seen that the information in any given approximation of an image can be quantified, at
least in theory, using the notion of joint entropy. Moreover, we have seen that the joint entropy of an
information source can be expanded in terms of conditional entropy, according to Equation (2.16).
This expansion suggests that the average overall coded bit-rate can attain its minimum possible
value, as long as we are able to code each outcome with a bit-rate equal to its conditional entropy,
conditioned on the values of all previously coded outcomes. Importantly, this is true regardless of the
order in which the information is coded. We have also seen that highly practical arithmetic encoding
techniques exist, which are essentially able to achieve the relevant conditional entropies, subject
to the provision of suitable probability models. Together, these observations reduce the problem of
efficient image coding to that of conditional probability modeling.

We have briefly investigated the problem of image approximation through quantization. More
specifically, we have noted that the DWT provides an excellent framework, in which to quantize
an image’s information. The DWT also provides a multiresolution representation, such that the
omission of higher frequency DWT subbands does not interfere with the reconstruction of lower
resolution versions of the image. At the same time, embedded quantization and coding techniques
allow each subband to be coded progressively, in coarse to fine fashion. Together, these properties
introduce the possibility of scaling both the resolution and the quality (e.g., signal-to-noise ratio)
of the reconstructed image, by selectively discarding elements from the compressed bit-stream.
Indeed, in Section 2.4.2, we have shown that the multiresolution properties of the DWT cannot be
fully exploited unless it is combined with embedded quantization and coding. This is because high-
resolution imagery requires the lower resolution subbands to be quantized with much higher fidelity
than would otherwise be warranted when reconstructing the image at a lower resolution.

Fortunately, since the order in which information is coded need not affect the efficiency with
which it is encoded, it is possible to construct embedded coders that yield high coding efficiency at
all of their natural truncation points. In fact, the number of natural truncation points may be increased
by coding information in an order that is dynamically generated on the basis of previously coded
outcomes, so as to first encode those bits that are likely to provide larger decreases in distortion
relative to their coding cost. We demonstrated these various principles through the fractional bit-
plane embedded coding algorithm, which lies at the heart of the JPEG2000 image compression
standard. This algorithm yields state-of-the-art compression performance, together with a highly
scalable compressed representation.

It is interesting to note that in JPEG2000, the DWT is essentially playing three different roles.
In the first instance, the DWT provides the multiresolution representation required for resolution
scalability. In the second instance, the DWT produces subbands that are largely uncorrelated; this
simplifies the probability modeling problem, allowing us to construct good conditional coding con-
texts that consist only of a sample’s immediate neighbors. Finally, the DWT provides an excellent
environment for designing dynamic scanning algorithms with good embedding properties. That is,
the subband statistics are such that it is possible to predict which data bits are likely to produce the
largest decrease in distortion relative to their coding cost, based only on those data bits that have
already been encoded.

In this chapter, we have also investigated some aspects of the interaction between coding and
ordering. Contexts formed from previously encoded data bits are useful both for conditional prob-
ability modeling (i.e., for coding efficiency) and for information ordering (i.e., for defining the
membership of fractional bit-plane coding passes). On the other hand, the use of contextual informa-
tion imposes constraints on our ability to discard elements of the compressed bit-stream. The EBCOT
algorithm in JPEG2000 provides an excellent compromise between the objectives of an efficient finely
embedded bit-stream (i.e., good context modeling) and a highly scalable and accessible bit-stream
(i.e., one with few constraints). By producing an independent finely embedded bit-stream for each
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block of subband samples, EBCOT allows for both resolution scalability and spatial region-of-interest
accessibility. Moreover, EBCOT’s abstract quality layer paradigm provides a coarse mechanism for
applications to explicitly control the order in which information is embedded. This is quite different
to the ordering of information within each code-block’s embedded bit-stream, which is an intrinsic
part of the block coding algorithm. By explicitly adjusting the truncation points associated with
each code-block, within each of a number of quality layers, JPEG2000 streams can be optimized to
exploit the actual measured distortion properties of the image coder within each code-block. When
done using the PCRD-opt approach, this often results in coding gains that outweigh the small losses
due to limiting the coding contexts to the scope of each code-block. Moreover, quality layers can
be constructed so as to optimize application-specific or sophisticated visual measures of distortion,
which could not otherwise have been envisaged within the design of the low-level block coding algo-
rithm. In this way, EBCOT provides a combination of intrinsic and extrinsic methods for ordering
information, so as to provide as much scalability as possible while maintaining high compression
efficiency.
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3.1 INTRODUCTION

Modeling-perceived distortion is a central aspect of modern lossy image and video coding systems.
In fact, the limitations of the Human Visual System (HVS) in distinguishing two signals with similar
spectral, temporal, or spatial characteristics can be exploited to reduce the amount of resources
necessary to store or to transmit a multimedia content [21].

The two basic mechanisms characterizing the perception of still images that have attracted the
attention of many researchers over the last few decades are the frequency sensitivity and the local
contrast sensitivity. Frequency sensitivity is usually described by the modulation transfer function
(MTF), characterizing the response of the human eye to sine-wave gratings at various frequencies.
Contrast sensitivity models the local inhibition of the perception of weak features induced by the
presence of strong patterns like edges and lines. More recently, mathematical models accounting for
the masking effects introduced by complex textures have also been proposed [24].

Based on these researches, the models for the analytical assessment of the just noticeable dis-
tortion (JND) [37,38], that defines the error profile whose associated distortion is perceived just by
a small fraction of the potential users, have been refined. The JND is in fact the cornerstone of any
perceptual distortion metric.

In this chapter, after a short overview of the basic characteristics of the HVS, we discuss several
neurophysiological models that enlighten the basic biological mechanisms of perception. We then
discuss the description of the macroscopic aspects of the behavior of the HVS, which have been
investigated through psychophysical subjective experiments, to quantify a distortion metric based
on the HVS sensitivity and masking properties. Techniques for direct evaluation of the perceptual
distortion metric in the discrete cosine transform (DCT) and wavelet transform domains are finally
presented in the last section. These techniques constitute the basis for coding algorithms that minimize
the perceptual entropy.

69
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3.2 THE HUMAN VISION SYSTEM

Even now, it is still not exactly known how the HVS works. Several studies have been carried out
pointing out its main features and the differences existing among individuals.

The eye is the interface between the input signal (the visual information) and the processing unit
(the brain). It can be compared to a self-focusing camera: it automatically adjusts the amount of light
intensity entering into the eye and it delivers the information carried by the light intensity to the optic
nerve. Each eye bulb is anchored in its position by six extraocular muscles whose function is to keep
it aligned and synchronized to the system. The light, going through the cornea (the transparent front
part of the eye), aqueous-humor, and lens, is projected through the vitreous-humor onto the retina.
Figure 3.1 shows a section of the eye.

The largest change (two third) in bend occurring to light, which is necessary for focusing, takes
place at the air—cornea interface. The successive lens of the eye provides the remaining third of the
focusing power; its main purpose is to adjust the focusing on objects at various distances. The eye
changes the focus not varying the distance between lens and retina but by changing the shape of the
lens by using the ciliary muscles. The adjustment capability varies from person to person and with
the age of the person.

The amount of the light entering into the eye is determined by the size of the pupil. The iris
controls the size of the pupil and lies between the aqueous-humor and the lens. The pupil diameter
varies between 2 and 8 mm, changes according to the amount of light falling into the eye.

The retina converts the light into neurosignals, allowing the vision under different conditions
ranging for very low-intensity light (night or scotopic vision) to sunlight (photopic vision).

Investigation is being carried out continuously to understand the operation of the retina and its
building blocks. Thanks to these efforts our knowledge about the treatment of light signal in the eye
and in the visual cortex has increased dramatically. The retina, has the shape of a plate 1/4-mm thick.
It consists of three layers of cells bodies separated by two layers containing synapses made by the
axons and dendrites of these cells. These cells (horizontal cells, bipolar cells, amacrine cells, etc.)
gather and process the optical signal.

The most important part of the retina is constituted by the photosensitive (photoreceptors) cells
at the lower part of it. In the human eye, there are four different types of receptors. These cells are
blocks in which the light signal is converted into neurosignal. In short, the receptors respond to light
through the bleaching process. A photon of light is absorbed by the pigment and is then chemically
transformed.

Iris

FIGURE 3.1 Diagram of the eye showing the macula and fovea (black and white). Courtesy of U.S.A. National
Eye Institute, National Institutes of Health.
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The central area of the retina, called fovea, can be seen as a packed array of photoreceptors and
provides the highest spatial resolution. There are two kinds of photoreceptors: rods and cones. These
cells have different distribution in the retina, present different shape and size, and are differently
interconnected.

Rods are responsible for our vision under very low-light condition. They are long and slender
and contain the same pigment, the photochemical rhodopsin. There are about 100 million rods in an
eye, uniformly distributed in the fovea, which has a diameter of about 0.5 mm. The light sensitivity
is achieved by combining the output of several rods into one ganglion cell neuron, penalizing the
spatial resolution. The adaptation of our vision system to the dark is obtained by increasing slowly
the amount of rhodopsins. Ganglion cells are of two types: on-center cells and off-center cells. An
on-center cell responds to a simple stimulus consisting of a bright spot on a dark background, while
an off-center cell responds to a stimulus consisting of a dark spot on a bright background. The size
of the receptive field of ganglion cells varies in a systematic way: the size is smaller in the fovea,
becoming progressively larger toward the retinal periphery. In addition, the response of a ganglion
cell is independent of the stimulus orientation.

Cones do not respond under low-light conditions and are responsible for fine details and color
vision. Cones, shorter than rods, are present throughout the retina but are most densely packed in
the fovea. The rods, there are three different types of cones, each one characterized by a different
photochemical pigment. These three pigments are sensitive to different light wavelengths. Cones are
classified according to the wavelength of their sensitivity peak as follows: short-wavelength (S) (blue
cones), medium-wavelength (M) (green cones) and long-wavelength (L) (red cones). The number of
cones in the retina is much smaller than the number of rods and is estimated to be around 5 millions
and most concentrated in the fovea; there are more red and green cones than blue cones and this
fact can explain the lower sensitivity of HVS to the blue component. Consequently, the maximum
spatial resolution that can be perceived is higher for red and green components than for the blue one.
In the fovea, red and green cones are separated by approximately 2.5 im, resulting in a maximum
resolution of 60 cycles/deg. The blue cones are spaced at intervals of about 50 wm, resulting in a
maximum resolution of 3 cycles/deg. Our perception of colors depends on the responses of these
three set of cones.

By analyzing how the signals are treated by our vision system, we get an idea on what is really
relevant and what can instead be considered useless in image and video coding. For example, two
signals with spectral power density distribution producing the same response in all three kind of
cones are perceived as the same color. The trichromatic nature of the visual system is exploited by
modern imaging and display systems. Almost all the display systems use three color phosphors, the
emission of each kind of phosphor matched to the response of a particular cone type.

The color opponent theory [4] states that not all the colors can co-exist (e.g., greenish, blue,
and greenish red). It means that the output of the cones are encoded in three channels. One channel
correspond to the black and white (luminance) perception, while the other two channels encode
chrominance signals around red—green and blue—yellow axes.

Color video coding standards exploit this fact to encode the tristimulus color information resulting
in a smaller amount of data to be stored or transmitted. In addition, the spatial resolution of color
channels is lower than the resolution in the black and white, or luminance, channel. As a consequence,
in image and video coding, the chromatic bands are usually downsampled by a factor 2, to increase
the compression rate.

Behind the photoreceptors are cells containing mainly a black pigment called melanin. A possible
function of this dark layer is to absorb the light that has passed through the retina, avoiding in this
way its reflection and scattering inside the eye. It corresponds to the black wall inside a photo
camera.

The optic nerve, carrying the retina’s entire output, is a bundle of axons of the ganglion cells. It
passes through the optic chiasm. From there the fibers of the optic nerve continue to several areas
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of the brain, mostly terminating to the two lateral geniculate bodies. Each lateral geniculate body
consists essentially of one synaptic stage whose elements have on-center and off-center receptive
fields and respond to colored light in a way similar to the response of the retinal ganglion cells. The
lateral geniculate bodies send their output to the primary visual, or striate cortex, a complex structure
with a greater variety of cell types, each tuned to an elaborate stimulus, organized into three or four
stages. Cells of the visual cortex are classified as simple or complex based on the complexity of their
behavior.

Each simple cell has a small, clearly delineated spatial receptive field so that it generates either on
or off responses when a specific pattern falls inside. While the retinal and the geniculate cells exhibit
an isotropic behavior, with circularly symmetric excitatory and inhibitory domains, the domains
of the cortical simple cells are always separated by a straight line or by two parallel lines. The
most common receptive map consists of a long, narrow excitatory region flanked, on both sides, by
larger inhibitory regions. Both simple and complex cells present an anisotropic response, reacting
to specifically oriented patterns over a limited region of the visual field. However, the behavior of
complex cells cannot be explained by a neat subdivision of the receptive field into excitatory and
inhibitory regions.

3.3 PHYSIOLOGICAL MODELS

Although many aspects of the behavior of simple cells are consistent with linear models, there are
relevant exceptions, like output saturation and masking effects that cannot be explained in the linear
context. Recently, several nonlinear computational models of the cortical visual processing have
been proposed. These models attempt to describe in a compact and abstract mathematical form the
transformations performed on the image signals by the HVS. They do not necessarily copy, in detail,
the biological mechanism of the HVS [16]. Even though a complete and systematic mathematical
description of the whole set of simple and complex cells of the visual cortex is far away from
being known, the study of the partial models, identified up to now, allows an understanding of the
basic mechanisms of perception, thus offering a consistent background for the design of subjective
psychophysical experiments. With this aim, in this section, we review two multistage nonlinear
models that illustrate the frequency sensitivity and the local contrast sensitivity behavior from a
physiological point of view.

Let us first consider the two-stage neuron model for V1 simple cells presented in [11]. As
illustrated in Figure 3.2, the first stage consists of a linear combination of the neuron inputs. In the
second stage, the signal is normalized with respect to the pooled activities of a group of neurons,
presumed to be near neighbors in the visual cortex, and then rectified. The normalization signal pooled
over a large set of neurons with a wide variety of tuning properties produces a variety of phenomena,
collectively described as nonspecific suppression. An example of this kind of phenomena is the
response of an orientation-selective cell that presents a strong response in the presence of an isolated
grating stimulus at the preferred orientation, and a null response when the orientation of the stimulus
is perpendicular to the preferred direction. In fact, the response to the superimposed pair of stimuli,
preferred plus perpendicular, is typically about half the response to the rightward stimulus alone,
as observed in experiments. In addition, normalization captures the amplitude saturation at high
contrast.

This physiological model has then inspired the psychophysical divisive normalization model,
which will be discussed later in the section devoted to JND evaluation.

A rather similar approach is followed in [32] to model simple cells. In this case, the first stage
consist of a linear, orientation-selective filter performing a space—frequency analysis whose point
spread function (PSF) is a Gabor function cascaded with a memoryless nonlinearity acting as a
half-wave rectifier.
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FIGURE 3.2 V1 model.

Let us denote by x = (x1,x2) the points on the image plane. Let h]% ,®,¢(X) be the 2-D Gabor
function with spatial frequency f, and orientation ®:

1
hfi,@,¢(x) = exp {—EXTRE)FR@X} cos(2foul Rox + ¢) 3.1

where Rg is the rotation operator

cos® —sin®
Re = |: sin @ cos®:| (3.2)
u; is the column vector
w = [ . } (3.3)
and I" is the diagonal eccentricity matrix with spatial aspect ratio p,
10
= |: 0 0 i| 3.4

The spatial bandwidth of hfgo (0.4(X) is controlled by the product ofy. Specifically, half-response
spatial frequency bandwidth of one octave approximately corresponds to afy =0.56. It has been
observed that the spatial aspect ratio usually varies in the range 0.23 < p < 0.92. Finally, the para-
meter ¢ determines the symmetry of the PSF. In particular, ¢ = 0 for center-on, symmetric receptive
fields; ¢ = m for center-off, symmetric receptive fields; and ¢ = r/2 and ¢ = —r/2 for antisymmetric
receptive fields with opposite polarities. Thus, for a given luminance distribution g(x) the output of
the first stage of a grating cell oriented along a direction ® is given by

rre.¢(®) = u_1[g(x) % hf o (X)] (3.5)
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FIGURE 3.3 Triangle over a bar grating: (a) complex pattern; (b, c) original elements composing the image; and
(d, e) decomposition more likely perceived.

(d)

where u_ is the Heaviside step function and * the convolution operator. The output of the linear
system is then normalized with respect to the average gray level within the receptive field mg(x),
given by

1
me(x) = g(x) * exp{ —EXTRE)FR@X} 3.6)

Finally, the output of the simple cell is set equal to the hyperbolic ratio given by

0, me(x) =0
7£,0,6(X)
5f.0.0(X) = _me™ otherwise G
11,0,4(X) i
me(x) +C

where R and C are the maximum response level and the semisaturation constant, respectively.

Until now we have considered the perception produced by several simple stimuli over a uniform
background. More complex masking mechanisms affect the perception of edges and object contours
in the presence of structured textures. As an example, let us consider the image of Figure 3.3, which
consists of a triangle superimposed to a bar grating. Usually, only two sides of the triangle are clearly
distinguished from the background, while the third side is perceived as a bar of the grating.

A similar situation arises with the superposition of the rectangle illustrated in Figure 3.4. Even
if in this case the fourth side should be easily perceived due to partial overlapping.

Physiological experiments evidenced that while complex cells are able to detect textures, edges,
and contours, discrimination between textures and form information is carried out by the grating
cells and the bar cells of the visual cortex. Grating cells react to periodic-oriented patterns, while bar
cells have a complementary behavior, with a peak in the response in the presence of isolated bars.

The computational models for grating and bar cells have been investigated [24]. In essence, the
grating cell model consists of two stages. The first stage is composed of grating subunits whose
responses are computed using as input the responses to center-on and center-off simple cells with
symmetrical receptive fields. The model of a grating subunit is conceived in such a way that the
unit is activated by a set of three bars with appropriate periodicity, orientation, and position. In the
second stage, the responses of grating subunits with preferred orientation ® and frequency f are
added together to compute the response of a grating cell. The activity of a grating subunit can be
computed from the activities of simple cells with symmetric receptive fields along a line segment
of length 3, where A = 1/f is the spatial wavelength, with orientation ® passing through the point
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FIGURE 3.4 Rectangle over a bar grating.

x = (x1,x2). Let us denote by My g ,(x) the maximum output of a simple cell, alternatively center-on
or center-off, over the nth subinterval Eg ,(x) of length A /2 of the said interval:

My o n(X) = 12{1% {sr.0.0172 ¥} (3.8)

YeLon (x)

where n € {—3,—2,—1,0, 1,2}, and

Egn(x) = {yln% cos® <y —x1 <(n+ 1)% cos ® (3.9)
n5sin® <y, —x; < (n+ D5 sin O} '
Let us denote by My g(x) the maximum value of My g ,(x) over the whole line segment of length
3A,1.€.,
5(X) = M Mr g 3.10
M e(x) ne{73,72?§1,0,1,2}{ 00X} (3.10)
Then, each grating subunit is considered activated if My g ,(x), normalized with respect to its maxi-
mum value My g(x), exceeds an activation threshold p < 1, or, equivalently, if My g ,,(X) is greater
than p times My g(x). The grating cell is activated if center-on and center-off cells, with the same
preferred orientation ® and spatial frequency f, are alternatively activated in intervals of length 1 /2,
along a segment of length 3X centered on x. Thus, denoting by gr,e(x) the activity of a grating cell
whose receptive field is centered on x, we have

|1, if Ve, Mpea(x) = pMre(x)
qr0(x) = { 0 otherwise G.11)

Finally, in the second stage of the model, the response wy g(x) is computed as the weighted sum
of the contribution of the grating subunits with orientations ® and ® + 7:

R
wr,e(x) = [/ CXP<—||X il )[Qf,(a(Y)+61f,®+n(Y)] dy; dy> (3.12)

28202
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The g parameter determines the effective area of the weighted summation. A value of 8 =15 results
in good approximation with observed values.

The computational model of a bar cell is based on the thresholding of the difference between
the activity of a simple or a complex cell and the activity of a grating cell with the same preferred
orientation and spatial frequency.

3.4 PERCEPTUAL DISTORTION METRICS

Although the mathematical model of the HVS at microscopic level is still incomplete, the previ-
ous sections emphasized the fact that the HVS is a complex system characterized by a collection
of individual mechanisms, each selective in terms of frequency and orientation. The visual cortex
decomposes the retinal image into frequency- and orientation-selective band-limited components,
providing some kind of multichannel representation of the original image [12—-15,22]. Several basis
sets, such as Gabor [29,45], Cauchy [10], and Gaussian differences [23], have been proposed in
the recent literature to fit the visual cortex decomposition [17-20]. However, while these repre-
sentations are useful to devise specific algorithms for image analysis and understanding, the HVS
properties, whose exploitation has a higher impact on perceptual redundancy reduction, are better
investigated by means of complementary psychophysical studies aimed at the identification of the
global characteristics of the HVS from a macroscopic point of view.

With the intent of illustrating how perceptual aspects can impact on the design of image coders,
let us first formalize a general framework for lossy entropy coding.

Given a complete basis {@r(x1,x2),k € K,x €T C Rz}, where K is the index set, an image g(x)
can be represented as a linear combination of the basis elements:

gx) =Y cxpr(x) (3.13)

keK

Usually, maximization of coding efficiency with reasonable computational complexity asks for
a basis leading to a sparse representation with statistically independent coefficients. In this case, a
lossy entropy coding is obtained by applying thresholding and scalar quantization to the representation
coefficients {cy}. The quantized coefficients {cy} are then employed to reconstruct the decoded image
{gx)}.

The loss associated to the encoding/decoding process can be described by the difference e(x)
between the original and the decoded image:

e(x) =Y [cx — Culpr(x) (3.14)

keK

However, the distortion ® perceived by a subject is directly related to the amount of artifacts
contained in e(x) as well as to their nature. Moreover, psychophysical tests have verified that their
perception is affected by the image content itself. Specifically, the presence of strong patterns such as
edges, lines, and textured regions, can inhibit the perception of weaker features. As a consequence,
when the differences are small, the HVS is unable to distinguish the original and the encoded image.
A similar situation applies when an additional signal, like a watermark, is hidden in the original
image.

As argued in the original works of Watson and others (see, for instance, [31,39,46—48], three
major phenomena affect the visibility of artifacts in achromatic images: contrast sensitivity, luminance
masking, and contrast masking. The contrast sensitivity (CS) describes the ability of the HVS to per-
ceive an isolated stimulus presented over a flat, neutral gray background. The luminance masking, also
known as light adaptation [46], describes the variation of the contrast sensitivity vs. the background
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brightness. Finally, the contrast masking accounts for the capability of the HVS in perceiving a target
pattern in the presence of a textured background.

Factors like contrast sensitivity and light adaptation capability differ from user to user, and may
change during time, based on the current psychological and emotional status.

To build an analytical model of the masking effect accounting for the inter-subject variability, the
concept of JND has been introduced in the literature. In essence, the JND defines the characteristics
of the artifacts produced by the encoding process whose distortion is not perceived by a fraction P
of the test population. Values of P =0.50, 0.75, and 0.95 are typically employed, depending on how
conservative the assessment has to be.

Since the HVS performs a frequency- and orientation-selective processing, the assessment of the
perceived distortion is usually built upon the experiments on the effects produced by simple stimuli
constituted by localized grating patterns characterized by a spatial frequency f and an orientation ®.

Following [33,44], the probability of perceiving a distortion produced by such a pattern located
in x, with amplitude g g(x), presented over a background with average intensity equal to m(x), can
be modeled as follows:

Bro }
(3.15)

where t'NP[f, ©®, m(x)] denotes the JND threshold at frequency f and orientation ©.

As detailed in the following, the JND threshold depends on the energy of the neighbors in
space, orientation, and scale. This formulation is consistent with the physiological models previously
discussed, where a space, scale, and orientation linear decomposition are cascaded with a nonlinear
gain control that normalizes the output of the decomposition with respect to the linear combination
of the energy of neighbors.

Since statistical independence between perceived distortions caused by different patterns can be
reasonably assumed, the overall probability of perceiving at least one distortion produced by a set of
grating patterns with amplitude gy ¢ (x) and characterized by a spatial frequency f and an orientation
0, in a given region of interest (ROI) centered in x, is

qr,.6(X)
yt!NP[f, ©, m(x)]

Pﬁ@(x) =1- exp!— ‘

groly)  |Pe
RE%I(X) =1—exp{— yeg(x) —ytJND[ff, ®.m(y)] (3.16)
Note that the above equation can also be written as
PRII(x) = 1 — exp{— [D(x, f, ©)#°} (3.17)
where D(x,f, ©) is the Minkowski metric with exponent By g of the normalized error, i.e.,
groly)  |Fe e
DX, f,0) = yeé(x) DL 0. )] (3.18)

We can finally combine the effects generated by pooling the errors produced by the grating
patterns with different frequencies and orientations. As reported in [46], the overall distortion © can
be approximated by the Minkowski metric with exponent g associated to D(x, f, ®),

1/
DX = | Y Y I9x.f,0) (3.19)
f o



78 Document and Image Compression

In practice, ;é: oo is adopted. Consequently, the probability of perceiving a distortion is given by
the highest value P}{’(ON)I.

3.5 EVALUATION OF THE JND THRESHOLD

Analytical models for the JND threshold /N[ f, ®, m(x)], appearing in Equation (3.15), have been
investigated by means of subjective experiments, each focused on a specific aspect of the HVS. Based
on their results, the JND threshold is usually factored as follows:

MNP(f,0,m) = P(f, 0, mac(f, 0,m) = tS(f, ®ap(m)ac(f, O, m) (3.20)
where

o P(f,0,m)=15(f, ®)ap(m) is the contrast sensitivity threshold

« 195(f,0) is the inverse of the smallest contrast producing a noticeable difference when an
isolated sinusoidal stimulus at a frequency f with orientation ® is presented over a uniform
gray background corresponding to a luminance of about 5.28 cd/m?

o ap(m) is the luminance masking factor modeling the variation of the contrast sensitivity vs.
the background brightness

e ac(f,0,m) is the contrast-masking factor accounting for the capability of the HVS of
perceiving a target pattern in presence of a masking pattern with identical frequency and
orientation, as a function of the masker contrast [3,5,7-9,25]

Equation (3.20) allows us to compute the JND threshold, which represents the cornerstone in the
optimization of lossy coders driven by perceptual aspects, from the knowledge of the partial factors.
Before discussing the relationships between the contrast sensitivity threshold, the luminance and
the contrast-masking functions, and the quantization steps in the DCT and in the wavelet domain,
it should be noted that Equation (3.20) is a special case of a more general divisive normalization
scheme suggested by the recent nonlinear physiological models of neuron in visual cortex, [28,50].
The divisive normalization is constituted by a linear transform /7 e(x) performing a space—scale—
orientation decomposition, as the Gabor decomposition, cascaded with a nonlinear stage normalizing
the stimulus with respect to the energy of the neighbors in space, scale, and orientation.

Then, the output gr,e(x) of the first stage of the divisive normalization scheme at frequency f,
orientation ®, and location x is given by the spatial convolution between the input image g(x) and
the linear kernel Af o (X):

qr.e(X) = g(x) * hy o(X) 3.21)

Let Es(x), E-(0©), and Ef¢(f), respectively, be the neighborhoods of x, ®, and f. The output of
the gain control stage 7y g (xX) is then computed as follows:

signlgr,0 ()]1lgre(X)|%

bf’@—i_ Z Z Z wf,v,@,a|Qv,a(Y)|3i
yeE(x) aeE(©) veEp( f)

ro(x) = (3.22)

where wy ), e« are the weights specifying the entity of the interactions between the grating stimulus
centered in x, with spatial frequency f, and orientation ®, and the grating stimulus centered in y,
with spatial frequency v and orientation «. Finally, &, and §; are the excitatory and the inhibitory
exponents, respectively, and by @ is the saturation coefficient. Thus, denoting by gr ¢ (x) and 77 ¢ (X)
the output of the first and the second stage, respectively, corresponding to the encoded image, and
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with ef o(x) = gr,e(X) — ?]},@(x) the error at the output of the first stage, the distortion component
D(x,f, ®) can be computed as follows [50]:

1/Bre

XSO = > |re®—Trem|”* (3.23)
yeROI(x)

Since the JND is usually small, the above equation can be approximated as follows:

5, Bre /8.0

(3.24)

|6’f o(x)
D(x,f,0) = E ’ .
yeROI(x) bf,@+ Z Z Z wf’,v,@,amv,a(Y)la’

YEE(y) a€E(®) veEr(f)

As reported in [29], the parameters of the divisive normalization scheme can be identified by
means of psychophysical experiments.

3.6 EFFECTS OF PERCEPTION IN DCT DOMAIN

Direct use of the divisive normalization scheme for distortion assessment requires the computa-
tion of the image representation that accurately describes the psychophysical behavior of the HVS.
Nevertheless, fast techniques for coder optimization require exploitation of the effects produced by
quantization in the encoder transform domain. Therefore, in the following, we analyze how the JND
is related to quantization in the DCT and in the wavelet domains.

In DCT-based still image coding, the original image is first partitioned into square blocks of
Npct X Npcr pixels. Let us denote by D the one-dimensional DCT operator, and by Z(ny, ny) the
2-D array corresponding to the (n1, n2) block, and by C(n1, ny) = DZ(n;, 12)DT its DCT. To determine
the magnitude tiI}ID(nl,nz) of the quantization error of the DCT coefficient ¢; j(n;,n2) of block
(n1,mn2), corresponding to the index pair (i, ), producing a JND, on the basis of Equation (3.20), we
first observe that the spatial bandwidth f; ; and the orientation ® of the DCT basis function ¢; ; can be
computed as

foi= L L (3.25)
’ 2NpeT w)% wg

and

2fi0 fo,j
5}
i,j

0, = arcsin (3.26)

where w, and w, denote the width and the height of a pixel, respectively, expressed in degree of
visual angle.

Let us denote by Ly, and Lyax the minimum and the maximum display luminance, and by M the
number of gray levels. Then, following Ahumada and Peterson [1], the contrast sensitivity threshold
tfj(m ,ny) can be computed as

MT; j(ny,n2)
2aiaj(Lmax — Lnin)

1 (n1, ) = (3.27)
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where T; j(n1,n2) is the background luminance-adjusted DCT coefficient contrast sensitivity, and o;
and «; are the DCT normalizing factors, i.e.,

1

—\ h=0
N,
ap = "2CT (3.28)
, h#0
Npcr #

As detailed in [1], the background luminance-adjusted DCT coefficient contrast sensitivity 7; j(ny, n2)
can be approximated by a parabola in log spatial frequency, i.e.,

T; j(n1,np) = 108¢mm2) (3.29)
with

Tinin(n1,12)

2
F (1 —r)cos O, + K(n1,n2)(logy fij — 10810 fmin(n1,712)) (3.30)

gij(n1,n2) =logy

where
L(ny,ny) an L <L
- 5 > np,n = >
Fin(n1,12) = L 0 L) =5 (3.31)
Jo, L(ny,n2) > Ly,
L(ny,mp) "
Ko, L(ni,ny) > Lk,
L(ny, oL
[@} S—T L(ny,np) < Ly,
Tinin(n1,n2) = T 0 (3.33)
L(ny, n2)
a0 L(nl,}’l2) > LT.
So
In the above equations, L(ny, ny) is the local background luminance given by
Linax — Liin Z(O,ml,mz)eFo,, uy €01
L(ny,n2) = Liin + T m (3.34)
- M NoctN (Fou ) ¢

where N (Fo n, »,) is the number of subband coefficients contained in the foveal region corresponding
to block (71, 1) in subband zero and m, is the global mean of the image.

We note that N'(F », ., ) can be computed, based on the viewing distance D, the display resolution
R, and the visual angle A0 sustained by a foveal region (A6 = 2°) as follows:

2
MJ (3.35)

N (F, =
( 0,n1,n2) NDCT

where | | means rounding to the nearest smallest integer. The remaining model parameters, whose typ-
ical values are listed in Table 3.1, have been identified by means of psychophysical experiments [15].

Let us now examine the behavior of the contrast-masking factor that models the reduction in
the visibility of one image component induced by the presence of other nonuniform elements. The
contrast-masking adjustment in DCT domain is of the form [6]:

CF(bAn] )
tpct(b, ny,n2)
1

0.6
} ., b#0 (3.36)

acmu(b,n1,n2) = max: L,
b=0

where cf,, ,,, is the average number of DCT coefficients in the foveal region.
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TABLE 3.1
Parameters for DCT Contrast Sensitivity
Threshold Model

Parameter Value
r 0.7

Ly 13.45 cd/m?
So 94.7

or 0.649

fo 6.78 cycles/deg
o 0.182

Ly 300 cd/m?
Ky 3.125

o 0.0706

Ly 300 cd/m?

Finally, direct extension of Equation (3.15) yields the following expression for probability of
perceiving a distortion in the block (n1, n2) due to the quantization error g; j(n1, n2) of ¢; j(n1,n2):

B
qij(ni,m) [

D — 1 == =7
Pi,j(nl’nZ) =1 exp l»JND(nl nz)
L] ’

(3.37)

where t“J\ID(n 1,n2) can be computed as product of the contrast sensitivity threshold tDJ (n1,n3) given
by Equation (3.27) and the contrast-masking adjustment acys (b, ny,ny) given by Equation (3.36).
Incidentally, we observe that Equation (3.37) implies that tiI;ID(nl ,np) is the magnitude of the quan-
tization error of the (i,j) DCT coefficient that produces a perception of distortion in one block in
about 63 users out of 100.

Under the assumption of statistical independence among perceived distortions caused by quan-
tization of different coefficients, the overall probability of perceiving a distortion in any block of a
given ROl is

qij(n1,n2)

PlR-OI(nl,nz) =1-—exp{— _—
/ Z t{TD(Hl,ﬂz)

(n1,n2)€ROI

(3.38)

The above equations that directly relate perceived distortion to quantization factor in the DCT
domain are on the basis of several algorithms for the enhancement of the JPEG standard performance.
Among them, we cite the DCTune technique, [34,35,46—48] and the adaptive perceptual distortion
control proposed by Hoentsch and Karam [14,43], which overcome the overhead of storing and
transferring the quantization thresholds by re-estimating the amount of masking at the decoder site.

3.7 PERCEPTION METRICS IN THE WAVELET DOMAIN

The multiresolution analysis decomposes a signal at different scales or resolutions by using a
basis whose elements are localized in both time and frequency, so that the representation of short-
duration, nonstationary signals focuses on few components that immediately enlighten predominant
frequencies and the location of abrupt changes.
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In principle, the continuous wavelet transform (CWT) can be computed by correlating the image
g(x) with a scaled and translated versions of the mother wavelet r(x), usually localized in both the time
and the frequency domains. More useful in image coding are the orthogonal wavelet series expansions,
named discrete wavelet transforms (DWT), derived by the CWT when scale and translation factors
are constrained to discrete values.

For clarity, we first summarize the basic properties of one-dimensional DWT. Let ¢ be a (smooth)
basic scaling function such that the discrete set {27//?¢(2~'x — k)} forms an orthonormal basis for a
subspace V; € L2(R). Let ¥ be an admissible wavelet such that (1) the discrete set {27/2¢(27x —k)}
forms an orthonormal basis for a subspace W; € L2(R); (2) the two subspaces V; and W; are mutually
orthogonal, i.e., W; LV;; and (3) the subspace V;_; can be expressed as direct sum of V; and W;,
namely,

Vioi=V, e W, (3.39)

Then, a signal s(x) € Vj is represented from a smoothed approximation at resolution i = M obtained
by combining translated versions of the basic scaling function ¢(x), scaled by a factor 2M, and M
details at the dyadic scales a = 2¢ obtained by combining shifted and dilated versions of the mother
wavelet ¥ (x):

M
sG0) =Y 27MPeylklpQ M Px — k) + ) > 27 PPdylklp (2 x — k) (3.40)
k

(=1 k

The wavelet and the basic scaling function satisfy the dilation equations

¢(x) = V2> hlklp2x — k), Y(x) = V2 glklgp (2x — k) (3.41)
k k
where g [k] and & [k] are the coefficients of two quadrature mirror filters (QMFs)
1 . 1 .
H(w)=— Y hlkle 7k, G(w)= — ke ik 3.42
(@) ﬁij [kle () ﬁ;g[ le (3.42)

The DWT coefficients can be iteratively computed by means of the Mallat’s pyramidal
algorithm [26].

Specifically, the scaling coefficients c¢[k] and the detail coefficients d¢[k], at resolution 2t can
be computed by filtering the scaling coefficients c,—[k] with the low-pass h[n] and the high-pass
g[n] filters, respectively, followed by a factor-of-2 downsampling

celnl =) colklh2n — K, deln] =) cp1[klgl2n — k] (3.43)
k k

The DWT recursively filters only the scaling coefficients c¢[n], whereas the detail coefficients
dy[n] are never reanalyzed and constitute the DWT outputs. In the wavelet packet decomposition,
instead, the detail coefficients dy[n] are also recursively decomposed, following the same filtering
and subsampling scheme: this approach is a generalization of the DWT and offers a richer signal
analysis [2].

In image coding, a separable 2D DWT obtained by applying first a 1D DWT with respect to
one coordinate (e.g., horizontal) cascaded with a 1D DWT with respect to the other coordinate
(e.g., vertical) is employed. Since each resolution level of the 2D DWT decomposition is obtained
by the four possible combinations of low- and high-pass filters along the horizontal and vertical
directions, in the following, the orientation ® of the elements of the wavelet basis will be indexed
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by ®pwt € {LL,HL,LH,HH}. In addition, for a display resolution of r pixels/deg, the frequency
bandwidth f associated with the Lth level of the decomposition is

f=r2t (3.44)

As verified by empirical evidence, although the wavelet transform approximates an ideal “decor-
relator” quite well, a statistical dependency between wavelet transform coefficients still remains.
This dependency possesses the two properties of clustering within the same scale and persisting
across different scales. In other words, in the WT domain, the wavelet coefficients across scales tend
to coagulate in correspondence of visually significant spatial events (edges, corners, lines, etc.) so
that nonzero higher-resolution coefficients are usually attached to nonzero lower-resolution values
[27]. This observation has inspired quite efficient image coding techniques. Several algorithms have
been proposed during the last decade to encode the DWT coefficients [30]. We cite here Shapiro’s
embedded zero-tree wavelet compression (EZW), where wavelet coefficients are encoded orderly
following the three ramifications starting from the lowest resolution plane of the wavelet coefficients
[36], Said and Pearlman’s spatial partitioning of images into hierarchical trees (SPHIT), Taubman
and Zakhor’s layered zero coding (LZC), and Taubman’s embedded block coding with optimized
truncation (EBCOT). Among them, EBCOT, which as been incorporated in the JPEG2000 standard,
offers quality and resolution scalability, and random access in a single bit-stream [43].

The effects of the uniform quantization of a single band of coefficients as a function of resolution
level, orientation, and display visual resolution have been measured by Watson et al. [51] (Table 3.2).

The experimental results evidenced many similarities with the behavior of the JND threshold in
the DCT domain. In fact, the relationship between log t“S(f, ®) and log f is still parabolic:

logtS(f, ®) = loga + k(log f — 108 gopyfo) (3.45)

The parabola has the minimum at gg,,.f0, Which is shifted by an amount gg,,,, varying with the
orientation.

Amplitude thresholds increase rapidly with spatial frequency and with orientation from low-pass
to horizontal/vertical to diagonal. Thresholds also increase by a factor 2 from Y to C, and by a factor
4 from Y to Cp.

The uniform quantization factor Q(¢, ®wpr) of the subband ®wpr of the £th resolution level can
be computed from the JND threshold in the spatial domain. Let A(¢, ®wp7) be the amplitude of the
basis function that results from a unit WDT coefficient d¢[n1,n;] =1 of subband ®Owpr of the £th
resolution level. Since for a uniform quantization factor Q(¢, ®wpr), the largest possible coefficient
error is Q(£, ®wpr)/2, we can set

™NP(r=2¢ Oypr)
l,0 =2 — 3.46
o, ®wpr) A Owpr) (3.46)

TABLE 3.2

Parameters for DWT YC [, C, Threshold Model for Observer sfl

Color [ k fo gu gHL 81H gHH
Y 0.495 0.466 0.401 1.501 1 1 0.534
C, 0.944 0.521 0.404 1.868 1 1 0.516

Cp 1.633 0.353 0.209 1.520 1 1 0.502




84 Document and Image Compression

Thus, substitution of Equation (3.45) into Equation (3.46) yields

2fyg 2
2 klog (M

_ = r ) —£,Owpr,m
O, ®Owpr) = A(£,®WDT)O[10 ap(m)ac(r ) (3.47)

As suggested in [51], the effects of light adaptation and texture masking in the wavelet domain
could be deducted from those produced by quantization in the DCT domain. In practice, the lack
of direct experimental observations suggests the application of more conservative coding schemes
obtained from Equation (3.47) by setting ap(m) = 1 and ac(r—-Owrrm) =1 (see [37,40-42]).

3.8 CONCLUSIONS

In this chapter, we have illustrated those aspects of the visual perception that can be fruitfully exploited
in order to reduce the spatial redundancy presented by still images without impairing the perceived
quality.

The physiological models at microscopic level have demonstrated that the visual system is char-
acterized by a rich collection of individual mechanisms, each selective in terms of frequency and
orientation. The local inhibition of the perception of weak features induced by the presence of strong
patterns like edges and lines, associated with those mechanisms, explains the local contrast sensitiv-
ity characterizing the human perception of still images. Although a systematic investigation of the
physiological mechanisms is still incomplete, the experience and the knowledge acquired till now
are on the basis of the macroscopic psychophysical models of the global characteristics of the HVS.
Since trade-off between coding efficiency and perceived quality requires the knowledge of the impact
produced by quantization on the perceived distortion, the second part of this chapter has been devoted
to the illustration of the relationships between just noticeable distortion and quantizers operating in
the DCT and in the wavelet domains derived from the analysis of the results of the psychophysical
experiments. As a matter of fact, due to the wide diffusion of the JPEG standard, past research has
been mainly focused on the visibility of artifacts produced by coders based on the DCT operator.
Only a few results reported in the current literature address the problem of perceived distortion, when
the coder operates on a wavelet representation of the image.

Future work could address the systematic analysis of the visibility of impairments produced by
more general coding schemes in the presence of complex stimuli as well as the impact on perception
of the terminal capabilities (e.g., size, spatial resolution, and viewing distance).
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4.1 INTRODUCTION

The term “JPEG,” which stands for joint photographic experts group, has become very popular
since Internet pages have started to contain “JPEG” images, i.e., images that can be downloaded
in a shorter time than uncompressed or losslessly compressed images. Over the years, the com-
mittee that standardized the JPEG image compression algorithm has developed and issued other
standards, such as JPEG-LS, JBIG, JBIG2, and JPEG 2000. This chapter addresses the stan-
dards related to compression of continuous-tone images; it does not cover compression of bilevel
images. In particular, a research-oriented overview of the JPEG, JPEG-LS, and JPEG 2000 stan-
dards is provided. As for JPEG, the baseline compression process is described in detail, including
the lossless mode, and the progressive and hierarchical modes are surveyed. Then, the recent
JPEG-LS standard is reviewed, focusing on lossless compression and then describing the near-
lossless mode. Finally, the new JPEG 2000 lossy and lossless compression standard is described.
Pointers to reference software are given, and a discussion of recent advances and new research
directions that are related to the technology contained in the standards is provided in the final
section.

4.2 A BRIEF HISTORY OF THE JPEG FAMILY OF STANDARDS

As early as 1982, a working group was formed by the International Standardization Organization
(ISO) to design a color image compression standard [22]; the initial target application was progres-
sive image transmission at ISDN rates (64 kbit/sec). The JPEG group was established in 1986 as a
collaborative effort from ISO and CCITT. In February 1989, the committee selected a set of sys-
tem configurations based on the “adaptive DCT” (discrete cosine transform). A baseline system was
defined, which achieved lossy compression by means of sequential DCT and Huffman coding; an
extended DCT-based system was also defined, including features such as extended Huffman coding,
progressive coding, and hierarchical coding. Further refinements were made, leading to the Commit-
tee Draft that was issued in April 1990; after incorporating comments, the draft international standard
was balloted and approved in July 1992 [10].

After the success of the JPEG standard, it was decided to revisit the lossless coding mode in
JPEG. A new standardization activity was started, the main target being effective lossless and near-
lossless compression of continuous-tone, grey scale, and color still images. A number of proposals
were submitted, and the LOCO algorithm [37] was selected as basis for further development. The
JPEG-LS standard was eventually issued in 1998 [12].

Later on, driven by recent research results in the field of image coding, a call for technical
contributions was issued in 1997 as a preliminary step to a novel compression standard, called JPEG
2000, and featuring improved low bit-rate performance with respect to JPEG, as well as embedded
lossy and lossless compression, random codestream access, and robustness to bit errors. Based on the
first core experiments, a wavelet-based technique followed by arithmetic coding was selected in 1998.
Further refinements led to the final version of the algorithm, which was accepted as international
standard in December 2000 [14].
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4.3 THE JPEG STANDARD

JPEG is said to be “colorblind,” in that each color component of the input image is treated inde-
pendently; no information about the colorspace is written in the basic compressed file, although file
formats like JFIF may contain colorspace details. JPEG can handle images of size up to 2'6 x 21°
with up to 255 components, each sample being represented with N bits/sample. N can be 8 or 12 in
the lossy modes, and from 2 to 16 in the lossless modes.

JPEG supports four modes of operation: sequential, progressive, hierarchical, and lossless. In
sequential coding, each image component is encoded in raster order. In progressive coding, the
image is encoded in multiple passes, and each additional pass provides refinement data in order to
achieve coarse-to-fine image buildup. In hierarchical encoding, the image is encoded at multiple
resolutions; this allows to access a low-resolution version of the image without having to decode
the whole codestream. In lossless mode, the decoded image is identical to the original one. The
terms “baseline” and “extended” are also often used with regard to JPEG encoding; however, they
actually refer to the required capabilities that a decoder must have in terms of the above modes of
operation (and related parameters), and not specifically to a coding mode. A baseline process shall
support sequential coding for N = 8 with Huffman coding. An extended process shall support both
sequential and progressive encoding, for N =8 and 12, using Huffman and arithmetic coding. A
lossless process shall support the lossless sequential mode, with 2 <N < 16, using both Huffman
and arithmetic coding. A hierarchical process shall support the extended and lossless processes, along
with the hierarchical mode.

In the following we describe the processing steps applied to each component in the sequential
mode (see [35] for an excellent survey); the decoder performs exactly the same operations in reverse
order. The lossless mode is described in Section 4.3.4, while the progressive and hierarchical modes
are described in Section 4.3.5.

Note that the JPEG standard defines both the decoding process and the compressed file format,
but not the encoding process, which must only fulfill the compliance tests in [11].

4.3.1 TRANSFORM

A block diagram of JPEG sequential coding is shown in Figure 4.1. JPEG follows the common
transform coding paradigm, according to which the image undergoes a linear invertible transform,
and then the transform coefficients are quantized and entropy-coded. The first operation performed
on each component is level shifting, i.e., the unsigned integer sample values are subtracted 2V,
where N is the number of bits/sample on which the samples are represented; then, they are input to
the DCT.

Level shift Entr
+ ™1 Quantization [ d_opy 4# Compressed file
DCT coding
Image (88 blocks)

Quantization Entrgpy

coding

tables
tables

FIGURE 4.1 Block diagram of JPEG sequential coding. The image is divided in 8 x 8 blocks; for each block,
the DCT is computed, its coefficients are quantized, and then entropy-coded. The quantization and entropy
coding tables are written in the compressed file along with the entropy coded data.
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In JPEG, each block of 8 x 8 samples is independently transformed using the two-dimensional
DCT. This is a compromise between contrasting requirements; larger blocks would provide higher
coding efficiency, whereas smaller blocks limit complexity.

The definition of the forward and inverse DCT used in JPEG can be found in [22]. It is worth
noticing that the standard does not specify the DCT implementation to be used. Furthermore, since
there is no point in requiring that the DCT be computed with greater accuracy than necessary for the
subsequent quantization, the compliance testing defined in Part 2 of the standard [11] refers to the
combined DCT and quantization, and not to the DCT alone. This leaves room for the implementation
of faster (though possibly less accurate) DCTs.

4.3.2 QUANTIZATION

The 8 x 8 DCT coefficients of each block have to be quantized before entropy coding. Quantization is a
crucial step, in that it allows to reduce the accuracy with which the DCT coefficients are represented,
opening the door to different rate/quality trade-offs. The choice of the quantization step size for
each DCT coefficient is a bit allocation problem. In principle, the step sizes could be computed
and optimized for each 8 x 8 block so as to achieve minimum distortion for a given target bit-rate;
however, the selected step sizes for each block would also have to be signaled to the decoder in
addition to the entropy coded data. JPEG adopts a simpler approach, which consists in performing
uniform scalar quantization with different step size for each DCT coefficient; this accounts for the
fact that few low-frequency coefficients usually contain most of the signal energy, and have to be
represented with higher accuracy than the high-frequency (AC) coefficients.

Letting s; ; (i,j=0,...,7) be the 64 DCT coefficients of each image block, the quantized
coefficients are obtained by

s;‘j = round(ﬂ) 4.1
' qi,j

where ¢; ; is the quantization step size for coefficient s; j, and round ( ) denotes rounding to the
nearest integer. The collection of quantization step sizes is organized in an 8 x 8§ quantization table.
At the decoder, the dequantizer simply computes the reconstructed coefficient as s ij=S5i " 4ij- Note
that this quantizer does not have a finite number of levels, as no clipping is perfomled to keep
the quantized DCT coefficients to a maximum number of bits. In fact, this resembles an entropy-
constrained quantizer [15], in that the quantizer overload error is avoided by not limiting the maximum
number of bits; the impact on the bit-rate is minimum, since the entropy coder can easily accommodate
coefficients that need many bits to be represented, but occur with very low probability.

After quantization, the sp o coefficient (also called the DC coefficient, as its value is proportional
to the average value of the image samples in the 8 x 8 block) is treated differently than the other
AC coefficients. Specifically, the DC coefficient is differentially encoded by subtracting a predicted
value from it. This predicted value is the quantized DC coefficient of the preceding block of the same
component. This leads to a more compact representation of the DC coefficient, which often carries
most of the energy in the transform domain.

JPEG defines an example quantization table (see [22]), which was selected experimentally so as
to account for the visibility of errors in addition to minimizing distortion. However, for certain types
of images the example table may not be optimal; hence, it is possible to use other custom quantization
tables, which can be signaled in the compressed file.

When using JPEG, it is desirable to be able to select not one, but several different rate/quality
trade-offs. If one employs the example quantization table on a given image, this will result in a
certain bit-rate and a certain peak signal-to-noise ratio (PSNR) of the decoded image with respect to
the original one. So how does one achieve other trade-offs? This is where the “quality factor” comes
into play. Setting a given quality factor amounts to employing a scalar coefficient « that scales the
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FIGURE 4.2 Zig-zag scanning of DCT coefficients; the scanning order follows increasing numbering in the
figure.

quantization matrix to obtain a modified set « - g; ; of quantization step sizes. If this coefficient is
greater than 1, the new step sizes will be larger than the original ones; the larger they are, the smaller
the compressed file size, and the lower the PSNR, and vice versa. There is however a caveat for this
procedure, as scaling all step sizes by the same coefficient is in general suboptimal from the rate-
distortion standpoint, and better results may be obtained by ad hoc modifications of the quantization
table.

4.3.3 ENTROPY CODING

The 8 x 8 matrix of transform coefficients for each block, including the predicted DC coefficient,
is sent as input to the entropy-coding stage. Before entropy coding, the quantized samples are
rearranged into a one-dimensional vector. The data are read in a zig-zag order, in such a way that
frequency components' that are “close” in the two-dimensional DCT matrix are also close in the
one-dimensional vector. The zig-zag scan also has the nice feature that the samples are ordered by
decreasing probability of being O [22]. The zig-zag order is depicted in Figure 4.2, where coefficients
are scanned from number 0 to 63.

The one-dimensional vector obtained after zig-zag scanning is then fed to the entropy coder for
further compression. In fact, since many high-frequency components happen to be quantized to zero,
especially at low bit-rates, long runs of zeros can occur in this vector. To take advantage of this,
the entropy coder incorporates a run-length mode, in which zero runs are encoded by specifying the
number of consecutive zeros in the vector. JPEG defines two entropy-coding modes, namely Huffman
and arithmetic coding. The Huffman-coding mode must be implemented in all JPEG processes,
whereas the arithmetic mode is not required in a baseline process.

4.3.3.1 Huffman Coding

Huffman coding [4] is a technique that explicitly maps input symbols to codewords in such a way
that the most probable symbols are described with very short codewords, and the least probable ones
with longer codewords; on an average, this coding procedure provides a more compact description
of the source.

Huffman coding in JPEG is done in slightly different ways for the DC and the AC coeffi-
cients. The (predicted) DC coefficient, denoted by D, is always encoded first; for data with up
to 12 bits/sample, the encoding is done by subdividing the input alphabet [—32767, 32768] into

! This is a somewhat incorrect wording, in that the DCT does not perform a harmonic decomposition like the Fourier transform.
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TABLE 4.1

Huffman Coding of the DC Coefficient
S DC Coefficient

0 0

1 —1,1

2 —3,-223

3 —T =44, T

4 —15,...,-8,8,...,15

15 —32767,...,—16384, 16384, ...,32767
16 32768

Note: The right column contains logarithmically
increasing intervals, whereas the left column contains
the number of additional bits required to specify the
quantized coefficient. Each row in the table is a
symbol and needs to be assigned a Huffman code.

intervals with logarithmically increasing size, as shown in Table 4.1. Note that, since Huffman
coding is also used in lossless mode, the full 16-bit precision range is considered as input alpha-
bet; this also accommodates the increased DCT dynamic range for lossy coding. Each of the
intervals in the left column of Table 4.1 is a symbol that must be assigned a Huffman code. As
can be seen, this Huffman coder has a very small number of symbols, which makes it somewhat
suboptimal in terms of entropy; on the other hand, this results in a very compact Huffman code
specification. Each element of the input array is specified by the Huffman code corresponding to
the interval it belongs to, plus S additional bits specifying the sign and magnitude of the coeffi-
cient D within the interval (except if the coefficient is O or 32,768, for which additional bits are not
necessary).

The Huffman coding procedure is slightly more complicated for the AC coefficients, since it is
necessary to compactly encode runs of zeros. To this end, the basic symbol is defined to be a pair
(R, S), where R is the length of a run of zeros interrupted by a nonzero coefficient A, which shall
fall in one of the intervals specified in Table 4.1; R can be no larger than 15. Encoding is done by
outputting the Huffman code for the symbol (R, S), plus S additional bits that completely specify
the coefficient A. There are two special cases in this procedure. The first one is the end-of-block
condition, which signals that all the remaining AC coefficients are 0; this is very useful, since blocks
are often ended by long sequences of 0s. The second one is the zero run length, which serves to
encode a run of 16 zeros in the rare case that the run is larger than 15. Special symbols are defined
for either case.

So far, nothing has been said as to how the Huffman tables are generated. The standard [10]
provides example Huffman tables that can be used to encode an image. However, one may be willing
to generate their own optimized tables; the motivation is that, on a specific set of images (e.g., medical
images) an optimized table may perform better than the example one. Even better performance can
be obtained if the Huffman tables are optimized for the specific image to be coded; however, this
requires that the whole image be pre-encoded, so that symbol occurrence frequencies can be counted
to compute the optimized Huffman tree. The syntax allows one to specify the Huffman table that has
been used (DHT marker segment; see Section 4.3.6). The Huffman code is described by a sequence
of fields containing (1) the number of codes of each code length (from 1 to 16 bits), and (2) the list
of values for each code, in addition to the specification of whether the table is to be used for DC or
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AC coefficients. The standard provides procedures for unambiguously constructing Huffman tables
from the content of the DHT marker segment.

4.3.3.2 Arithmetic Coding

In addition to Huffman coding, JPEG also defines an arithmetic-coding mode to obtain improved
coding efficiency; in fact, it has been found [22] that the arithmetic coder provides about 13% bit-
rate saving with respect to Huffman coding with fixed tables, and about 8% saving with respect to
Huffman coding with tables optimized for each image. Arithmetic coding [4] is based on recursive
subdivision of the unit interval proportionally to the cumulative distribution function of the input
symbols. In a binary arithmetic coder, as is used in JPEG, each new input bit generates a subdivision
of the current interval into two subintervals whose size is proportional to the probability that the
input bitis 0 or 1, and a selection of the subinterval corresponding to the actual value of the input bit.
A major difference in the JPEG arithmetic coding mode with respect to Huffman coding is that the
symbol probabilities are conditional probabilities depending on past values of the to-be-coded data
(more on conditional coding in Section 4.4); apart from conditioning, the arithmetic coder uses the
same coding model as the Huffman coder, which is based on the interval subdivisions in Table 4.1.
JPEG does not use a “true” arithmetic coder, but rather a multiplierless approximation called QM-
coder [22]; a description of the QM-coder is omitted here, since the QM-coder is identical to the
MQ-coder employed in JPEG 2000 (except for the state transition tables and the carry propagation
handling), which is described in another chapter of this book.

On the other hand, in the following we describe the statistical model used for arithmetic coding
of DC and AC coefficients. The model contains two parts; in the first part, the input symbols (up to
16 bit/sample) are binarized into decision bits, while in the second part conditional probabilities are
computed for each decision bits. The decision bits and conditional probabilities are used as input to
the QM-coder.

The DC coefficient D is binarized as a sequence of decision outcomes, each of which is accom-
panied with a “context,” i.e., a similarity class of past outcomes for which conditional probabilities
can be defined. The first decision is D =0, with context SO. If D # 0, the sign of D is coded with
context SS. The next decision is |[D| — 1 > 0 with context SN or SP depending on the sign of D. If
|ID| — 1 #0, a sequence of binary decisions follows, to identify the logarithm of the magnitude of D;
this is akin to Huffman coding of the symbol S using logarithmically spaced intervals (see Table 4.1).
In particular, the sequence of decisions X,, are made, consisting of the comparisons |D| > 2"; the
sequence is stopped upon the first negative outcome X of the comparison. The arithmetic coding
mode in JPEG codes the same values as the Huffman mode, including some extra bits required to
identify |D| within the selected interval, but using different contexts.

The contexts SO, SS, SP, and SN are conditioned on the value of the previous predicted DC
coefficient D}, in the same component. D, is classified into five categories, namely zero, small
positive, small negative, large positive, and large negative; the boundaries to select between a small
positive/negative and a large positive/negative can be determined by the user, and in general reflect
the fact that the predicted DC coefficients should be tightly distributed around 0. For each of the
five categories defined for Dp, a state-transition machinery is defined to update the conditional
probabilities for each context SO, SS, SP, and SN. Each of the decision bits X, ..., Xjs and M>, .. .,
M5 also have their own contexts.

Coding of the AC coefficients follows a similar scheme. Since the end-of-block condition is
very important to generate a compact codestream, this condition is retained as separate part of the
statistical model, and is checked separately before encoding each AC coefficient A; if it holds, i.e.,
A is zero and there is no other later coefficient different from zero in the array, a 1-decision is coded
with context SE, and this completes coding of the 8 x 8 block. Otherwise, a decision tree equal to
that described for the DC coefficient D is entered.



94 Document and Image Compression

In the AC case, three conditional probabilities are defined for SE, S0, and the union of SP/SN/X .
However, unlike coding of the DC coefficient, conditioning is not based on past values, but only on
the index K of the coefficient A in the zig-zag sequence; this implies that 63 counters are updated for
each of the three conditional probabilities. Notice that conditioning does not depend on the values
of neighboring AC coefficients, since the DCT yields transform samples that are almost completely
uncorrelated. The sign bits are encoded with a fixed probability estimate of 0.5; this is easily justified
by intuition, as well as the fact that SP and SN are in the same “bin” for conditioning, for there
should be no statistical difference between positive and negative number in the AC coefficients of the
DCT. Merging X; with SP and SN stems from empirical considerations. The decisions X», ..., Xi5
and M, . .., M5 have their own contexts; different contexts are defined for low- and high-frequency
DCT coefficients.

Note that, unlike Huffman coding, when arithmetic coding is used there is no run mode.

4.3.4 LossLESs MODE

JPEG also foresees a lossless coding mode, which is not based on the DCT, but rather on linear
prediction. The standard defines a set of seven predictors, plus a no-prediction mode reserved for
the differential coding in hierarchical progressive mode; the predictor is fixed within a given data
portion, but can be changed between different portions, as the predictor identifier is written in the
scan header (see Section 4.3.6). Each pixel is predicted from its causal neighborhood of order 1. Let
a, b, and ¢ be respectively the left, top, and top-left neighbors of the current pixel x, as in Figure 4.3;
the predicted value for the pixel can be found, for each predictor, using the formulas in Table 4.2.
The prediction error is calculated modulo 65536.

Boundary pixels are treated as follows. Predictor 1 is used for the first raster line at the start of a
new data portion and at the beginning of each restart interval, whereas the elected predictor is used
for all subsequent lines. The first sample of each of these lines uses predictor 2.

If Huffman coding is used, the entropy coding mode employed for the DC coefficient in the DCT
domain is used without modification to code the prediction error samples. If arithmetic coding is
used, the DC mode is also used, with a few modifications to extend the contexts to a 2D form.

FIGURE 4.3 Neighborhood for prediction in JPEG lossless mode.

TABLE 4.2

Definition of Predictors for Lossless Coding
ID Prediction
0 No prediction
1 a

2 b

3 c

4 a+b—c

5 a+(b—0)/2
6 b+(a—c)/2
7 (a+b)/2
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4.3.5 PROGRESSIVEAND HIERARCHICAL ENCODING

In many applications, it is desirable that the receiver does not have to wait to download the whole
compressed file to display the image; for example, a coarse version of the image may be sufficient to
decide ether to download the complete image, or to switch to a new image. To enable this functionality,
JPEG provides the progressive and hierarchical modes, in which coarse image information is stored
at the beginning of the compressed file, while refinement information is available later on. The ability
of a compression technique to provide images at different quality or resolution levels is also known
as scalability. As will be seen in Section 4.5.4, this concept is developed in a very sophisticated way
in the JPEG 2000 standard; however, several building blocks are already available in JPEG.

The progressive mode applies to lossy DCT compression, and is based on the use of multiple
encoding passes (also called scans) to convey successive refinements of the 8 x 8 blocks of DCT
coefficients. The DCT decomposes each 8 x 8 block into a sequence of coefficients that roughly
correspond to low to high frequencies of each 8 x 8 image block. As a consequence, it is straight-
forward to use this spectral decomposition to send first the low-frequency components and then the
high-frequency ones, obtaining the progressive feature. JPEG allows to do this in two ways, namely
spectral selection and successive approximation.

In spectral selection, contiguous DCT coefficients in the zig-zag sequence are grouped into
subbands of “neighboring” frequencies. Rather than containing all DCT coefficients for one block,
each encoding pass contains only the coefficients of a given set of spatial frequencies for all blocks;
multiple scans are used to encode all subbands. By doing so, the receiver can start decoding and
displaying the coarse image obtained from the low-frequency subbands, and then refine it when high-
frequency subbands are received; this is somewhat equivalent to the resolution-progressive mode in
JPEG 2000. In successive approximation, the DCT coefficients are not divided into sets of spatial
frequencies; instead, all coefficients are encoded at progressively higher accuracy by transmitting the
most significant bits first. Multiple scans are used to send refinement information for all coefficients;
this is equivalent to the quality-progressive mode in JPEG 2000, and typically provides better quality
than baseline transmission and spectral selection at low bit-rates. In both modes, the first scan must
contain a band with all (and only) the predicted DC coefficient of each block. Note that JPEG also
allows to use flexible combinations of spectral selection and successive approximation.

The hierarchical mode employs progressive coding at different stages, in which spatial resolution
is increased at each stage; each version of the image is encoded in a different frame. In the first stage,
a possibly lower resolution version of the image is encoded using JPEG in sequential or progressive
mode. The output image is then upsampled (if necessary) and used as prediction for the next stage,
which shall encode the difference between the image and the reference frame. For these differential
frames, since prediction is already performed from a reference image, level-shifting and differential
coding of the DC coefficient are not carried out.

4.3.6 CODESTREAM SYNTAX

Besides the encoding and decoding processes, JPEG also defines an interchange file format, as well
as abbreviated file formats. A basic description of the interchange file format is provided hereafter.
The compressed file is a sequence of marker segments, which contain general information about
the image (e.g., size, number of components, downsampling factors for each component, and so
on) as well as coding parameters and entropy coded segments; each marker segment begins with a
unique 2-byte code identifying its function. The compressed data are placed in one or more “frames”
(more than one frame is allowed only for hierarchical processes). Each frame consists of one or more
“scans” through the data, and each scan can contain data from a single component or interleaved
data from different components. Frames and scans are preceded by their own headers that contain
parameters needed for decoding; they can also be preceded by marker segments that specify or modify
other parameters, e.g., quantization tables (DQT marker segments) and entropy-coding tables (DHT
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marker segments). Scan headers are always followed by entropy coded segments. To achieve error
resilience, the scan data may be divided into restart intervals; the data in each restart interval are
stuffed into one entropy coded segment, and the entropy coded segments (if there is more than one in
the scan) are separated by a 2-byte periodic code called a restart marker. Note that, to achieve error
resilience, the data in each entropy coded segment must be decodable without knowledge of other
entropy coded segments. This implies that the entropy coder statistics must be reset at the beginning
of each entropy coded segment.

Coding parameters can be varied through frames and scans. The frame header contains the
quantization table selector for the current frame. The scan header contains the quantization table
selector and the entropy coding table selectors for the current scan, as well as the parameters that
specify the progressive and hierarchical modes.

4.4 THE JPEG-LS STANDARD

The lossless mode in JPEG is based on the use of a fixed predictor for each scan, followed by Huffman
or arithmetic coding. However, while a fixed predictor provides a very simple compression strategy,
it is often suboptimal as to coding efficiency.

A lossless compression scheme can attain an average codeword length as low as the
entropy rate of the sequence of input samples {X,}, which can be written [4] as H(X) =
lim,,— 0o H(X, | Xp—1, Xn—2, . - ., X1). Achieving the entropy rate implies that coding of a generic
image sample X, must conditionally depend on all the other samples in the sequence. Therefore,
adaptive entropy coding should be performed so as to take into account not only the symbol occur-
rence probabilities P(X,,), but rather the conditional probabilities P(X,, | X;,—1, Xp—2, . . ., X1). Turning
from theory to practice, one has to define:

« a reasonably small neighborhood of the current sample, which is used to condition the
encoding of that sample to the values assumed by its neighbors;

« a finite number of “contexts”, i.e., statistically homogeneous classes on which description
of conditional dependencies can be based.

The statistical model is described in terms of a total number of parameters that depends on the
number of contexts and the number of selectable coding parameters for each context. Even though
in causal encoding the encoder may not need to send these parameters along with the data, there is a
cost incurred by choosing too many contexts or too many parameters. In fact, the statistics computed
on-the-fly by the encoder and the decoder may be inaccurate if the sample set for each parameter is
not large enough; this effect is known as “context dilution.”

A simplified block diagram of the JPEG-LS coding process is shown in Figure 4.4. The basic
element of a encoding pass (also called a scan, similar to JPEG) is a line of image samples.

. Conte_xt Predlc_:tlop | Entr_opy I ;i Compressed file
modeling + quantization coding
Input image Run
mode

FIGURE 4.4 Basic block diagram of JPEG-LS.
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At each sample, a context is determined, and used to condition prediction and entropy coding.
Then the current sample is predicted from a causal neighborhood, and a prediction error is computed;
if near-lossless compression is used, the prediction error is also quantized. The contexts are then used
to switch between two different coding modes according to the local image characteristics. A regular
mode is used, unless it is found that all image samples in the current neighborhood have the same
value; this triggers a run-length coding mode.

4.4.1 CONTEXT-BASED PREDICTION

The basic set of image samples used to condition the prediction contains four neighbors of the current
sample x; we will denote these samples as a, b, ¢, and d, respectively, the left, top, top-left, and
top-right neighbors of x, as in Figure 4.5.

The predictor consists of a fixed and an adaptive part. The fixed part has the objective of detecting
edges, while the adaptive part adds a context-dependent integer term. Specifically, the fixed part
provides a prediction of x as follows:

min (a,b) if ¢ > max (a,b)
X =1 max(a,b) if ¢ < min(a,b) 4.2)
a+b—c otherwise

The motivation behind this predictor is to avoid picking as prediction for x a pixel lying on a edge
close to x, but to which x does not belong, as this would lead to a large prediction error. Instead, the
predictor performs a sort of rough-edge detection. If ¢ > max (a, b), then ¢ and b may be lying on a
positive edge; the predictor then selects as estimate the pixel not lying on the edge, i.e., min (a, b).
The same reasoning applies to negative edges. If edges are not likely, then the prediction is a linear
combination of the neighbors; note that this is equal to predictor 4 in the lossless JPEG mode (see
Table 4.2). The prediction error e has a larger range of admissible values than the original signal. To
reduce this range, the prediction error is computed modulo 2"; this operation does not significantly
affect the statistical distribution of prediction error samples.

Prediction errors generated by fixed predictors typically follow a two-sided geometric distribution
with zero mean value. However, context conditioning often results in biased prediction errors, where
the bias u is in general a noninteger value; it is useful to separately consider the integer and fractional
parts of u, which can be rewritten as u =R — s, with R as an integer number and 0 <s < 1. The
purpose of the adaptive part of the predictor in JPEG-LS is to cancel R. To do so, one can count the
number Nc¢ of occurrences of each context, along with the sum of the prediction errors contributed
by the fixed predictor for each context, and estimate R for each context as the mean value of the
prediction error; JPEG-LS actually implements a simplified version of this technique that avoids
divisions [37]. In the following we will denote by e the prediction error samples after bias correction.
Note that bias correction can also be viewed as a part of the entropy-coding process instead of the
decorrelation.

Context modeling is based on gradient information in the neighborhood of x. In particular, three
local gradients are estimated as g1 =d — b, g» = b — ¢, and g3 = ¢ —a. Since all possible combinations
of values would lead to too high a number of contexts, gradient values are quantized into a fixed

number of symmetric and roughly equiprobable regions, indexed as —7,...,0,...,T, leading to
c | b d
a | x

FIGURE 4.5 Neighborhood for prediction in JPEG-LS.
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(2T + 1) different contexts C =[g; g2 g3]. Since for symmetry the probabilities P(C) and P(—C)
are equal, contexts C and —C are merged. Upon finding the first negative value in C, the encoder uses
context —C and flips the sign of the prediction error; this is undone by the decoder as it computes
the context for the current sample. The total number of contexts thus becomes (27 + 1)° + 1)/2;
since T =4 is used in JPEG-LS, 365 contexts are employed. Default quantization thresholds are
defined for 8-bit samples (see [12]), which can be changed by writing the desired thresholds in the
codestream.

4.4.2 ENTROPY CODING

Entropy coding in JPEG-LS can be done in two different ways, according to whether context infor-
mation indicates that the neighborhood of the current pixel contains details, or is very smooth. In
the former case, entropy coding is carried out employing Golomb codes, whereas in the latter case
run-length coding is performed so as to take advantage of long sequences of image samples with
the same value in smooth image regions. The decision is made by checking the current context for
g1 =g> = g3 =0; this condition triggers the run mode for the sample value x = x*, while Golomb
coding is used otherwise.

4.4.2.1 Golomb Coding

JPEG-LS uses a class of codes, namely Golomb codes, which are optimal for an input alphabet
following a one-sided geometric distribution. A Golomb code G, of order m represents a nonnegative
integer x > 0 as the concatenation of (i) the unary representation of |x/m], i.e., as many Os as |x/m],
followed by a 1, and (ii) a binary representation of x mod m. Since the input samples x follow a
stationary distribution with probability density function proportional to (1 —A)A* (with 0 <A < 1),
for each A there is an optimal m that provides optimal compression.

The special case of m being a power of 2 leads to a very simple coding procedure; these G« codes
are also known as Golomb—Rice codes, and have been used in the CCSDS lossless data compression
standard [3]. In this case, coding x with Gy« is simply done by appending the k least significant bits
of x to the unary representation of the number obtained considering all other most significant bits of
x (from bit k + 1 up to the most significant bit).

Golomb codes must be applied to samples with one-sided distribution. However, prediction
error samples have a two-sided distribution; therefore, before encoding, these samples have to be
mapped onto nonnegative integers. In particular, instead of the prediction error e, a mapped error
e =M'(e)=2|e| — u(e) is coded, where u(e) =1 if e < 0, and 0 otherwise. Note that this mapping
merely outputs the index of e in the sequence 0, —1,+1, —2,42, ..., and has the property that, if
s < 1/2 (where s is the fractional part of the bias, see Section 4.4.1), then prediction error samples are
sorted according to nonincreasing probability. If s > 1/2, the mapping ¢’ =M"(e)=2| —e — 1| —
u( — e — 1) is used.

For selecting the optimal parameter k of the Golomb—Rice code, JPEG-LS uses an approximated
version of the maximum likelihood procedure. In particular, for each context an additional counter
is updated, which stores the accumulated magnitude A of the prediction error samples. Letting
Nc be the number of occurrences of the context for the current sample, the optimal k is yielded
by k= min{k’ | 2¥Ne > A}, (If k=0 it is still necessary to select between the two mappings M’
and M"))

This general encoding procedure has the drawback that it can occasionally expand the signal
representation instead of compressing it. To avoid this, a maximum codeword length L,y is fixed (e.g.,
Lmax = 32); the coding procedure for encoding x, which can take on values in [0, «] (e.g., @ =255),
follows the steps described above if |[27%x | < Lnax — [loga] — 1, as this condition guarantees that
the total codeword length does not exceed Ly, bits. Otherwise, the number Lip,x — [loga] — 1 is
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coded in unary to act as “escape” code, and is followed by the binary representation of x — 1 using
[log o] bits; this requires a total of Ly, bits.

4.4.2.2 Run Mode

The run mode is started upon detection of a zero context with image sample value x*. For the next
samples, the encoder only looks for image samples that have value x*, regardless of whether the
gradients are still zero and encodes the run length for x*. As soon as the encoder detects a sample
whose value is different from x*, it encodes the difference x — b and exits the run mode. The run mode
is also interrupted upon detection of ends of lines; note that the termination conditions are based on
past samples, and can be exactly reproduced at the decoder.

Coding of run lengths is also based on Golomb—Rice codes; however, the code adaptation strategy
differs from that for encoding of prediction error samples (see [36] for details).

4.4.3 NEAR-LOSSLESS MODE

Besides lossless compression, JPEG-LS also offers a particular lossy compression mode, named
“near-lossless,” in which it is guaranteed that the maximum absolute difference between each pixel
of the decoded and the original image does not exceed a user-defined value §. Notice that near-
lossless compression is very difficult to achieve by means of transform coding (e.g., the lossy version
of JPEG), since the inverse transform propagates the quantization error of a transformed coefficient
across a number of image samples; this makes it difficult to adjust the quantization so as to guarantee
a maximum error on a per-pixel basis. Conversely, predictive schemes are suitable for near-lossless
compression, since quantization in the DPCM feedback loop [15] produces the same maximum abso-
lute error on each pixel, which is equal to half of the quantizer step size. Near-lossless compression
can hence be achieved by means of a uniform scalar quantizer with step size 26 + 1 and midpoint
reconstruction [38], such that, letting e be the prediction error, its reconstructed value ¢ is given by

. el +8
e = sign(e)(26 + 1) %1 4.3)

Since the reconstructed and not the original samples are now available at the decoder, some
modifications have to be made to the encoder. In particular, context modeling and prediction must be
based on the reconstructed values. Moreover, the condition for entering the run mode is relaxed to
|gi| <4, as values lower than § can result from quantization errors; once in run mode, the termination
conditions now depend on |a — b| <§. Other modifications are listed in [37]. Note that, while we
have described the near-lossless case as an add-on to the lossless one, the standard [12] defines the
lossless case as a special case of near-lossless compression with § =0.

4.4.4 JPEG-LS PArT 2

Part 2 of JPEG-LS [13] provides a number of extensions to the baseline compression algorithm, and
namely:

« arithmetic coding (in addition to Golomb coding);
 variable near-lossless coding;

« modified prediction for sources with sparse distributions;
» modified Golomb coding;

« fixed-length coding;

« modified sample transformation process.
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FIGURE 4.6 Neighborhood for context modeling in arithmetic coding mode for Part 2 of JPEG-LS.

While Part 1 of JPEG-LS uses Golomb coding, for certain types of images (e.g., compound
documents) this may lead to suboptimal performance. Therefore, an arithmetic coding mode is
foreseen to overcome this problem. In particular, in this mode no difference is made between the
regular and the run mode; the prediction error samples are binarized and sent to the binary arithmetic
coder. Unlike the baseline algorithm, the context for arithmetic coding employs an additional pixel,
as shown in Figure 4.6. Four local gradients are computed as g1 =d — b, go=b —c, g3=c —a, and
g4 =a — e, and used to form contexts; however, the predictor for the current sample is the same as
in the baseline algorithm.

The variable near-lossless coding extension allows to vary the § parameter during the encoding
process. In the “visual quantization” mode, § can change according to the context of the current pixel.
In particular, if |g1| + |g2| + |g3] > Ty, 8§ + 1 is used for maximum error, otherwise § is used; the moti-
vation is that a higher error can be tolerated in very high-activity regions, where the error is less visible,
whereas the default error is used in normal regions. The threshold T, can be selected by the user.

Moreover, the § parameter can be re-specified along the vertical direction; this allows to control
the output bit-rate, in that if the compressed-data buffer is getting full, the encoder can switch to a
larger §, which will provide a higher degree of compression.

Sources with sparse distribution are known to present difficulties for predictive compression
schemes [23]. Such sources can be encountered in several applications; an example is given by
multispectral images represented with say 12 bit/sample, whose samples undergo an offset/gain
radiometric correction and are eventually represented with 16 bits/sample. If the offset and gain are
the same for each sample, only 2'? of the total 2!6 levels are used, leading to a sparse histogram. It
has been shown [6] that histogram packing leads to images with lower total variation, which can be
losslessly compressed at lower bit-rates. JPEG-LS specifies a procedure for histogram packing.

Fixed-length coding may be used to prevent the compressed data from having larger size than
the original data. This is achieved by simply writing the binary representation of the input sample
x (or of the quantizer index in the near-lossless compression case) using [ log, (2N +68/25+1))]
bits/sample.

4.4.5 CODESTREAM SYNTAX

Similar to JPEG, the JPEG-LS standard defines both the encoding and decoding processes, along
with the compressed file format; there is no requirement that an encoder shall be able to operate for
all ranges of parameters allowed for each encoding process, provided that it meets the compliance
requirements in [12].

JPEG-LS supports images with up to 255 components, of size up to 2% x 264, with sample
precision of 2 to 16 bits as in the lossless JPEG mode.

JPEG-LS uses a file format that is similar to the JPEG interchange format, as it consists of frames,
scans, and restart intervals. In fact, JPEG-LS uses the same markers as JPEG (except for a few that
do not apply). Moreover, it adds new marker segments containing JPEG-LS specific information,
namely specific start-of-frame and start-of-scan marker segments, and an LSE marker segment for
preset parameters; in fact, unlike JPEG, parameters have default values that can be overridden by
inserting other marker segments. JPEG-LS supports single- and multicomponent scans; in this latter
case, a single set of context counters is used throughout all components, whereas prediction and
context determination are done independently on each component. The data in a component scan can
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be interleaved either by lines or by samples. Unlike JPEG, JPEG-LS also supports compression of
palettized images.

4.5 THE JPEG 2000 STANDARD

More than 10 years after the standardization of JPEG, it seems that its success is still growing, with
new applications making use of JPEG lossy-compressed images. So why is there the need of a new
compression standard?

As a matter of fact, JPEG has a number of limitations that were hardly relevant at the time of its
definition, but are becoming increasingly important for new applications. There are plenty of novel
aspects to JPEG 2000; perhaps the single most innovative paradigm is “compress once: decompress
many ways” [31]. This implies that, once a codestream has been properly generated, selecting a
maximum quality or rate (possibly including lossless compression) and resolution, a user can:

o decompress the image at the maximum quality and resolution;

« decompress at a lower rate with optimal rate-distortion performance;

o decompress at reduced resolution with optimal performance;

« decompress only selected spatial regions of the image; if region-of-interest (ROI) coding
has been performed at the encoder side, improved quality can be selected for certain spatial
regions;

o decompress a number of selected components;

« extract information from a codestream to create a new codestream with different qua-
lity/resolution without the need of decompressing the original codestream; other transfor-
mations, like cropping and geometric manipulations, require minor processing and do not
need full decompression.

On top of that, JPEG 2000 provides several additional features such as improved error resilience,
visual weighting, image tiling, support for higher bit depths, and number of components, just to
mention a few. A thorough discussion of the JPEG 2000 functionalities is provided in [27,30].

In the following we describe Part 1 of JPEG 2000 (“core coding system,” [14]); a brief summary
of the other parts of the standard is given in Section 4.5.6. JPEG 2000 can handle images with up
to 16,384 components; each component can be divided into up to 65,535 tiles whose maximum size
is 23 x 232 samples; each sample can be represented by up to 38 bits/sample. It is not required
that different components have the same bit depth. As can be seen, this overcomes the 8 to 12
bits/sample limitation of JPEG, and extends the maximum image size and bit depth well beyond
previous standards, allowing application of JPEG 2000 to images with high sample accuracy and
very large size (e.g., scientific images or digital cinema video sequences).

JPEG 2000 can be operated in irreversible and reversible mode. The irreversible mode corre-
sponds to lossy compression, and allows to generate an embedded codestream that can be decoded
up to the maximum available rate; however, owing to the finite precision computer arithmetic, it does
not support perfectly lossless compression. The reversible mode provides an embedded codestream
that can be decoded at any lossy rate up to lossless compression. It is worth noticing that, apart from
minor differences in the transform, the two modes are exactly alike; this is a major advance with
respect to JPEG, in which the lossy and lossless modes are utterly different compression techniques.

4.5.1 TRANSFORM AND QUANTIZATION

4.5.1.1 DC Level Shifting

Figure 4.7 shows the sequence of operations that generate the compressed image. Each image com-
ponent is considered separately, and is first divided into rectangular tiles. If the samples are unsigned
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FIGURE 4.7 Basic block diagram of JPEG 2000. After the optional multicomponent transformation, each com-
ponent is tiled, wavelet-transformed, quantized, and entropy-coded; the rate allocator decides which compressed
data portions will be inserted in the codestream.

integers, level shifting is performed as in JPEG, by subtracting 2V ! from each image sample, where
N is the bit depth.

4.5.1.2 Multicomponent Transformation

Unlike JPEG, the JPEG 2000 standard foresees the optional use of a color transformation, which
applies to the first three components of the image.? In fact, two multicomponent transformations are
defined, according to whether the reversible or irreversible modes are employed.

The reversible component transformation can only be used in reversible mode. For illustration
purposes, let R, G, and B be samples in the same spatial position of the first, second, and third
component (although they need not be red, green, and blue), and Iy, /1, and I, the corresponding
samples after color transformation. The reversible component transformation is defined as

IO — |_R+2§+BJ
II =R-G 4.4)
L =B—-G

Its corresponding inverse transform is

G :IO_ LIIZIZJ
R=1L1+G (4.5)
B=L+G

and ensures exact reconstruction of the original components. The irreversible component transfor-
mation can only be used in irreversible mode, and is defined as

Io = 0.299R + 0.587G + 0.114B
I} = —0.16875R — 0.33126G + 0.5B (4.6)
I, = 0.5R — 0.41869G — 0.08131B

4.5.1.3 Wavelet Transformation

A L-level wavelet transform [24,33] is applied separately to each component of each tile, generating
a set of subbands of wavelet coefficients. JPEG 2000 employs one out of two wavelet filters, namely
the (9,7) and (5,3) biorthogonal filters. The (9,7) filter was first proposed in [1], and has been found

2 In case the multicomponent transformation is used, the first three components must have the same bit depth.
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to be the overall best wavelet filter for image coding [34]; on the other hand, the (5,3) filter [16]
has rational coefficients, which make it more convenient for low-precision implementations and for
reversible transforms.

Two different wavelet transformations are defined in JPEG 2000, corresponding to the irreversible
and reversible modes. The irreversible transformation is a classical wavelet transform employing
the (9,7) filter, with symmetric extension at image boundaries. The reversible transformation is
based on filter decomposition into lifting steps [8,29]; by rounding the intermediate results after
each lifting step, this procedure allows to obtain a slightly nonlinear wavelet transform that maps
integers to integers [2]. Since the wavelet coefficients are represented as integer values, as opposed
to the irreversible transformation that yields real values, lossless compression is possible by avoiding
quantization of the transform coefficients, and simply performing entropy coding of the transform
coefficients. The reversible mode employs this integer-to-integer transform along with the (5,3) filter.

The wavelet transform can be implemented by buffering the whole image to allow for the hori-
zontal and vertical convolutions to take place. However, in some applications it is desirable to avoid
excessive buffering. To this end, it is possible to compute a line-based transform. This transform
only requires to buffer a few lines of image samples; horizontal convolutions are performed in the
usual way, while vertical convolution samples output one sample at a time, every time a new image
line is acquired. This transform is exactly equivalent to the case of full image buffering. However,
the rate allocation process works differently due to the memory constraints in the line-based case
(note, however, that the rate-distortion optimization is not part of the standard). In the full-buffering
case, it is possible to encode the whole image at a high rate and, after the encoding, to select, for a
given target rate, the data portions that contribute most to image quality, leading to globally optimal
rate-distortion performance. In the line-based case, rate allocation must be done on-the-fly, picking
portions only of those code blocks available in the buffer. This may lead to locally optimal perfor-
mance, in that a later data portion that yields a high-quality contribution may be discarded in favor
of a less important earlier data portion.

4.5.1.4 Quantization

After the wavelet transformation, the transform coefficients need to be quantized to an integer rep-
resentation. JPEG 2000 uses a uniform scalar quantizer with deadzone, which is known to be very
efficient especially at low bit rates [15,17]. A different quantization step size is used for the coeffi-
cients of each subband; the deadzone is twice the step size. Quantization of each coefficient x;(i, j)
of subband b is done with step size A, according to the following formula:

xp(i,)) = sign(xMi,j))round(%i;j)l) 4.7)

In reversible mode, A, must be equal to 1.

In implicit mode, A is taken proportionally to the nominal dynamic range of each subband,
starting from a user-specified global initial step size. In explicit mode, the user can specify all step
sizes Ap, which are written in the codestream.

4.5.2 DATA ORGANIZATION

The quantized wavelet coefficients of each tile are conceptually structured in a way that allows flexible
generation of the codestream from the compressed data; this organization is sketched in Figure 4.8.
The wavelet coefficients of each subband are partitioned into rectangular nonoverlapping sets called
code-blocks. Each code-block has a limited scope of influence in the decoded image, due to the
finite length of the wavelet synthesis filters. As a consequence, if one wants to decode a portion of
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Precinct

Code-blocks

FIGURE 4.8 Data organization in the wavelet domain: subbands, precincts, and code-blocks.

a tile instead of the complete tile, it is possible to identify and decode only those code-blocks that
contribute to that portion; thus, code-blocks also provide a sort of random access to the image.
Code-blocks can be grouped according to location and resolution into the so-called precincts.
Precincts are defined for each resolution level r, with r =0, ..., L+ 1, and t =0 indicating the LL
subband after L transform levels; in particular, a precinct is a rectangular collection of whole code-
blocks, replicated in each of the three high-frequency subbands of resolution level 7. The usefulness
of precincts is that it can be decided to perform entirely independent encoding of each precinct, in
such a way that all code-blocks in a precinct can be recovered without reference to any other precinct.

4.5.3 ENTROPY CODING

JPEG 2000 employs bit-plane-based binary arithmetic coding of the quantized wavelet coefficients of
each code-block. Within each subband, code-blocks are scanned in raster order, and the coefficients of
the code-block are encoded by bit planes from the most to the least significant bit. Within each code-
block, bit-planes are not formed by scanning all coefficients in raster order, but rather considering the
concatenation of groups of four columns, each of which is raster-scanned. Each bit of the bit-plane is
coded in only one out of three coding passes, called significance propagation, magnitude refinement,
and clean-up; coding passes are the “smallest” data units in JPEG 2000, and are the bricks for building
up the codestream. Each coding pass is encoded by means of an arithmetic coder, which exploits
contextual information to estimate conditional symbol probabilities. Arithmetic coding is performed
by the MQ coder; since this coder is extensively treated in another chapter of this book, along with
context modeling, its description is omitted here.

During the encoding process, it is possible to compute the distortion reduction obtained by
decoding each coding pass; moreover, after arithmetic coding the rate necessary to encode the
coding pass is also known. This pair of distortion and rate values can be used during the codestream
formation stage in order to obtain the best quality for a given rate and progression order. It is worth
noticing that, since JPEG 2000 standardizes the syntax and the decoder, the rate allocation process is
not a mandatory part of the standard, but different trade-offs can be achieved among quality, delay,
and complexity. In fact, optimal rate allocation requires to encode the whole image, generating and
coding even those coding passes that will not be inserted in the codestream; suboptimal strategies
can be devised to limit memory usage or complexity.
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FIGURE 4.9 Structure of JPEG 2000 codestream.

4.5.4 CoODESTREAM SYNTAX, PROGRESSION ORDERS, AND CODESTREAM GENERATION

The JPEG 2000 codestream syntax differs from JPEG and JPEG-LS in many aspects; the concepts
of frames and scans are substituted by more general and flexible data structures. JPEG 2000 also
defines an optional JP2 file format, which can be used to provide additional information about the
image, such as metadata, colorspaces, information about intellectual property rights, and so on; in
the following we will exclusively refer to the codestream syntax.

The basic structure of a JPEG 2000 codestream is depicted in Figure 4.9. Conceptually, in JPEG
2000 an image component can be divided into smaller, independently coded subimages known as
“tiles”; the compressed data related to each tile can be further divided into tile-parts. The codestream
contains a main header, followed by tile-part headers and tile-part data, and is terminated by an
end-of-codestream marker. The main header contains ancillary information that applies to the whole
codestream, whereas the tile-part headers contain information specific to each tile-part; this mech-
anism allows to vary coding parameters between different tile-parts. Tile-part compressed data are
organized as a sequence of “packets,” which can contain very flexible combinations of data; each
packet is preceded by a packet header specifying which information is contained in the packet.

The organization of the compressed data as a sequence of packets is functional to the desired
results in terms of rate, quality, and scalability. In JPEG 2000, this is achieved by employing the
concept of layers; a layer is simply an “increment” in image quality. For instance, one can encode an
image at 1 bpp using three layers at 0.25, 0.5, and 1 bpp; the rate allocator can perform the encoding
in such a way that decoding at those rates provides optimal rate-distortion performance, whereas in
general decoding at other rates is possible but may incur a slight performance decrease. An increment
with respect to the current quality can be achieved by decoding “more data,” and these data can be
selected very flexibly among all available coding passes of the data in all subbands. The way coding
passes are picked up and put into layers determines the final results in terms of rate, quality, and
scalability.

All compressed data representing a specific tile, layer, component, resolution level, and precinct
appears in one packet; this does not mean that a complete code-block is coded into one single packet,
since the code-block compressed data can be fragmented into different layers. In a packet, contribu-
tions from the LL, HL, LH, and HH subbands appear in that order (resolution level » = 0 only contains
the LL subband, whereas all other resolution levels only contain the HL, LH, and HH subbands);
within a subband, code-block contributions appear in raster order within the boundaries of a precinct.

A layer is nothing but a collection of packets, one from each precinct of each resolution level.
Therefore, it is easy to see that a packet can be roughly interpreted as a quality increment for a specific
resolution level and “spatial location,” and a layer as a quality increment for the entire image. In the
codestream, data from different components are interleaved layer-wise. The final codestream consists
of the headers, followed by a succession of layers terminated by the end-of-codestream marker.

The rate allocator decides which coding passes of which code-block go in every layer (or are not
included in the codestream in case of lossy compression). This is done so as to obtain a specific user-
specified data progression order. JPEG 2000 defines five different progression orders that interleave
layers, resolution levels, components, and positions (i.e., precincts) in various ways:

 layer—resolution level-component—position (also known as quality-progressive);
« resolution level-layer—component—position;
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 resolution level-position—component-layer;
» position—component-resolution level-layer (also known as spatially progressive);
» component—position—resolution level-layer (also known as component-progressive);

As an example, quality-progressive encoding amounts to interleaving the packets in the following
order:

for each layer y=0, ...,Y — 1,

for each resolution level r =0, ...,L+1,
for each component ¢ =0, ..., Cnax — 1,
for each precinct p =0, ..., Pmax — 1,
packet for component c, resolution level r, layer y, and
precinct p.

Note that the progression order may be changed within the codestream.

The flexible data organization described above has one drawback, i.e., each packet must be
preceded by a header that specifies what information is contained in the packet body. In particular,
the following information is contained in each packet header:

(1) If the current packet is an empty packet; if this is the case, this is the only information
contained in the packet header.

(2) Which code-blocks are included in the packet.

(3) For each code-block included for the first time, the actual number of bit-planes used to
represent the coefficients in the code-block.

(4) The number of coding passes included in this packet from each code-block.

(5) The number of bytes contributed from each included code-block.

Signaling of empty/nonempty packets obviously requires one bit. For indicating the number
of coding passes, a simple variable-length code is used. The number of bytes for each code-block
are represented in binary format. Code-block inclusion in the packet and the number of bit-planes
for each code-block are signaled by means of tag tree data structures; tag trees allow to repre-
sent two-dimensional arrays of nonnegative integers in a hierarchical way, so that only the tag tree
information necessary to decode the code-blocks in the current packet is included in the packet
header.

As can be seen, packet headers require some overhead information to specify what is included in
each packet. Note that to generate an extremely finely scalable codestream, one would like to form
a very high number of quality layers. However, all other things being equal, in quality-progressive
mode the total number of packets equals the number of packets in case of no layering (i.e., only one
layer) times the number of layers. Since more layers require more packets, extremely fine scalability
is achieved at the expense of a slight performance decrease owing to the packet header overhead.
However, reasonably high numbers of layers can be generated with only marginal performance
decrease, so that in practice this is not an issue.

4.5.5 ADVANCED FEATURES

4.5.5.1 Region of Interest Coding

In many applications, different portions of an image may have unequal importance from a perceptual
or objective point of view; as a consequence, it can be interesting to code one or more ROIs with
higher quality with respect to the background.

In JPEG 2000, the MAXSHIFT method is employed to encode ROIs with higher quality than
the background, and to transmit them first. The basic idea of this method is to identify those wavelet
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coefficients that would contribute to the ROI reconstruction,? and to upscale those coefficients by a
user-defined scaling value S. By doing so, the most significant bit-planes will mostly contain wavelet
coefficients pertaining to the ROI, which will be encoded prior to the background ones.

Note that if one chooses S in such a way that the minimum nonzero wavelet coefficient magnitude
belonging to the ROI is larger than the maximum coefficient in the background, there is no need to
explicitly signal which coefficients belong to the ROI, as the decoder can identify them based on the
quantization indices; this allows implicit usage of arbitrarily shaped ROIs. Since bit-planes containing
information related to the ROI and the background are separated, the rate allocator can independently
select coding rates for the two regions.

4.5.5.2 Error Resilience

Besides storage and TCP/IP lossless image transmission, JPEG 2000 also targets image transmission
applications over channels or networks potentially prone to errors. However, as is well known,
entropy-coded data are very sensitive to errors, and the effect of an erroneous codeword can propagate
throughout the codestream, with dramatic effects on image quality. As a consequence, error resilience
tools are necessary to combat the effect of such errors. Recognizing this issue, in JPEG, restart markers
were defined as a way to restart the decoder after a synchronization loss due to a codestream error.

JPEG 2000 takes a much more sophisticated approach to the problem of transmission errors, and
defines several error resilience tools at the syntax level, the wavelet transform level, and the entropy
coding level. These tools are the following:

» code-blocks and precincts;

« arithmetic coder predictable termination and segmentation symbol;
« resynchronization markers;

« packed packet headers.

In general, the aim of error resilience tools is to limit the scope of transmission errors by allowing
the decoder to (1) detect errors, and (2) restart decoding at the next error-free boundary. Code-block
size in the wavelet domain is a user-selectable parameter that can reduce error propagation. Normally,
code-block size is chosen to be not too small, so as to allow better coding efficiency by providing the
arithmetic coder with larger input data blocks; however, since code-blocks are independently entropy
coded, smaller code-blocks provide limited error propagation. To further strengthen the decoder’s
resynchronization ability, precincts can be employed; in fact, tag trees in the packet headers are
applied independently within each precinct, facilitating decoder resynchronization.

The most powerful error resilience tool in JPEG 2000 is the arithmetic coder predictable termi-
nation. This procedure can be used to bring the arithmetic coder into a known state at the end of
each coding pass. Upon occurrence of a bit error in a given coding pass, the decoder will likely find
itself in the wrong state; this causes declaration of an error. A “segmentation symbol” can also be
used for error detection. It amounts to encoding a fictitious input symbol at the end of each bit-plane;
erroneous decoding of this symbol causes declaration of an error.

Errors detected by means of arithmetic coder termination and/or segmentation symbol can be
concealed by simply skipping the decoding of the erroneous coding passes (and possibly a few
previous ones to account for error detection delays). This procedure avoids the decoding of erroneous
data, and provides greatly improved image quality in error-prone environments.

In addition to the error resilience tools described above, JPEG 2000 defines syntactical elements
that can be used to help decoder resynchronization. In fact, decoding restart on a new code-block
is only possible if the header information is intact. In order to make it easier to protect packet

3 This can be done by looking at the wavelet cones of influence defined by the synthesis filters.
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header information, a particular mode is foreseen, which avoids the fragmentation of packet headers
throughout the codestream. Namely, all packet headers can be extracted from the codestream and
grouped in specific marker segments (PPM/PPT) in the main or tile-part headers. Obviously, if all
header data are contiguous, they can be easily assigned a higher level of error protection, e.g., by
using a stronger channel code for the rest of the codestream, or by assigning a higher number of
retransmission attempts, and so forth. Moreover, the start-of-packet (SOP) and end-of-packet-header
(EPH), two-byte markers can be used to delimit the packet headers; this is especially useful if the
packet headers are fragmented in the codestream, as it facilitates the decoder in locating the next
packet in case of errors.

4.5.6 OTHER PARTS OF THE STANDARD

Part 1 of JPEG 2000 defines the wavelet-based core coding system; however, there is much more to
this standard than Part 1. At the time of this writing, the JPEG committee has defined 14 parts of the
standard, most of which are still ongoing; a brief summary is given hereafter.

4.5.6.1 Part 2 — Extensions

Some of the advanced features that were studied during the development of the standard could not find
place in the core coding system, but have been integrated in Part 2. These include (not exclusively)
the following:

« Arbitrary DC offset values can be used for any component.

o The quantizer deadzone can be set to an arbitrary value.

o A trellis-coded quantizer [26] can be used instead of the uniform scalar quantizer to achieve
improved coding efficiency.

o The wavelet decomposition is no longer bounded to be dyadic, but arbitrary horizontal/
vertical subsampling and low/highpass iteration schemes can be used.

» Arbitrary wavelet filters can be used in addition to the (9,7) and (5,3) filters.

o For multicomponent images, besides “spatial” per-component decorrelation the standard
also supports transformations across components; an inverse component transformation can
be defined in a specific marker segment.

« ROI coding also supports the scaling method in addition to the MAXSHIFT method.

» Aflexible extended file format (JPX) is defined to provide advanced color space, composition,
and animation facilities.

4.5.6.2 Part 3 — Motion JPEG 2000

After the standardization of JPEG, it was found that many applications, especially in the field of
videosurveillance and low-cost consumer electronics, can effectively employ JPEG-based intraframe
video compression (Motion JPEG). However, although most existing implementations of Motion
JPEG are based on the same technology, they may differ in the file format, as Motion JPEG is not an
international standard. To avoid the same problem, Part 3 of JPEG 2000 standardized Motion JPEG
2000, which is a file format allowing to embed a sequence of intraframe JPEG 2000 coded pictures
along with metadata.

4.5.6.3 Other Parts

In addition, several new parts of JPEG 2000 have been or are being developed and standardized.
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Part 4 of JPEG 2000 defines conformance testing procedures to validate implementations of the
standard. Part 5 deals with reference software (more on this in Section 4.7). Part 6 defines a file
format for compound images. Part 8 (JPSEC) addresses security aspects for JPEG 2000 imagery.
Part 9 (JPIP) defines an interactive protocol whereby clients and servers can exchange images in
a very flexible way. Part 10 (JP3D) defines improved coding modes for 3D and volumetric data.
Part 11 (JPWL) defines improved error protection tools for JPEG 2000 image and video transmission
over wireless and error-prone environments. Part 12 defines an ISO base media file format, which is
common with MPEG-4.

4.6 ADVANCED RESEARCH RELATED TO IMAGE-CODING STANDARDS

International standards for image compression freeze the best available technology at a given time;
however, research progresses after the definition of the standard, as new results are made available by
the scientific community. The purpose of this section is to list a number of research topics and results
that have appeared after the standardization of the techniques described above. In-depth description
of many of these topics is provided in other chapters of this book.

4.6.1 DCT-Basep CODING

After publication of the JPEG standard, users started to notice that, at very low bit-rates, blockiness
appears in the decoded images due to the 8 x 8 tiling for the DCT. This is also a common problem
to all DCT-based video coders such as MPEG-2, MPEG-4, H.261, and H.263. Therefore, a large
body of research has been devoted to the design of filters that aim at reducing blocking artifacts (see,
e.g., [40]). In hybrid video coding, a common solution is to insert the deblocking filter directly in the
DPCM feedback loop at the encoder. In JPEG, deblocking is usually a post-processing step on the
decoded image, even though it can be embodied in the decoder by performing the filtering operation
directly in the DCT domain.

In parallel, lapped orthogonal transforms were developed for the same purpose (see, e.g., [19]).
These transforms are based on the idea of computing the DCT (or other local trigonometric transforms)
on overlapping data blocks, which can help avoid blocking artifacts. However, the advent of wavelet-
based coders, which exhibit higher coding efficiency than DCT-based coders and do not suffer from
blocking artifacts, has somewhat diverted attention from lapped transforms in the field of image
processing.

To come up with fast and efficient JPEG implementations, there has been a lot of work on the
design of fast algorithms for DCT computation. Interestingly, it has been shown that the lifting
scheme can be used to obtain integer-to-integer versions of the DCT, as well as other transforms
[9,32]. An integer DCT is also used in the novel H.264/AVC video coding standard; this transform
operates on 4 x 4 blocks instead of the typical 8 x 8 size [20].

4.6.2 WAVELET-BASED CODING AND BEYOND

Rate allocation for JPEG 2000 is not defined in the standard. Most existing software implementations
support the so-called postcompression rate-distortion optimization; this technique provides optimal
performance, but requires that the whole image be coded to a rate significantly higher than the final
rate, in order to pick the most significant coding passes to be embedded in the codestream. Research
is on-going on the development of rate allocation techniques that require less computations and less
memory. An example is given in [39].

After the huge success of wavelets as building blocks for image compression, researchers have
investigated new transforms in an attempt to achieve improved energy compaction. In particular,
transform that are able to effectively describe both contours and texture would be a perfect fit for
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image compression. Several such transforms have been proposed, including ridgelets, wedgelets,
curvelets, contourlets, and bandelets (see, e.g., [5,28]). The method of matching pursuits [18] has
also been studied in the field of image and video coding [7,21]. However, no technique has been
shown to significantly and consistently outperform state-of-the-art wavelet-based image coders such
as JPEG 2000 and SPIHT [25].

4.7 AVAILABLE SOFTWARE

The reader interested in learning more and practicing with JPEG, JPEG-LS, and JPEG 2000 is
encouraged to download and use publicly available software implementing these standards. At the
time of this writing, the links provided in this section are working; for obvious reasons, the author
cannot guarantee that they will continue to work indefinitely.

4.7.1 JPEG

The most popular JPEG software is that developed by the Independent JPEG Group, which can
be downloaded from www.ijg.org. Because of patent issues, this software does not implement the
arithmetic coding options of JPEG.

4.7.2 JPEG-LS

JPEG-LS software can be downloaded from the Hewlett-Packard web site at www.hpl.hp.com/loco/.

4.7.3 JPEG 2000

JPEG 2000 has two official reference softwares, namely Jasper and JJ2000. Jasper is written in
C language, and can be obtained at http://www.ece.uvic.ca/"mdadams/jasper/. JJ2000 is written
in Java language, and can be obtained at jj2000.epfl.ch. David Taubman’s Kakadu software is written
in C++; itis not freely available, but ademo can be obtained at www.kakadusoftware.com OpenJPEG
is a new implementation of JPEG 2000 in C language. It can be obtained at www.openjpeg.org
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5.1 INTRODUCTION

Image compression serves the purpose of reducing bandwidth or storage requirement in image appli-
cations. Lossy image compression is widely deployed, e.g., using the classic JPEG standard [21].
This standard also has a less-known lossless version. Lossless compression has the advantage of
avoiding the issue whether the coding quality is sufficient. In critical applications, lossless coding
may be mandatory. This includes applications where further processing is applied to the images.
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Examples are medical imaging, remote sensing, and space applications, where scientific fidelity is
of paramount importance. In other areas such as prepress and film production, it is the visual fidelity
after further processing which is of concern.

In this chapter, we present an overview of techniques for lossless compression of images. The
basis is techniques for coding gray-scale images. These techniques may be extended or modified in
order to increase performance on color and multiband images, as well as image sequences.

Lossless coding is performed in a modeling and a coding step. The focus of this text is on the
paradigm of modeling by prediction followed by entropy coding. In JPEG, a simple linear prediction
filter is applied. In recent efficient schemes, nonlinear prediction is applied based on choosing among
a set of linear predictors. Both the predictors and the selection is based on a local neighborhood. The
prediction residuals are coded using context-based entropy coding. Arithmetic coding provides the
best performance. Variable-length codes related to Huffman coding allow faster implementations.

An interesting alternative to predictive coding is established by the use of reversible wavelets.
This is the basis of the lossless coding in JPEG2000 [50] providing progression to lossless. For color-
mapped images having a limited number of colors per pixel, coding directly in the pixel domain may
be an efficient alternative.

This chapter is organized as follows. First, the general principles are introduced. In Section 5.3,
the lossless version of the classic JPEG exemplifies the basic techniques. More recent techniques are
represented by the lossless compression of the JPEG-LS [22] and JPEG2000 standards. Context-based
adaptive lossless image coding (CALIC) [61] is presented as state of the art at a reasonable complexity.
The focus is on coding gray-scale natural images, but the techniques may also be applied to color
images coding the components independently. Section 5.4 presents recent techniques for optimizing
the compression using multiple prediction and optimal context quantization. These techniques are
complex but they may lead to new efficient coding schemes. In Section 5.5, important application
domains are treated. Single image coding is extended to encompass color and multiband images as
well as coding image sequences including video sequences. An important issue is how to capture
the correlations of the extra dimensions and what the benefit of the increased complexity is. Finally,
color-indexed images and pixel-based graphics are considered. This is a class of images which does
not comply well with models aimed at locally smooth images. Therefore, the traditional image coding
techniques do not perform optimally on these. Newer schemes often apply a special mode to improve
performance, but it is demonstrated that there are images within the class for which significantly
better compression may be achieved by pixel-domain-oriented techniques.

5.2 GENERAL PRINCIPLES

The pixels of an image, or the symbols resulting from the processing of an image, are scanned in a
sequential order prior to coding. We shall now consider the sequence of pixels obtained by a raster
scan of an image as a sequence of random variables.

Let x1,..., xr denote a finite sequence of random variables X1, ..., X7 over a discrete alphabet
A. In the statistical approach to lossless compression, a conditional probability mass function (pmf)
p:(+) is assigned to each variable X;, prior to the encoding, given the outcomes of the past variables,
X1,...,X1.

A lower bound of the average code length is given by the entropy. If we just consider one variable
X over the discrete alphabet A, the entropy of the source S is defined by [10]

A
H(S) =) Pilog, > (5.1)
i=1 t

where | A| is the size of the alphabet.
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Considering the whole string of variables X7 as one variable, the probability P(X”) may be
decomposed by

pix) =Pr(X; = x| X1 =x1, X2 =x2,..., X1 =x—1), forallxe A 5.2)

in Whlch case the entrOpy may be Written as
—Ji X = - 11 /Y IY ,...,/Y blSS lllbO .
T T ; 1 tlAal t—1

which is the Shannon entropy rate of the sequence and H (-|) is the conditional entropy function. If the
variables are independent and identically distributed (iid), the entropy per symbol of the sequence is
expressed by the entropy of one element, H(X).

Given the sequence of pmfs p,(-), there are coding techniques, e.g. arithmetic coding [43], that
will encode X; = x; using approximately —log, p;(x;) bits. On the average, the sequence X, ..., Xr
will then be encoded using approximately

E ! ET log, p:(X;) | bits/sampl 54
— —1lo its/sample .
T 82 Pil&s

t=1

Accordingly, to encode X;, we should ideally produce the conditional pmf in (5.2) or an approx-
imation or estimate thereof. The encoding of a pixel depends on the values of previously scanned
pixels, where the ordering is given by the scan order.

Clearly, with the above (optimal) approach, there could be a different pmf for every value
of ¢ and every sequence of values of Xi,...,X;_| leading to an intractable estimation problem.
Universal source coders, e.g. [44], provide solutions that are asymptotically optimal, but using domain
knowledge less complex efficient coders may be specified. Hence, practical lossless compression
techniques use a model to capture the inherent structure in the source. This model can be used in
a number of ways. One approach is to use the model to generate a residual sequence, which is the
difference between the actual source output and the model predictions. If the model accurately reflects
the structure in the source output the residual sequence can be considered to be iid. Often, a second
stage model is used to further extract any structure that may remain in the residual sequence. The
second stage modeling is often referred to as error modeling. Once we get (or assume that we have)
an iid sequence, we can use entropy coding to obtain a coding rate close to the entropy as defined
by (5.4). Another approach is to use the model to provide a context for the encoding of the source
output, and encode sequences by using the statistics provided by the model. The sequence is encoded
symbol by symbol. At each step, the model provides a probability distribution for the next symbol
to the encoder, based on which the encoding of the next symbol is performed. These approaches
separate the task of lossless compression into a modeling task and a coding task. As we shall see in
the next subsections, encoding schemes for iid sequences are known which perform optimally and,
hence, the critical task in lossless compression is that of modeling. The model imposed on the source
determines the rate at which we would be able to encode a sequence emitted by the source. Naturally,
the model is highly dependent on the type of data being compressed. Later in this chapter we describe
some popular modeling schemes for image data.

5.2.1 PREDICTION

Prediction essentially attempts to capture the intuitive notion that the intensity function of typical
images is usually quite “smooth” in a given local region and hence the value at any given pixel is
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quite similar to its neighbors. In any case, if the prediction made is reasonably accurate, then the
prediction error has significantly lower magnitude and variance when compared with the original
signal and it can be encoded efficiently with a suitable variable-length coding technique.

Linear predictive techniques (also known as lossless DPCM) usually scan the image in raster
order, predicting each pixel value by taking a linear combination of pixel values in a casual neigh-
borhood. For example, we could use (I|i — 1, j1+I[i, j — 1])/2 as the prediction value for I[i, j],
where I[i, j] is the pixel value in row i, column j. Despite their apparent simplicity, linear predic-
tive techniques are quite effective and give performance surprisingly close to more state-of-the-art
techniques for natural images. If we assume that the image is being generated by an autoregres-
sive (AR) model, coefficients that best fit given data in the sense of the L2 norm can be computed.
One problem with such a technique is that the implicit assumption of the data being generated by
a stationary source is, in practice, seldom true for images. Hence, such schemes yield very little
improvement over the simpler linear predictive techniques such as the example in the previous para-
graph. Significant improvements can be obtained for some images by adaptive schemes that compute
optimal coefficients on a block-by-block basis or by adapting coefficients to local changes in image
statistics. Improvements in performance can also be obtained by adaptively selecting from a set of
predictors. An example scheme that adapts in presence of local edges is given by the median edge
detection (MED). MED detects horizontal or vertical edges by examining the north, west, and north-
west neighbors of the current pixel. The north (west) pixel is used as a prediction in the case of a
vertical (horizontal) edge. In case of neither, planar interpolation is used to compute the prediction
value. The MED predictor has also been called the median adaptive predictor (MAP) and was first
proposed by Martucci [30] as a nonlinear adaptive predictor that selects the median of a set of three
predictions in order to predict the current pixel. One way of interpreting such a predictor is that it
always chooses either the best or the second-best predictor among the three candidate predictors.
Martucci reported the best results with the following three predictors: (1) I[i, j — 1], (2) I[i — 1, j],
and (3) I[i, j— 11+ 1[i — 1, j1—1I[i — 1, j — 1]. In this case, it is easy to see that MAP turns out to
be the MED predictor. The MED predictor gives superior or almost as good a performance as many
standard prediction techniques, many of which being significantly more complex.

5.2.2 CONTEXT MODELING

For the optimal approach (5.2) to lossless coding, there could be a different pmf, p,(-), for every
value of ¢ and every sequence of values of X1,...,X,_1. This is clearly not tractable. A widely
used approach to probability estimation for practical lossless image compression is to reduce the
dependency to some limited measurement of the past, called a context. This is called context modeling
[44]. Prediction may also be seen as a means to reduce the number of pmfs, which need to be
specified.

Associated with a given context model is a finite set of contexts C, given by functions or mappings
that assigns a context C € C to each element in the data sequence xi, . . ., x;, 0 < ¢ < co. For example,
the contexts might consist of {X;_» =a, X;_| =b} for all a, b € A. This is an example of a template-
based context: The term context in relation to a symbol x; is used to refer to the context assigned by
a mapping of xy,..., x_1.

Viewed as a model, the context model assumes that the distribution of the current symbol
depends only on some limited context. That is, given its context, the current symbol is conditionally
independent of past data symbols.

Associated with each context C is the conditional pmf p(-|C), and the conditional entropy is
given by

H(X|C) = = > p(x|C) log, p(x|C) bits/symbol (5.5)
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when X appears in context C, and the overall conditional entropy is

HX|C) = Z p(C)H(X|C) bits/symbol (5.6)
CeC

where p(C) is the probability of context C occurring.

An encoder based on p(-|C) will (approximately) achieve the rate H(X|C) even if the current
symbol is not conditionally independent of the past, given the contexts.

If there is conditional independence, H(X|C) equals the entropy of the source (5.3), and thus
the least possible rate. In practical lossless image compression, the pmf p(-|C) is estimated either
beforehand or adaptively and the question of conditional independence is not addressed.

Usually, the mapping defining the number of contexts, is chosen such that this number is much
less than the length of the image data sequence. Contemporary lossless image coder takes an approach
where the pmfs, p(-|C), are unknown a priori, but estimated adaptively. They can be estimated by
maintaining counts of symbol occurrences within each context (as in CALIC [61]) or by estimating
the parameters of an assumed pmf (as in LOCO-I [54] and JPEG-LS [22]). The coding efficiency
relies on obtaining good estimates for the pmf within each context.

5.2.3 ENTrROPY CODING

If the probability of the symbols being encoded is not uniform then it is clearly advantageous to
assign shorter codewords to the more frequently occurring symbols. Suppose a codeword of length
L; is assigned to the symbol g; (that occurs with probability P;). The average (expected) length of the
codeword is

[Al

Ly =Y PiL
i=1

From a result in information theory [10], the average length L,, is bounded from below by the
entropy (5.1) of the source S.

Clearly, the goal of the symbol-coding unit is to achieve an average codeword length as close to the
entropy as possible. There are systematic procedures of coding that perform very close to the entropy
bound. These coding procedures include Huffman coding and arithmetic coding. We will elaborate
on Huffman coding and arithmetic coding, which are commonly used in image compression.

5.2.3.1 Huffman Coding

Huffman coding is based on the knowledge of the probabilities of occurrence of symbols. It leads
to minimum average codeword length under the condition that no codeword is a prefix of another.
Huffman coding is optimal (achieves entropy bound) in the case where all symbol probabilities are
integral powers of 1/2. Given the probabilities of occurrence of symbols, the following procedure
can be used to construct a Huffman code:

1. Arrange the symbols in a rank-ordered list according to the probability of occurrence.
2. Perform the following iterations to reduce the size of the list by creating composite symbols
until a reduced list with only two composite symbols is reached.
(a) Combine the two symbols with the lowest probability to form a composite symbol, and
add the probabilities.
(b) Create a new list from the old by deleting the two symbols that were combined, and
adding the composite symbol in a rank-ordered manner.
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TABLE 5.1
Huffman Coding

Stage 1 (5 Symbols) Stage 2 (4 Symbols) Stage 3 (3 Symbols) Stage 4 (2 Symbols)

Prob S C Prob S C Prob S C Prob S C

0.500 aj 0 0.500 a 0 0.500 a; 0 0.500 a; 0
0.125 ay 110 0.250 ays 10 0.250 ags 10 0.500 ay_s 1
0.125 as 111 0.125 a 110  0.250 a3 11

0.125 ay 100 0.125 az 111

0.125 as 101

Note: S denotes symbols and C denotes codewords.

(c) Construct the binary tree in which each node represents the probability of all nodes
beneath it.

(d) Following a convention of assigning a “0” or “1” to the direction of movement in the
tree, assign a code by traversing a path to each leaf.

To illustrate the procedure, consider the case of coding the output of a source with |A| =5
possible symbols {a;, i=1,...,5}, with probabilities P} = %, Py=P3=P4s=P5= % The entropy
in this case is given by

Al 11 1 ,
H(S) = ZPi10g2F =3 1+4. 3 -3 = 2 bits/symbol
i=1 !

Huffman coding is performed as shown in Table 5.1. In stage 1, the symbol probabilities are arranged
in decreasing order. The lowest two probabilities corresponding to symbols a4 and as are added and
assigned to a new symbol a4s, which then appears in the shorter list of stage 2. Note that the symbols
a4 and as are deleted, while ays is inserted in the correct rank-ordered position. The procedure is
repeated until there are only two symbols. These two symbols are assigned bits 0 and 1 to represent
them. Next, the component symbols a45 and a3 of the last new symbol a,_s are assigned an additional
bit 0 and 1, respectively. The procedure is repeated to traverse back to the first stage.

In the above case, it can be verified that the average length of the codeword is L,y =2 bits. A
rate of 2 bits/symbol is equal to the entropy, and this is achieved because the symbol probabilities
are integral powers of 1/2.

Now, consider a case where the condition that the probabilities are integral powers of 1/2 does
not hold. Assume that a source generates |.4| =3 symbols {g;, i=1,...,3}, with probabilities
Py =Py =P3=1/3. In this case, the source entropy is 1.585 bits/symbol. With Huffman coding, it
can be verified that a code {0, 10, 11} is generated to represent the symbols with an average length

Lay

1(1+2+2) = 1.67 bits/symbol

A question that can be asked is whether one can improve over this performance of 1.67 bits/
symbol. This improvement can be achieved by jointly coding a block of symbols. Toward this end,
let us define a new symbol as a block of N occurrences of original symbols. Let us denote these | AN
possible new symbols by {b;,i=1,...,|AN}. By applying Huffman coding to the new symbols, it
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is possible to reduce the average number of bits per original symbol. For example, in the above case of
| A| = 3, consider a block of N = 5 occurrences of original symbols {a;,i =1, ..., 3}, generating new
symbols {b;, i=1,..., 243}. Even without formally applying the Huffman coding procedure, we
note a fixed codeword length of L = 8 bits can be used to uniquely represent the 243 possible blocks
of N =35 original symbols. This gives us a length of 8/5=1.6 bits/original symbol, significantly
closer to the bound of 1.585 bits/symbol.

In this simple case it was possible to use a suitable block size to get close to the bound. With a
large set of symbols and widely varying probabilities, an alternative method called arithmetic coding,
which we describe below proves to be more effective in approaching the bound in a systematic way.

5.2.3.2 Arithmetic Coding

Huffman coding, introduced in the previous section, was the entropy coder of choice for many years.
Huffman coding in the basic form has some deficiencies, namely that it does not meet the entropy
unless all probabilities are integral powers of 1/2, it does not code conditional probabilities, and the
probabilities are fixed. All these deficiencies may be addressed by alphabet extension, having multiple
Huffman codes (one for each set of probabilities) and using adaptive Huffman coding evaluating and
possibly redesigning the Huffman tree when the (estimated) probabilities change. All approaches are
used in practice, but especially if all are to be used at once the complexity becomes prohibitive. An
alternative is given by arithmetic coding [43] which elegantly deals with all these issues.

Arithmetic coding is often referred to as coding by interval subdivision. The coding specifies
a real number (pointing) within a subinterval of the unit interval [O;l[. The codeword is a binary
representation of this number. Let x" = (x1, x2, . . . , x,) denote a sequence of symbols which is to be
coded; x" has length n and runs from 1 to n. Let x; be the symbol at i. Let P(-) denote a probability
measure on all strings of length n and P(x") denote the probability of the string x". First, we disregard
the restriction of finite precision. We shall associate the string of symbols x" with an interval /(x")
of width equal to the probability of the string P(x"), I(x") = [F(x""); F(x") + P(x"")[. Later we shall
use (a binary representation of) F(x") as the codeword. Ordering all the possible sequences of length
n alphabetically and locating the intervals /(x") one after the other, we see that we have partitioned
the unit interval [0;1[ into intervals of lengths equal to the probabilities of the strings. (Summing the
probabilities of all possible sequences adds to unity as we have presumed a probability measure.)
This means F(x") is the camulative probability of all the strings prior in ordering to x™. This interval
subdivision may instead be done sequentially in such a way that we only need to calculate the
subinterval associated with the sequence we are coding.

The codeword subinterval (of x*1) is calculated by the following recursion:

F(x"0) = F(x") (5.7)

F'i)=FQ@") + Y PQ"j), i=0,... |4 -1 (5.8)
j<i

P("i) = PGP, i=0,...,|A —1 (5.9)

where |.A] is the size of the symbol alphabet.

The width of the interval associated with x” in (5.9) equals its probability P(x"). Using pointers
with a spacing of powers of 1/2, at least one pointer of length [—log, (P(x"*))] will point to the
interval. ([y] denotes the ceiling or round-up value of y.) This suggests we may come arbitrarily
close to the per symbol entropy.

The major drawback of the recursions is that even with finite precision conditional probabilities
P(i]j)in (5.9), the left-hand side will quickly require a precision beyond any register width we choose.



120 Document and Image Compression

(We note that it is mandatory that the encoder and decoder can perform exactly the same calculations.)
There are several remedies to this. The most straightforward is to approximate the multiplication of
(5.9). For simplicity, an approximative solution is given for the binary case

P(x"i) = |P(™MP(ix")] 4 i=0,1 (5.10)

where |z|, denotes the truncation of a fractional binary number z to ¢ digits precision.

The decoding is performed reversing the process. Consider the binary case having decoded the
data string up to —1 as x’~! = u; now the question is whether the next symbol x; is 0 or 1. This is
resolved by observing that

F(x") — F(u) > Pw0) & x, =1 (5.11)
which, in turn, can be decided looking at the g next bits of the code string and carrying out the
subtraction which is the inverse of (5.8). (Again, fixed register implementations can perform this task.)

A first step to solving the practical problems in the binary case is given by (5.10). The finite
precision problem is similar but more complicated in the m-ary alphabet case. Furthermore, in both
cases there are issues of carry overflow and decodability including stopping. A popular algorithm for
an m-ary alphabet is given in [55].

Binary arithmetic coding is relatively simpler than m-ary arithmetic coding, so even in the
nonbinary case, binary arithmetic coding may be applied by decomposing the values of the alphabet
in a binary tree [14].

The arithmetic coding in current lossless image coding standards are all binary with roots in the Q
coder [40], which in turn is an extension of the skew coder [25]. The Q coder avoids multiplication by
approximation (5.9). A modified version, the QM coder, is used in JPEG with the arithmetic coding
option and in the JBIG standard [39]. Instead of dealing directly with the Os and 1s put out by the
source, the QM coder maps them into a more probable symbol (MPS) and less probable symbol (LPS).
If 1 represents black pixels, and O represents white pixels, then in a mostly black image, 1 will be the
MPS, while in an image with mostly white regions 0 will be the MPS. In order to make the implemen-
tation simple, several deviations from the standard arithmetic coding algorithm has been adopted.
The update equations in arithmetic coding that keep track of the subinterval to be used for represent-
ing the current string of symbols involve multiplications which are expensive in both hardware and
software. In the QM coder expensive multiplications are avoided. Let A, refer to the approximation
of I(x,) with endpoints [, and u,,. Let g refer to the LPS probability. The recursions are given by

_ for x,, MPS
b= { In1+Ap1 —q forx, LPS (5.12)
_ | Aw—1 —q forx, MPS
An= { q for x, LPS (5.13)

The approximation applied to avoid multiplications is that gA,_; =~ g. The QM coder scales A,
to lie in the interval of 0.75 to 1.5. The rescalings of the interval take the form of repeated doubling,
which corresponds to a left shift in the binary representation.

The QM coder also achieves speedup by applying an approximation in the adaptive probability
estimate. The basis of the estimate is the following estimator, which may be interpreted as a Bayesian
estimator. Consider k observations of a sequence of independent binary variables taken from the same
distribution, i.e., a Bernoulli process. Let ng(k) denote the number of Os and n1 (k) the number of 1s out
of the k symbols. If the probability p; itself is considered a stochastic variable with Beta distribution
(p1 € B(4, &) [1]) specified by the parameter 8, the Bayes estimate of p; given k observations is

p1 = (ni(k) + 8)/(n1 (k) + no(k) + 26). (5.14)

6 =1 is optimal if the prior distribution of p; is uniform. Choosing § = 0.5 is better for a more skewed
symmetric distribution. § = 0.45 is used in the estimate the QM coder is based on. The estimate based
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on ng(k) and n1 (k) is used when the context appears the next time, i.e., when coding instance number
k + 1 occurs in that context.

The QM coder [39] implements an approximation of the estimate using a finite-state machine
(FSM). Each state of the FSM is assigned a probability estimate as well as the new state transitions.
The probability g of the LPS for context C is updated each time the context C is active and a rescaling
takes place, i.e., a bit is output. Rescalings occur for all LPS instances, whereas for MPS instances the
rescaling will occur with a certain probability, which is incorporated in the update of the estimate. In
a nonstationary situation, it may happen that the symbol assigned to LPS actually occurs more often
than the symbol assigned to MPS. In this situation, the assignments are reversed, i.e., the symbol
assigned the LPS label is assigned the MPS label and vice versa. The test is conducted every time a
rescaling takes place. The decoder for the QM coder operates in much the same way as the encoder —
by mimicking the encoder operation.

The use of conditional probabilities increases the modeling power. The conditional probabilities
are fed to the arithmetic coder performing the actual entropy coding. For binary images (or bit-planes
of an image) the context given by a template may directly define the coding model. In the classic bi-
level image coding standard, JBIG [19], a 10-pixel template is used to define the conditioning states.
For each of these conditioning states, the state of the FSM is stored holding the current probability
estimate. The application of context-based arithmetic coding to transformed pixel values in a lossless
image coder reflects that the first step of prediction (or transformation) does not provide perfect
decorrelation.

As we shall see, context-based arithmetic coding is a very powerful tool coding a one-dimensional
sequence of conditional probabilities, but defining the conditioning context in 2D or generally in the
dimensionality the data set may represent.

5.3 LOSSLESS IMAGE CODING METHODS

This section presents how the principles are applied in a suite of well-known lossless image coders.
JPEG (lossless) combines simple linear prediction with entropy coding. CALIC and JPEG-LS apply
more advanced prediction and effectively capture the redundancy due to the fact that the prediction
does not provide perfect decorrelation. This redundancy is addressed using context-based entropy
coding. Neighboring pixels within a template of two-dimensional causal pixels are used for prediction.
The notation of the pixels is shown in Figure 5.1.

Lossless coding based on reversible wavelets is briefly mentioned with JPEG2000 as the primary
example. Finally, results are presented for a set of gray scale and a set of color images. The latter
includes other images than just natural images. The overview [9] presents more coders in the evolution
of lossless image coding.

5.3.1 JPEG LosSLESS

The well-known JPEG standard [21] has a lesser known lossless version which employs a predictive
approach. The prediction is followed by coding of the prediction errors using Huffman coding or as
an option arithmetic coding. The standard allows the user to choose between eight simple predictors
(Table 5.2). The coding of the prediction errors e =1 —1I, according to the standard, is described in
the rest of this subsection.

5.3.1.1 Huffman Coding Procedures

In the Huffman coding version, the prediction errors are coded using the Huffman table provided in
the bit stream using the specified syntax. The errors are coded independently using the table given.
Thus the prediction errors are assumed to be iid.
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FIGURE 5.1 Notation used for specifying neighborhood pixels of current pixel 7 [i, j].

TABLE 5.2

JPEG Predictors for Lossless Coding
Mode Prediction for I1j, j]
0 0 (no prediction)
1 N

2 W

3 NW

4 N+W-NW

5 W+ (N-NW)2
6 N+ (W —NW)/2
7 (N+W)/2

The alphabet size for the prediction errors is twice the original alphabet size. In JPEG, a special
length-limited Huffman code is used. Using large Huffman tables leads to increased complexity
in hardware implementation. To reduce the complexity, the coding is split into two, the first part
represented by a Huffman table, followed by uncoded bits in the second part. In the first part,
each prediction error is classified into a “magnitude category,” k, which is coded using a Huffman
table. Table 5.3 shows the 17 different categories that are defined. Each category k, except for the last,
contains 2¥ members {4251, ... 42F — 1}. The element within the category is coded directly using
k bits in the second part. The bits coding the specific prediction error e within category k are given by
a k-bit number

_Je ife>0
"ZN2k—14e ife<0

5.3.1.2 Arithmetic Coding Procedures

Arithmetic coding may be used as an option. The arithmetic coding version uses quantized prediction
errors at neighboring pixels as contexts for conditional coding of the prediction error. This is a simple
form of error modeling. Thus the arithmetic coding version attempts to capitalize on the remaining
structure in the prediction residual, as opposed to the Huffman version which assumes the prediction
error probability distribution to be iid. Encoding within each context is carried out by a binary
arithmetic coder by decomposing the prediction error into a sequence of binary decisions. The first
binary decision codes whether the prediction error is zero. If the error is nonzero, the sign of the error
is determined in the second step. The subsequent steps classify the magnitude of the prediction error
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TABLE 5.3

Mapping of Prediction Errors to Magnitude Category and Extra Bits
Category Symbols Extra Bits

0 0 —

1 ~11 0,1

2 ~3,-2.2,3 00,01,10,11

3 T =44, T 000, ..., 011, 100, ..., 111
4 —15,...,-8,8,...,15 0000, ..., 0111, 1000, ..., 1111
16 32768

into one of a set of ranges and the final uncoded bits determine the exact prediction error magnitude
within the range. The binary decomposition allows using a fast binary arithmetic coder, which in
JPEG is the QM coder (see Section 5.2.3). For a detailed description of this coder and the standard
refer to [39].

5.3.2 CoNTExT-BASED ADAPTIVE LOSSLESS IMAGE CODING

The simple modeling in JPEG may be further developed for better performance. The universal
context modeling (UCM) scheme proposed by Weinberger et al. [53] introduced advanced modeling
for adaptive prediction and context formation. This is a principled but highly complex context-
based image coding technique. A solution of lower complexity was presented by CALIC [61]. The
complexity was later further reduced in JPEG-LS [22]. The modeling is composed of prediction
followed by a context-based model of the prediction error.

In this subsection, we give a brief description of CALIC and its major components (Figure 5.2)
as an example of a highly efficient context-based image coder. For a more detailed description, the
reader is referred to [61]. In the prediction step, CALIC employs a simple gradient-based nonlinear
prediction scheme called gradient-adjusted predictor (GAP), which adjusts prediction coefficients
based on estimates of local gradients. Prediction is then made context-sensitive and adaptive by
modeling of prediction errors and feedback of the expected error conditioned on properly chosen
modeling contexts. The modeling context is a combination of quantized local gradient and texture
pattern, two features that are indicative of the error behavior. The net effect is a nonlinear, context-
based, adaptive prediction scheme that can correct itself by learning from its own past mistakes under
different contexts. The context-based error modeling is done at a low model cost. By estimating
expected prediction errors rather than error probabilities in different modeling contexts, CALIC can
afford a large number of modeling contexts without suffering from context dilution problems or from
excessive memory use. This is a key feature of CALIC.

Another innovation of CALIC was the introduction of two modes, distinguishing between binary
and continuous-tone types of images on a local, rather than a global, basis. This distinction is
important because the compression methodologies are very different in the two modes. The former
codes the pixel values directly, whereas the latter uses predictive coding. CALIC selects one of the
two modes based on a local causal template without using any side information. The two-mode
design contributes to the robustness of CALIC over a wide range of images, including the so-called
multimedia images that mix text, graphics, line art, and photograph.
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FIGURE 5.2 Block diagram of CALIC.

The CALIC codec was proposed as a candidate algorithm for the international standardization
effort on lossless compression of continuous-tone images leading to the JPEG-LS standard. CALIC
achieved an average lossless bit rate of 2.99 bits per pixel on the 18 8-bit test images selected by ISO
for proposal, thus providing a significant gain compared to an average bit rate of 3.98 bits per pixel
for lossless JPEG (Huffman coding) on the same test set. Section 5.3.5 presents bit rates that CALIC
obtained on ISO test images and makes comparisons with some popular lossless image coders (Tables
5.4 and 5.5).

CALIC introduced new efficient algorithmic techniques for context formation, quantization, and
modeling. Although conceptually elaborate, CALIC is algorithmically quite simple, involving mostly
integer arithmetic and simple logic.

CALIC encodes and decodes images in raster scan order with a single pass through the image.
The coding process uses prediction templates that involve only the previous two scan lines of coded
pixels. CALIC adapts between the two modes of coding: binary and continuous-tone modes (Fig-
ure 5.2). The system automatically selects one of the two modes during the coding process, depending
on the context of the current pixel. Binary mode is applied when no more than two intensity val-
ues are present locally. For each pixel a ternary decision is coded including an escape symbol
besides the two local symbols. Values at the six nearest-neighboring pixels are used as the context
(Figure 5.1).

In the continuous-tone mode, the system has four components (Figure 5.2): prediction, context
selection and quantization, context modeling of prediction errors, and entropy coding of prediction
errors. We briefly describe each below.

5.3.2.1 Gradient-Adjusted Predictor

GAP is a simple, adaptive, nonlinear predictor. Robust prediction in areas with strong edges is
obtained by local adaption to the intensity gradients. Out of a set of predefined linear predictors, for
each pixel, GAP makes a choice of which to use based on estimated gradients of the image.
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In GAP, the gradient of the intensity function at the current pixel / is estimated by computing the
following quantities:

dp = i = Lj1 =1l =2, jIl + i, j = 11 = 1[i = 1, j = 1]|
U+, =1 =10, j = 1]

dy = [Ili = L jl =1l = L, j = 1l + 1, j — 11 = 1T, j = 21|
+ Ui+ 1, j—10—1li+1,j—2]. (5.15)

A prediction is then made by the following procedure [61]:

IF (dy — dj, > 80) {sharp horizontal edge}

I, jl=w

ELSE IF (d, — d, < —80) {sharp vertical edge}
Ili, jl=n

ELSE {

Ili,j1 = (w + n)/2 + (ne — nw)/4;

IF (dy — dj > 32) {horizontal edge}
I, j1 = 1, j1+ w)/2

ELSE IF (dy — c.lh > 8) {weak horizontal edge}
I1i, j1 = (A, jl + w)/4

ELSE IF (d, — d, < —32) {vertical edge}
I, j1 = 1L, jl1+n)/2

ELSE IF (dy — c_z’h < —8) {weak vertical edge}
I1i, j1 = @A, jl1+n)/4

where

n=Ili,j—1l,w=I[i—1,jlne=1I[i+1,j—1],

nw=1I[i—1,j—1,nn=1[i, j — 2], ww = I[i — 2, j]. (5.16)

The thresholds given in the above procedure are for eight bit data and are adapted on the fly for
higher-resolution images. They can also be specified by the user if offline optimization is possible.

5.3.2.2 Coding Context Selection and Quantization

The predicted value/ is further adjusted via an error feedback loop of one-step delay. This results in
an adaptive, context-based, nonlinear prediction I as explained shortly. The residue obtained from
the final prediction I is entropy-coded based on eight estimated conditional probabilities in eight
different contexts. These eight contexts, called error energy contexts, are formed by quantizing an
error energy estimator A, a random variable, into eight bins. The quantizer bins partition prediction
error terms into eight classes by the expected error magnitude.

The error energy estimator is computed as follows:

A = ady + bd, + cley| (5.17)
where dj, and d,, are defined in (5.15) and e, = I[i — 1, ] —f[i — 1, j]. The coefficients a, b, and c can
be optimized based on training data. In [61], a =5 =1 and ¢ =2 is recommended for the coefficients
in (5.17).
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To improve coding efficiency, prediction errors are mapped into classes of different variances
by conditioning the error distribution on A. Context quantization is applied to A in the estimation
conditional probabilities p(e|A) for time and space efficiency. The error energy estimator A is quan-
tized to M =8 levels, as larger values of M will only improve coding efficiency marginally. Let
0(A)€{0,1,...,7} denote the A quantizer. The context quantizer, Q(A), is a scalar quantizer, which
may be determined by minimizing the total entropy of the errors based on p(e|Q(A)). Based on a
training set of (e, A) pairs from test images, standard dynamic programming technique was used to
choose 0 =¢qg < g1 < - -+ <qp—1 < gu = 00 to partition A into M intervals such that

M—1
-y Y. ple)logple) (5.18)

d=0 ga<A<qaqs1

is minimized. An image-independent A quantizer given by the thresholds
q1=5 q@=15 g =25 q1=42, g5=060, gc=385 ¢q7=140

was found to work almost as well as the optimal image-dependent A quantizer [61].

5.3.2.3 Context Modeling of Prediction Errors and Error Feedback

Performance of the GAP predictor can be significantly improved as the predictor does not provide per-
fect decorrelation of the data. Context modeling of the prediction error e = I — I using a combination
of texture and energy information is used to exploit higher-order structures such as texture patterns.
A total of 576 compound contexts are defined by 144 texture contexts and 4 error energy contexts
(A/2). The texture context information is obtained by a quantization of local values as follows:

C = {xo,...,x6,x7} = {n, w, nw, ne, nn, ww, 2n — nn, 2w — ww} (5.19)

C is then quantized to an 8-bit binary number B = b7bg - - - by using the prediction value / as the
threshold,

bk={? iﬁiﬁi%ﬁ L 0<k<K=8 (5.20)
Thus a texture pattern relative to the prediction value / is obtained. The compound contexts are
denoted C([Q(A)/2], B).

Bias cancellation is introduced in the prediction for each context, C(§, B), by feeding back
the conditional mean &(8, ) and adjusting the prediction I to I =1 +&(8, 8). The new predic-
tion error € =/ —1 is used in context-based error modeling. This results in an improved predictor
for I: =1 + €(6, B), where €(5, B) is the sample mean of € conditioned on compound context
C(6, B). As a last modeling step, sign flipping is introduced. Prior to encoding, the encoder checks
whether €(6, 8) < 0. If so, —e, is coded instead of €. The decoder has the information to reverse the
sign, if necessary.

5.3.2.4 Entropy Coding of Prediction Errors

The sign-predicted prediction error is encoded using the eight primary contexts A described above.
CALIC allows separation of the modeling and entropy coding stages; thus any entropy coder can be
interfaced with the CALIC modeling. A simple ternary adaptive arithmetic coder is used in binary
mode to encode one of the two values or an escape symbol. Thirty-two different contexts are used
each updating occurrence counts. In the continuous-tone mode, an adaptive m-ary arithmetic coder
is used based on [18].
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TABLE 5.4

Bit Rates (bpp) for a Test Set of 8-Bit Natural Gray-Scale Images
Image JPEG-LS CALIC Wavelet (2+2,2) JPEG2000
Balloon 2.90 2.78 2.78 3.07
Barb 1 4.53 433 434 4.65
Zelda 3.84 372 3.70 3.92
Hotel 4.53 422 430 4.63
Barb 2 471 4.49 4.55 4.84
Board 3.82 3.50 353 3.81
Girl 3.96 371 3.74 4.10
Gold 456 4.38 437 4.65
Boats 4.03 3.77 3.79 4.11
Average 4.06 3.88 3.90 4.20
TABLE 5.5

Lossless Bit Rates (bpp) for a Test Set of Color Images

LJPG LJPG-A JPEG-LS PNG CALIC LOCO-A

Natural 4.60 4.11 3.87 4.17 3.73 3.78
Graphics 3.13 2.09 1.95 2.14 1.83 1.75
Average 4.08 3.40 3.19 3.46 3.06 3.06

5.3.3 JPEG-LS

JPEG-LS [22] is the best-performing standard for lossless image compression at present (Tables 5.4
and 5.5). UCM [53] introduced efficient modeling at high complexity. JPEG-LS was later developed
based on a framework similar to that of CALIC, but with even more emphasis on low complexity. The
baseline version is based on LOCO-I and the extension in part two on LOCO-A [54]. An important
difference is that the extension may apply arithmetic coding whereas the baseline does not. The
baseline version achieves high compression performance without the use of arithmetic coding at
significantly less complexity than CALIC. LOCO-A almost achieves the performance of CALIC on
natural images (Table 5.5).

LOCO-I is outlined briefly. A more detailed description including theoretical background is
given in [54]. The prediction is a MED predictor (see Section 5.2.1) using the N, W, and NW pixels
(Figure 5.1). The prediction is modified by a context-dependent integer bias-cancellation step, which
also involves the NE pixel. The coding contexts are determined by quantizing each of the three
differences between neighboring context pixels. The vector of the three quantized differences is
further reduced by a sign-flipping step. The total number of contexts is 365. A Golomb-type entropy
coder [54] is used based on a two-sided geometric distribution (TSGD) modeling, which has two free
parameters. The mean value is used for the bias cancellation. A simple technique for estimating the
parameters is applied. To improve compression on highly compressible images including graphics,
a run mode is introduced. For lossless coding, the mode is entered when the four coding context
pixels have the same value. The run of pixels having the value of the W pixel is coded using another
adaptive Golomb-type entropy coder [54].
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LOCO-A adds arithmetic coding to LOCO-I. The TSGD assumption is relaxed by only using
the parameter information to quantize contexts into conditioning states. Binary arithmetic coding is
applied to a binary tree structure describing the prediction error values.

JPEG-LS also provides an option for near-lossless coding. A parameter k specifies that each pixel
in the reconstructed image is within £k of the original [54]. This is readily achieved by applying
quantization of the prediction residuals. This approach was also introduced in CALIC.

5.3.4 ReversiBLE WAVELETS — JPEG2000

While spatial domain techniques using prediction have dominated lossless image coding, frequency
domain techniques such as discrete cosine transform (DCT) and wavelets dominate lossy image
coding. An inherent problem of frequency domain techniques w.r.t. lossless coding is how to control
the pixel errors efficiently. The decorrelating transforms used for lossy compression usually cannot
be used for lossless compression as they often require floating point computations, which result in
loss of data when implemented with finite precision arithmetic. This is especially true for “optimal”
transforms like the KL (Karhunen—Loeve) transform and the DCT. Also, techniques purely based on
vector quantization are of little utility for lossless compression.

Integer-to-integer wavelets [8], naturally described using the lifting technique, provides an effi-
cient frequency domain solution to lossless image coding. Combining the reversible wavelet transform
with advanced context modeling and coding of transform coefficients provides results almost match-
ing those of highly efficient spatial domain compression algorithms for natural images. There are sev-
eral advantages offered by a wavelet (or subband) approach for lossless image compression. The most
important of which is perhaps the natural integration of lossy and lossless compression that becomes
possible. By transmitting entropy-coded wavelet coefficients in an appropriate manner, one can pro-
duce an embedded bit stream that permits the decoder to extract a lossy reconstruction at a desired
bit rate. This enables progressive decoding of the image that can ultimately lead to lossless recon-
struction. The image can also be recovered at different spatial resolutions. These features are of great
value for specific applications in, e.g., remote sensing and “network-centric” computing in general.

The JPEG2000 [50] lossless coding option is briefly described below. It is based on reversible
wavelets for lossless coding. The wavelet coefficients are coded in bit-planes within the subbands for
efficient as well as progressive (or embedded) coding. The context modeling plays an important role.

The default JPEG2000 setting for lossless compression is based on a dyadic decomposition
using a 5/3' bi-orthogonal wavelet decomposition [50]. The entropy coding uses the correlation of
the magnitude of neighboring wavelet coefficients, e.g., the clustering of high-magnitude coefficients
in the high-frequency bands. The coding is performed in multiple passes. In each pass, the bit-planes
of the subbands of wavelet coefficients are coded. The bit-planes of a subband are coded from
most significant bit (msb) to least significant bit (Isb) being dependent only on higher bit-planes
of the same subband. In each pass, the encoder uses three coding primitives: the significant bit
coding, the sign bit coding, and the refinement coding. For coefficients which are insignificant so
far, i.e., have Os in higher bit-planes, it is coded whether they become significant, i.e., have a 1
in the current bit-plane. After a coefficient becomes significant, the sign bit is coded. Refinement
coding is applied to the (less significant) bits of the coefficients already significant. JPEG2000
applies two (heuristic) models, using context quantization, adopted from EBCOT [49] for coding
the significance information (plus a run-mode context). These models use the current significance
information of the eight neighboring coefficients which is mapped into nine conditioning states.
In all, only 18 conditioning states are used in the entropy coding. Using few states enables quick
learning of parameters so that the independent conditional probabilities may efficiently be learned
within even small blocks. As shown in Section 5.4.2, the mapping is well chosen and little is to be

!'The two filters have five and three taps, respectively.
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gained by mapping to more states for natural images. The modeling in the entropy coding is crucial
for obtaining good results. The most is to be gained in the significance pass as the entropy is fairly
high in the other two passes.

In the embedded wavelet entropy coders, EZW [47] and SPIHT [46], predating JPEG2000, the
correlation of coefficients, at the same spatial position of subbands with the same orientation, is
captured in a tree structure. Improving upon SPIHT, a reversible wavelet coder was presented [35],
which almost meets the performance of CALIC (within 1% on the test set of natural images; Table 5.4).
In this coder, the (2+2,2) lifting wavelet filters [8] were used, followed by bit-plane coding of the
wavelet coefficients forming conditioning states similar to CALIC. The energy level was estimated
by alinear combination of neighboring coefficients as well as parent and sister band coefficients. Bias
cancellation was also used. The LL band was coded using CALIC. The correlation between father
and sons is not as important as the wavelet decomposition suggests though once efficient modeling is
performed within the band. In a fast version [59] of ECECOW [58], a linear combination of near-by
significance values is applied to a larger neighborhood of values within the subband. For speed, this
linear combination is calculated using convolution. High performance (within 2% of CALIC on the
test set of natural images; see Table 5.4) is achieved without the use of parent subband information.
Efficient scalable wavelet-based coding allowing both lossy and lossless decoding using a single bit
stream is presented in [5].

5.3.5 EXPERIMENTAL RESULTS

Results for the methods presented in this section are listed in Tables 5.4 and 5.5. Table 5.4 presents
the results for JPEG-LS, CALIC, JPEG2000, and the more complex lossless wavelet-based codec
[35]. (The JPEG2000 results are obtained using InfranView, the others are from [35].) The JPEG-LS
results given here are based on adaptive Golomb coding. The test set is the luminance component,
i.e., 8-bit gray-scale of classic test images. Table 5.5 presents the results for lossless JPEG, both
Huffman-based (LJPG) and with arithmetic coding (LJPG-A). The table also presents the results for
JPEG-LS (Huffman), PNG, CALIC, and LOCO-A, which is equivalent to JPEG-LS with arithmetic
coding. The test set is a subset of the newer JPEG test images used for JPEG-LS evaluations. The
results [54] are accumulated and reported in the two subsets of 11 natural images and 6 computer-
generated images.” The natural images are mostly color images in different color spaces (YUV, RGB,
and CMYK). The computer-generated images are represented in the color spaces RGB or CIElab.
The average values given are averages over the bit rates (in bits per pixel [bpp]) of the individual
images. It may be noted that LOCO-A matches the performance of CALIC overall. This is due to
better performance on the computer graphic images while CALIC performs about 1% better on the
natural images, the class of images for which it was primarily optimized.

5.4 OPTIMIZATIONS OF LOSSLESS IMAGE CODING

CALIC and JPEG-LS/LOCO provide very efficient coding at a reasonable complexity. A natural
question is how much improvement is possible if more complex methods are used, including opti-
mization for the individual images. As there is no method for measuring the entropy of a natural
image, the approach is to construct better and better coding schemes.

Once arithmetic coding is chosen for the entropy coding, it is the modeling step which becomes
the focal point of the optimization. This section describes methods to optimize the prediction and
context modeling steps, which constitutes the dominating paradigm. Dynamic programming is one
optimization technique which may be applied with the code length as the cost function. A number

2 One of these, areial2, is actually an image with a sparse histogram.
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of schemes have been introduced using multiple prediction. There are well-known techniques, e.g.,
linear regression for optimizing linear predictors in a two-pass scheme. The following step of context
modeling has been dominated by heuristic approaches. In this section, a general design of optimal
context quantization is introduced and applied to the context formation for reversible wavelets. The
focus is still on natural gray-scale images. Improvements related to utilizing the correlations of
multiple components or in image sequences as well as improvements for graphic images are treated
in Section 5.5.

5.4.1 MuLtipPLE PREDICTION

Choosing a predictor which achieves small prediction errors is a good start, but the predictor should
be optimized with respect to the following context modeling. Especially for adaptive prediction the
issue is subtle. While there is a vast literature on adaptive prediction in general, JPEG-LS and CALIC
apply simple prediction of filter values that do not adapt in time but are given by the pixels of the
prediction template.

Recently, schemes such as [3,31,36] based on adaptive or classification-based use of multiple
predictors have been able to improve upon the results of CALIC. These schemes apply a two-pass
or rather two-stage approach. The individual image is analyzed first optimizing the coding. The
parameters are coded in the header of the file and in a final pass the image is coded.

In TMW [36], multiple linear predictors are applied. The (estimated) error probability distribu-
tions for the predictors are blended. Besides the pixel predictor, a sigma predictor and a blending
predictor are adaptively used for coding each pixel. The sigma predictor predicts the magnitude of
the error of each pixel predictor, based on the errors of pixels within a causal template. This in turn
determines the parameter for modeling the predictors’ error distribution, for which a variation of
the z-distribution is used. The weights for blending the error distributions are determined based on
the code length required by the predictor within a template window. Thus, the blending is the new
element of the modeling in TMW. Large templates are used. Twelve pixels are found to be efficient
for the pixel predictor and 30 pixels are used for the sigma predictor. Arithmetic coding is used for
the actual coding. In [37], the TMW coder is optimized. For the test set of Table 5.4, an average code
length of 3.63 bpp was reported. TMW demonstrates that improvement using large neighborhoods
and multiple predictors is possible. The price is a dramatic increase in complexity at both encoder
and decoder due to the blending and adaption. An improvement of only 7% over CALIC does suggest
that a level of diminishing returns has been reached for natural images.

Multiple predictors are also considered in [31], but chosen on a block basis leading to faster
decoding while the encoding is still slow. Linear predictors are used. For each (8 x 8) block a
predictor is chosen. The coding context information is based on error information for pixels within
a local neighborhood. The error is mapped to an error index. The error indices are summed and
then quantized using nonlinear quantization. The quantization thresholds are determined for each
class using dynamic programming. A generalized Gaussian function is used to model the error
distribution. This includes the Gaussian and Laplacian distributions. The distribution is determined
by two parameters. The standard deviation for each context is fixed for all images. The so-called
shape parameter of the distribution is determined for each context for the individual images. The
parameters are iteratively optimized for the individual images.

The resulting side information, which is stored in the header part of the file contains information
about

» Class label for each block specifying the predictor
 Prediction coefficients for each class

o Thresholds for context quantization for each class
» Probability distribution parameter for each context.
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Using arithmetic coding, results slightly better than TMW and comparable to TMW.X¢8° were
reported [17,31]. A similar less complex scheme achieved results 3% better than CALIC and within
1% of TMW [3] on a set of 24 gray-scale images. Good results are also reported in [16], although
little information is given about this technique.

5.4.2 OpTiIMAL CONTEXT QUANTIZATION

The best-performing lossless image compression algorithms introduced in Section 5.3.2, CALIC
[61] and JPEG-LS [22], as well as the JPEG2000 entropy-coding algorithm EBCOT [49] all quantize
the contexts C; into a relatively small number of conditioning states. These context quantizers are
heuristic but they have produced some of the best-performing image compression algorithms, by
developing the quantizers using training data of the type of material they are targeted for, e.g. images
[58]. As discussed in Section 5.2.2 and exemplified by the coders mentioned above, the design of
the context quantizer Q, as part of the context mapping, is of crucial importance. An approach to
optimizing context quantization is introduced below. It may be used both to design and analyze
context quantizers.

The above-mentioned coders have all recognized that estimating the conditional probabilities
P(X;|Cy) directly using count statistics defining the context C; by the combination of values of a set
of past samples can lead to the so-called context dilution problem, especially if the number of sym-
bols in the context is large, or if the symbol alphabet is large. Instead P(X;|Q(C;)) is estimated after
context quantization, thus reducing the number of parameters to estimate (or learn). Reducing the
number of conditioning states may also be motivated by the advantage that less memory is required
to store the estimates.

Algorithm context [44] is a universal coding scheme using a tree-structured context quantizer.
UCM [53] combined prediction and a tree structure for image coding. Inspired by the high perfor-
mance of more heuristic quantizers, formal optimization and training of general context quantizers
become interesting when it is possible to integrate domain knowledge in the coder, e.g., based on a
training set.

Two recent concepts of optimal context quantization are introduced below. They are based on
minimizing the conditional entropy [60] and minimizing the adaptive code length [12], respectively.

The minimum conditional entropy context quantization (MCECQ), [60] is based on minimizing
the conditional entropy, H(X|Q(C)), given the probability density functions, P(X|C), for a specific
number of quantized contexts, M. This approach addresses the problem of minimizing the increase
in conditional entropy for a given limited number of context classes, M. That the conditional entropy
will not decrease by decreasing M is given by the convexity of the entropy function, H. The resulting
quantization regions, A,,, defined on C may be quite complex. However, their associated sets, B,
defined on the probability density functions, Px|c, are simple convex sets [60]. In [13], the minimum
conditional entropy criterion given above was applied to compute optimal context quantizers for the
application of bi-level image compression.

The solution is especially simple when estimating the probability of a binary random variable, Y,
as P(Y|C) is expressed by one parameter and therefore the quantization regions B,,, defined on the
pdf, are simple intervals. The binary variables could be binary decisions decomposing a variable used
in an image compression scheme. For the binary variable, Y, we describe the quantization interval,
B, by the random variable P(Y = 1|C) (the posterior probability that ¥ =1 as a function of C). The
conditional entropy H(Y|Q(C)) of the optimal context quantizer can be expressed by

M
H(Y|QC)) = Y Pr{P(Y = 1|C) € [gm—1,gm)}HY|P(Y = 1|C) € [gm—1,qm)) (5.2

m=1
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for some set of thresholds {g,, } dividing the unit probability interval into M contiguous quantization
intervals B,,. Posing the optimal MCECQ this way enables the solution to be found by searching over
the set of interval end points, {g,, }, which is a scalar quantization problem. The optimal solution can
be obtained using dynamic programming [56]. Once the end points defining the probability intervals,
B, are found, the optimal MCECQ regions A,, are given by

Ap ={c: P(Y = 1]¢) € [gm—1,4m)} (5.22)

The MCECQ approach provides a theoretical solution, but if the probability density functions
P(X|C) were known, context dilution would not be a problem and it would be more efficient
(compression-wise) to use P(X|C) directly when coding rather than applying context quantization.
This leads to modifying the view on the context quantizer design. In practice, a training set or the
data sequence to be coded is used to estimate P(X|C), i.e., the design is based on a given data set
rather than a probability density function. As described, the best lossless image coding techniques
apply adaptive coding. Thus the natural question is how to design the context quantizer to minimize
the actual adaptive code length of the given training set, x” [12]. This approach is formalized below.

The presentation is restricted to the case where the variable to be coded x comes from a binary
alphabet, A= {0, 1}. The adaptive code length is based on entropy coding of the sequence of adaptive
probability estimates based on occurrence counts given by (14). Let n; denote the count of the symbol
i in context c.

The ideal adaptive code length for the data set x” =xj, ..., xr is given by
T
L(:"[C) =) —log pi(xiler) (5.23)

=1

where ¢, is the context x; appears in and p,(x;|¢,) is given by (5.14) based on the counts of the causal
part, x'~!, of the data. This is easily implemented by sequentially updating the counters.

Owing to properties of the adaptive code length, a fast solution may again be obtained in the
binary case using dynamic programming. We consider the data set x”. As the order of the symbol
appearance within a context class does not influence the ideal adaptive code length (5.23), this code
length may be computed based on the set of counts over the contexts ¢. Likewise, the ideal code
length after context quantization may be computed just based on adding the counts of contexts which
are quantized to the same CQ cell.

Let N;(c) be the occurrence count for symbol i in context ¢ in x” . For a given context quantizer,
Q(c), defined by the quantization regions A,,={c : Q(¢c)=m}, m=1,..., M, the counts after
quantization are simply given by adding the counts of contexts mapped to the same CQ cell, i.e.,

NiGm) =) Ni(c) (5.24)

C€EA,

Let L,, denote the corresponding ideal adaptive code length based on the counts, N;(m), accu-
mulated in A,,. Let T;, be the total number of occurrences in A,,. Reorganizing the terms of (5.14)
used in (5.23) gives, in the binary case

Tpu—1 1 Ni(m)—1
Ly = Z log (k 4 28) — Z Z log (j + ) (5.25)
k=0 i=0  j=0

where the last term only sums over values of i for which N;(m) > 0. Now the context quantizer
QO(c) minimizing the total code length may be expressed based on computations of the counts in the
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original contexts, c,

M

min L, = min LT |0(c 5.26
Ml 2 m = min, (x" 10(¢)) (5.26)

Dynamic programming may be applied to the adaptive code length criteria assuming that the cells
are contiguous intervals of the probability estimate simplex. Fast computation of the count-based
adaptive code lengths, L,, (5.25) is possible using look-up tables for the terms in the sum (5.25),
which may be computed once and for all for any given 8. The size of these look-up tables may be
bounded using Stirlings approximation for large counts [27]. Both techniques for fast computation
of L,, based on counts have constant complexity. Thus, the suggested use of dynamic programming
may also be efficiently applied to the adaptive code length criteria.

If a training set is used to estimate the probabilities used in the CQ design it is natural also to use
this information in the actual coding. One way is to initialize the adaptive probability estimates, e.g.,
for each i, by replacing § with §; =6 + Niinit in (5.14), where Nl.init is the initialization of the count for
symbol i. The initialization may be included in the dynamic coding loop by searching for the optimal
values of Nl-i“i‘ along the ratio given by the counts [24].

The optimal context quantization based on adaptive code lengths was applied to the entropy
coding model of the significance information of wavelet coefficients as in JPEG2000 (Section 5.3.4).
The JPEG2000 EBCOT models for the significance information and the optimized models were used
in the same settings: the same dyadic reversible wavelet transform using the 5/3 filter [50], the same
arithmetic coder from [55], and the same (raster) scanning order of the wavelet transform subbands.
For simplicity, the coding passes were separated by the subbands.

In the experiment, 60 natural (8-bit) images were used for training the context quantizer, which
was applied to the raw contexts of the EBCOT model. The adaptive code length criteria using
initialization was used. The result of applying the optimized models to the nine test images of
Table 5.4 is given in Table 5.6. Quantizing to nine conditioning states, the improvement is only
0.21% and using 64 states (or the optimal number) the improvement is 0.35%. Even increas-
ing the raw context size by including more information about the energy level of the significant
coefficients before quantization only gave a 0.43% improvement (Table 5.7). These results can be
interpreted as a justification of the heuristically designed JPEG2000 context quantization for coding
the significance information in the entropy coding of natural images. The best-performing loss-
less wavelet coders mentioned in Section 5.3.4 do however demonstrate that better performance is
possible. Optimal quantization was also applied to the entropy coding in lossless compression of
image sequences [12]. Applied to image data sequences as alpha plane sequences (defining video

TABLE 5.6

Average Bit Rates (in Bits per Pixel) for Coding the Significance Infor-
mation Using the JPEG2000 Models and the Models of Different Sizes
Obtained by Optimizing the JPEG2000 Raw Model (256 Raw Contexts)
for the Set of Test Images and the Training Set

Models 9 States, 9 States 64 States
No init. No init.
Average bit rates 2.1302 2.1290 2.1257 2.1243 2.1227
Average bit rates, 2.1104 2.1089 2.1049 2.1032 2.1012

training set
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TABLE 5.7

Average Bit Rates (in Bits per Pixel) for Coding the Significance Infor-
mation Using the Initialized JPEG2000 Models and the High-Order
Optimized Models of Different Size for the Set of Test Images and the
Training Set

Models 9 States 32 States 64 States Optimal
Average bit rates 2.1290 2.1223 2.1211 2.1210 2.1214
Average bit rates, 2.1089 2.0990 2.0968 2.0965 2.0958

training set

objects) and sequences of street maps, significant improvement was achieved using optimal context
quantization.

5.5 APPLICATION DOMAINS

Important domains include medical applications, space application including satellite images, high-
quality film and TV production as well as computer graphics. The coding schemes presented in
Section 5.3 present efficient solutions for two-dimensional data. In many of the applications the data
sets have a third (and possibly a fourth) dimension. In these cases, the higher-dimensional correla-
tions may be utilized to improve compression. This section investigates the potentials for color and
multiband images as well as for video sequences. Full color images are multiband images, but color
information may also be represented by a color-mapped index. In this case, the characteristics deviate
from those of natural images which may be characterized as being locally “smooth.” Application of
other coding techniques are investigated for color-mapped images and computer graphic images.

5.5.1 COLOR AND MULTIBAND

The best way of exploiting spatial and spectral redundancies for lossy and lossless compression is
usually quite different. In this section, we primarily focus on how prediction-based techniques can
be extended to provide lossless compression of multispectral data. The wavelet approach is also
briefly commented. Irrespective of the transform used, there is a significant amount of redundancy
that remains in the data after decorrelation. For high performance, the modeling and capturing of the
residual redundancy constitutes a crucial step in lossless compression.

5.5.1.1 Predictive Techniques

Predictive techniques may naturally be extended to exploit interband correlations, but new issues
such as the following arise:

e Band ordering. Using interband correlation, raises the questions of which bands are best as
reference band(s) for predicting and modeling intensity values in a given band. This in turn
raises the question of the best ordering of the bands.

o Interband prediction. What s the best way to incorporate pixels located in previously encoded
spectral bands to improve prediction?

o Interband error modeling. What is the best way to utilize the residual redundancy after
prediction across bands?
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The issues of band ordering is specific to multiband coding, whereas the two other issues relate to
the basic prediction and error modeling in lossless image coding. Typical approaches that have been
taken to address these questions are presented below.

5.5.1.2 Band Ordering

Wang et al. [52] analyzed correlations between the seven bands of LAND-SAT TM images, and
proposed an order and a mix of intra- and interband prediction, based on heuristics. Different orders
of the bands have been devised, e.g., in [2].

The optimal ordering may be solved using graph-theoretic techniques [48]. When only one refer-
ence band is used for each band, an O(N?) solution exists for an N-band image, when no restrictions
are imposed as to how many bands need to be decoded prior to decoding any given band. A single
reference band was found to be sufficient [48]. A drawback of the technique is that it is two-pass.
Thus the main use is by offline processing determining an optimal ordering for different types of
images. A limitation compression-wise is that reordering entire bands disregards that spatial variation
may lead to different spectral relationships.

In the remainder of this subsection, we assume that the band ordering has been decided. The
band ordering is one aspect of the scan ordering of the 3D data set composed by multiband images.
Generally, the pixels may be pixel interleaved, line interleaved, or one band at a time. The original
ordering may be altered using buffering of data. Obviously, the pixels of the 3D data set used for
prediction must be causal relative to the scan order used in the encoding.

5.5.1.3 Interband Prediction

In order to exploit interband correlations, it is natural to generalize (linear) predictors from two-
to three-dimensional prediction. Let Y denote the current band and X the reference band. A 3D
prediction of the current pixel Y[i, j] is given by

Vijl= ) OupYli—aj—bl+ Y 6, ,Xli—d.j—b] (5.27)
a,beN; a'\b'eN,

where N; and N, are appropriately chosen causal neighborhoods with respect to the scan. The
coefficients 6, and 9;,’ , can be optimized by minimizing ||Y—1Af ||, given multispectral image data.

Roger and Cavenor [45] performed a detailed study on prediction of AVIRIS? images. Their
conclusion was that a third-order spatial-spectral predictor based on the immediate two neighbors
Y[i, j—11, Y[i — 1, j] and the corresponding pixel X[i, j] in the reference band is sufficient. They
further suggested the use of forward prediction, transmitting optimal coefficients for each row. The
reasons were twofold. It provided a locally adaptive predictor and the AVIRIS image data is acquired
in a line interleaved fashion. Compressionwise, a block-based adaption of prediction coefficients
would be better.

To avoid the overhead cost of coding frequently changing prediction coefficients, Wu and Memon
[62] proposed a (backward) adaptive interband predictor. Extending ideas in CALIC, relationships
between local gradients of adjacent spectral bands are utilized. The following difference-based inter-
band interpolation, was proposed as means of interpolating the current pixel based on local gradients
in the reference band. The estimated value ¥[i, Jjl1is given by

Y[i — 1,j1+ (X[, j] — X[ — 1,jD + Y[i,j — 1]+ (X[i,j] — X[i,j — 1]
2

(5.28)

3 Airborne visible infrared imaging spectrometer. It delivers calibrated images in 224 contiguous spectral bands with
wavelengths from 400 to 2500 nm.
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Owing to the difficulties in finding one global interband predictor, Wu and Memon proposed a
predictor switching between inter- and intraband prediction. Interband prediction is only used if the
interband correlation in a local window is strong enough; otherwise intraband prediction is used.
Simple heuristics to approximate this correlation were used to reduce complexity. They reported that
switched inter-/intraband prediction gives significant improvement over optimal predictors using
inter- or intraband prediction alone.

5.5.1.4 Error Modeling and Coding

As in the lossless coding of single images, additional coding gain may be obtained by using an
error model that captures the structure that remains after prediction. In Section 5.3.2, details of
error modeling techniques were given. Here, examples of error modeling used for compression of
multispectral images is given.

Roger and Cavenor [45] investigated two different variations. One technique was to determine the
optimal Rice—~Golomb code in a row by an exhaustive search over the parameter set, i.e., modelwise
the assumption is that the prediction errors follow a single geometric pmf. In the second technique,
the variance of prediction errors for each row was used to choose one of eight predesigned Huffman
codes. Tate [48] used a context based on quantizing the prediction error in the corresponding location
in the reference band and used this as a conditioning state for arithmetic coding. Since this involves
estimating the pmf in each conditioning state, only a small number of states (4 to 8) are used. An
example of a hybrid approach is given by Wu and Memon [62] (3D-CALIC) who propose an elaborate
context formation scheme that includes gradients, prediction errors, and quantized pixel intensities
from the current and reference band. They select between one of eight different conditioning states
for arithmetic coding based on a prediction error variance estimate.

A simple solution of subtracting one band from another was considered in [9]. For R,G,B (red,
green, and blue) images, the green component was coded first and then subtracted (modulo 256) from
the red and blue component. Applying JPEG-LS to the difference bands gave results close to those
of interband CALIC. It was noted though that in case the cross-band correlation was low, taking the
differences would make the compression worse.

Just taking a simple difference between the prediction error in the current and reference band
provides another simple technique for exploiting relationships between prediction errors in adjacent
bands. The approach can be further improved by conditioning the differencing operation. The pre-
diction errors would still not provide perfect correlation, but contain enough structure to benefit from
the use of error modeling.

5.5.1.5 Hyperspectral Images

Having up to more than 2000 closely spaced bands in hyperspectral images makes the use of high-
order interband prediction profitable. Aiazzi et al. [2] considered up to three causal bands in the
prediction step. Weighted linear predictors were used. The linear predictors were optimized within
classes determined by fuzzy logic. Using some of these ideas, a global approach to prediction was
taken in [38] for hyperspectral images. A high-order linear predictor was applied at each spatial
position over the spectral bands. The pixels are clustered using vector quantization and an optimized
predictor is calculated for each cluster. The prediction errors are coded with an adaptive entropy coder
for each cluster with the band as additional context information. The coder was applied to AVIRIS
images in 224 bands, reporting 69% higher compression ratios than applying JPEG-LS to the individ-
ual images. This advantage was reduced to 19% by applying simple differencing between bands prior
to JPEG-LS. In a recent study [51], a fast correlation-based band ordering heuristic combined with
dynamic programming is introduced. Applied to hyperspectral sounder data, a 5% compression gain
is achieved compared with natural ordering. This result is within a few percent of what is achieved
by the optimal ordering. CALIC in the 3D version was modified for hyperspectral images [26]. The
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modifications include always using the interband predictor due to the high correlation, combining
two bands in the interband prediction and a different optimization of parameters. On data compressed
in band-interleaved-by-line format, it outperforms state-of-the-art algorithms including 3D-CALIC.
In band-sequential format it was outperformed by, e.g., the 3D fuzzy prediction technique [2].

5.5.1.6 Reversible Transform-Based Techniques

Transform-based lossless image compression may be extended to multispectral images. Bilgin et al.
[6] extend the well-known zero tree algorithm for compression of multispectral data. They perform
a 3D dyadic subband decomposition of the image and encode transform coefficients by using a zero
tree structure extended to three dimensions. They report an improvement of 15 to 20% over the
best 2D lossless image compression technique. Lossless compression based on 3D wavelets was
also presented in [63]. The scheme provides efficient lossy-to-lossless compression. Applied to 3D
medical images, an average gain of 35% over the best 2D lossless image coders was reported.

5.5.2 VIDEO SEQUENCES

Lossless coding of video is of interest in the line of production and contribution of video for film
and broadcast applications. Digital cinema is one important example. For distribution the video is
mostly lossy coded, notably using one of the MPEG standards which apply hybrid coding, combining
motion-compensation and 2D-DCT-based coding. For lossy coding, the use of block-based motion
compensation is quite simple and effective.

For lossless coding, techniques building on the techniques for lossless image coding are the most
effective. Extending these to efficiently utilize the temporal correlations is more difficult though.
Video adds the temporal dimension to the spatial and spectral dimensions of interband coding. In
broad terms, the motion is related to image objects (projected onto the image plane), which in turn
leads to a spatial and temporal change of the temporal correlation. Thus adaptive mechanisms such
as, e.g., switching between prediction methods become important for effective coding.

Video is as color images often captured in red, green, and blue (R,G,B) components. An early
work on lossless video coding considered video in an (R,G,B) representation [32]. Owing to the
high correlation between the color bands it was concluded that using interband information in the
prediction scheme was of prime importance. Using spectral correlation exceeded the effectiveness of
solely using the temporal correlation. Block-based techniques for capturing the temporal correlation
was explored, block-based differencing being the simplest case. This may be extended by estimating
and coding motion vectors for each block as in MPEG coding. An alternative approach is to design
3D predictors. A 3D predictor may be designed based on a 2D predictor by averaging the results of
using the 2D predictor in the three coordinate planes passing through the pixel to be coded. Using
the JPEG predictor 4 (Table 5.2) yields the 3D predictor

20l6j = W+ Lli = Ljl + e lijD) Geali = Ljl 4 Bl — 1+ Lli — 1,7 — 1]
3 3

(5.29)

where I and I;_ refer to pixels in the current and the previous frame, respectively.

For the (R,G,B) material, the best solution was found to be a block-based switching between
simple differencing for temporal prediction and spectral prediction [32]. The spectral correlation was
exploited by using the best predictor for the red band on the green band and the best predictor for the
green band on the blue band. The predictors considered were spatial predictors.

Utilizing spectral and temporal information in the context definition for coding the residual was
also considered. Again the spectral approach was found to give the best result based on the magnitude
of prediction residuals in the previous spectral band within a block around the current pixel. On the
whole, the bit rate was reduced by 2.5 bits per (R,G,B) pixel (measured by the residual entropy)
compared with lossless JPEG [32].
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Subsequently, a study concluded that for luminance—chrominance representations, the interband
correlation provides minor improvements to lossless coding [34]. In JPEG2000, a reversible color
transform is introduced to convert (R,G,B) images to a luminance—chrominance representation such
that the lossless coding could be performed in the latter, but still provide a perfect reconstruction of
the (R,G,B) images. Such a transform may also be used to decorrelate an (R,G,B) video sequence.

In [7,28,29], lossless coding of video in the standard CCIR luminance—chrominance format for
TV was considered. Motivated by the findings in [34], the components were proposed to be coded
independently and only the luminance was considered for the experiments. Thus the focus was on
utilizing the temporal redundancies in the coding process. In [28,29], a lossless video coder was
designed based on extending JPEG-LS. (This was later referred to as LOCO 3D [7].) The basic ele-
ments of JPEG-LS, including context-based prediction, bias cancellation, and Golomb coding, were
combined with multiple predictors and coding of side information for the prediction. The extensions
were high-resolution motion fields, 3D predictors, prediction using one or multiple previous images,
predictor dependent modeling, and motion field selection by code length. The framework was based
on combining motion estimation with multiple predictors, coding the motion vector and the predictor
chosen as side information on a block basis. The predictors chosen were [29] as follows:

o Predictor 0. Intra prediction using the JPEG-LS predictor.

o Predictor 1. The motion-compensated version of the 3D predictor in (29), i.e., the pixels
from the other band is replaced by the motion compensated pixels of the reference frame.

o Predictor 2. A DC shift predictor in 3D, which calculates the difference of the JPEG mode 4
predictor in the (motion-compensated) reference image and the current image. The motion-
compensated pixel at the current position is modified by this difference.

o Predictors 3 and up. Motion compensated prediction using bi-linear interpolation for subpixel
accuracy.

Predictor O is an intra-predictor. Predictors 1 and 2 are motion-compensated 3D filters where
only integer pixel motion vectors are considered. Each subpixel position is represented by a predictor
with an index of 3 or higher. For all predictors bias correction is applied as in JPEG-LS.

The decision of which predictor to use is determined on a block basis by deriving the incremental
code length based on the Golomb coding parameters. As side information, the integer part of the
motion vectors is coded as an image for each coordinate. The choice of predictor is also coded as an
image and this is also the case for the reference image identity if more than one reference image is
considered. These three- or four-side information images have a lower resolution, namely the image
resolution divided by the block size. The context for coding is determined by the differences of the
eight causal neighbors as in JPEG-LS combined with the motion compensation difference. These
differences are quantized as in JPEG-LS.

The motion-compensated coder described above was applied to interlace and progressive material
[28,29]. For the interlace material, each frame is composed of two image fields of 720 x 288 pixels.
For the progressive material each image is 360 x 288 pixels. The results were compared with the
results of applying JPEG-LS to each of the images in the sequence. Using one reference frame, the
average saving was 1.1 bpp corresponding to 20%. For large numbers of reference images (10 frame
images or 12 fields), additional savings of 10 to 20% were achieved. There were significant differences
from (sub)sequence to (sub)sequence. Example given, in parts where there was no global motion
and only smaller moving objects, savings up to 40% improvement were achieved even with just one
reference frame. In this case the improvement of using multiple reference frames was insignificant.
For slow pan and zoom, the overall gain was smaller but significant improvement was achieved
increasing the number of reference frames.

The same scheme was used in [7] and extended with adaptive filtering. The conclusions were that
the gain obtained by the adaptive filtering was very small. Images of 720 x 576 were obtained by
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interleaving the two fields of each frame of the interlace material. Savings of about 0.8 bpp compared
to using JPEG-LS for each image were reported for this test material.

5.5.3 CoLOR-INDEXED IMAGES AND GRAPHICS

The application of (linear) prediction or frequency transformation in image coding is based on an
assumption of smoothness of the image function. For color-indexed images and images having limited
bits per pixel this assumption is questionable. Examples are typically seen on web pages depicting
icons, logos, maps, graphics in general, and palletized images. Mobile phone is another important
application area for such images. These images are often coded using GIF or PNG, which are based on
the one- dimensional Lempel-Ziv coding leading to fast but nonoptimal coding for images. We shall
consider the class of color-indexed images where the pixel values are defined by an index combined
with a color table that holds the color value of each index. Further we restrict the range of index
values to lie within O to 255, i.e., up to 8 bits per pixel.

There is no standard really efficiently targeting these color-indexed images. Existing compression
schemes may be optimized for these images though. Given a lossless image coder, say JPEG-LS, the
indices of the color map of a palletized image or computer graphics may be reordered to minimize
the code length. Determining the optimal reordering is intractable (NP-complete), but heuristic
approaches have been devised and combined with lossless JPEG [33] as well as JPEG-LS and
JPEG2000 [65]. Significant improvements compared with GIF were obtained. For color-mapped
images with 256 colors, JPEG2000 gave the best results. For fewer colors, either JPEG-LS or
JPEG2000 provided the best results. A survey of reordering methods is given in [41]. The reordering
methods were combined with JPEG-LS and JPEG2000. In these tests, JPEG-LS consistently provided
the best results, both for 256 and fewer colors. (These test images with 256 colors were smaller than
those in [65].) The conclusion was that the method of Memon and Venkateswaran [33] is the most
effective. The second most effective method was a modified version of Zeng’s reordering [41,65],
which was 3 to 5% worse, but much faster.

For images with limited bits per pixel, efficient coding may also be obtained by coding each
bit-plane using a bi-level image coder. JBIG [19] recommends using Gray coding of the pixel values
in order to minimize the number of bits in the binary representation which change their value when
two neighboring values differ by one. More generally the binary representation of the pixel values
may be optimized to reduce the code length of bit-plane coding.

A recent efficient coding scheme for color-indexed images is provided by the piecewise-constant
(PWC) codes [4]. PWC decomposes the coding into binary decisions and chooses a different context
for each of the decisions. For each pixel, PWC applies arithmetic coding to the binary decisions
until the value is determined. First it is coded whether the current pixel has the same value as
one of the four neighbors in four steps. An edge map provides the context information for coding
whether the current pixel value is equal to the west neighbor. If not the north neighbor is considered.
Thereafter the north-west and north-east neighbors are considered if necessary. If the pixel value
is different from the four causal neighbors, PWC resorts to a list of good guesses and finally if
necessary the actual value is coded possibly using the predictor of JPEG-LS [22]. A special skip-
innovation technique is also applied to code runs of pixels in uniform areas. A related scheme is runs
of adaptive pixel patterns (RAPP) [42], which also codes whether the current pixel has the same
value as one of the four causal neighbors and if not it codes an escape. The context for coding this
decision is quantized by labeling each pixel according to whether it is a new color or identical to
one of the others within the template. The resulting pattern is used as context. This may readily be
generalized for larger templates, e.g., in a scheme called template relative pixel patterns (TRPP)
[11]. Even templates up to a size of 10 become manageable with respect to memory regardless of the
alphabet size. An efficient indexing based on enumerative coding techniques may be used for TRPP
contexts.
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TABLE 5.8
Lossless Code Lengths (Bytes) for a (Composite) Street Map

GIF PNG JPEG-LS JPEG-LS JBIG RAPP PWC Layer
Reorder Gray M=5) (Flip, Collapse) [11]

49248 43075 66778 46742 30426 26472 20600 14770

A variation of bit-plane coding is to code binary layers corresponding to specific index values.
This is efficient for coding maps which are composed of different layers. Coding bit-planes or binary
layers, the basic bi-level coding can be extended by using cross-layer context information. In JBIG-2
[15,20], lossy bi-level images may be refined to lossless images using template pixels in both the lossy
(reference) image and the final lossless image. This was also applied to coding layers of street maps
[11]. In EIDAC [64], bit-plane coding was applied placing template pixels at the current position in
all the higher bit-planes. From a graphics image as a map, layers may be defined by the colors. In this
case, a so-called skip coding may be applied [11], where in a given layer the coding of pixels already
colored in a previous layer is skipped. These skipped values may be mapped to the background value
or an extra skip value as part of a context quantization. Once interlayer dependency is introduced in
the coding of a layered image the coding order of the layers may influence the coding efficiency. This
is amenable to optimization and especially for single reference layer coding an efficient dynamic
programming technique may be applied [23], similar to the problem of interband ordering [48] (see
Section 5.5.1). In cross-layer coding, various techniques of context optimization may be applied,
e.g. searching for good context pixels and performing context quantization [23].

Table 5.8 [11] gives the results of coding a street map using existing coding methods. The map
has 723 x 546 pixels and 12 different layers or colors. It is seen that direct use of JPEG-LS gives the
highest bit rate even being outperformed by GIF and PNG. Reordering the indices [32] prior to JPEG-
LS coding improves the performance to the level of GIF and PNG. JBIG coding of bit-planes (after
Gray coding) achieved the best results among the standard methods. The gain using Gray coding
prior to coding was almost 10%. Even with reordering, it is significantly outperformed by PWC.
PWC is almost 3.2 times more efficient than JPEG-LS (without index reordering). Using layered
coding even better results may be obtained and at the same time provide progression [11]. Given
the full layers using template coding and with reference coding for some layers a bit rate of 16.797
bytes was obtained. Replacing the coding of some of the layers by free tree coding [27] gave 14.770
bytes as the overall best result. (Both of these results are for coding all but the last layer enabling
reconstruction of the composite image.) Given only the composite image and extracting the layers, a
code length of 20.700 bytes was obtained using skip coding of the binary layers. A combination of
two binary layers and coding the residual (using TRPP) yielded 19.109 bytes.

As more information actually is coded when coding the full layers, it is seen that there is definitely
room for improving the lossless coding of color-indexed images as the (composite) map image.
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6.1 INTRODUCTION

In the mid-1980s fractal techniques were introduced in computer graphics for modeling natural
phenomena [75]. One of the new ideas came from a mathematical theory called iterated function
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systems (IFS) [3]. This theory had previously been developed in 1981 by John Hutchinson, however,
without any practical applications in mind [49]. It was Michael Barnsley and his research group from
the Georgia Institute of Technology who first realized the potential of iterated function systems for
modeling, e.g., clouds, trees, and leaves. While other modeling techniques in computer graphics
such as procedural modeling and L systems were dominating the IFS approach, one of the visions
of Barnsley — namely that of encoding real-world images using IFS — turned into an innovative
technique in the image compression field.

The innovation that distinguishes fractal image coding is that an image is not explicitly coded,
e.g., as a list of quantized coefficients for a suitable set of image basis vectors in transform coding.
Instead, the fractal image code consists of a description of a contractive image operator, and the
decoder recovers the fixed point of this operator as an approximation of the original image to be
encoded. Therefore, fractal image compression defines an image reconstruction implicitly as a fixed
point of an image operator, i.e., as the solution of a system of equations.

This design principle has far-reaching consequences. On the encoder side the image operator
should be constructed choosing the best one (or perhaps a suboptimal one) in a suitable class of
image operators. Since one can hardly expect the encoder to come up with the image operator for the
whole image in one batch, construction of the operator must proceed piece by piece. But then, during
the encoding, one has only a partial definition of an image operator, and it is not sensible to assume a
“current” fixed point as an intermediate image approximation. Thus, itis intrinsically difficult to define
the pieces of the operator such that at the end its fixed point is as close to the given image as possible.

Also the decoder is fundamentally different from traditional image compression decoders. Its
job is to solve a system of equations in a finite-dimensional vector space of gray-scale (or color)
images. Moreover, the dimension of the system is huge, namely equal to the number of pixels in the
original image. Therefore, the solution method typically is iterative and the number of iterations may
depend on the many choices made in the construction of the particular image operator as well as on
the original image. In contrast, decoding in traditional compression systems is not iterative, and the
number of operations (or an upper bound) can easily be calculated.

These new challenges made the approach a very attractive research topic. The problem at the core
is that of finding a suitable fractal image model, in other words, a suitable class of image operators. The
class should have several desirable properties. To name the most important ones, the operators should
exhibit sufficient structure allowing their piecewise construction as well as fast iterative fixed-point
computation. Moreover, it must be possible to efficiently encode the operators in the form of a bit
stream. Last, it is desirable to be able to interpret the image operator at arbitrary image resolution,
thereby yielding a resolution-independent image coding method. It is probably not surprising to learn
that the class of image operators that was identified as useful for fractal compression does not consist
of highly nonlinear operators, but rather of a set of “least nonlinear” operators, namely a particular
subset of affine mappings. Moreover, the requirements of a simple operator structure enforces that
the corresponding matrices are sparse.

After solving this fundamental problem, two further very important issues needed to be addressed.
The first one is of an algorithmic or engineering type. For the basic class of fractal image operators,
how does one best design the algorithms for the encoder and decoder. In particular, how can one best
trade off the three basic commodities that must be considered in any compression—decompression
system: (1) bit rate (or, equivalently, compression ratio), (2) approximation quality usually measured
in peak-signal-to-noise ratio (PSNR), and (3) time and space complexity of both the encoder and
the decoder as well as algorithmic complexity. The second issue is an evaluation of the approach in
relation to other competing image compression methods.

Before giving an overview of this paper we present a short synopsis of the history of fractal coding.
Back in 1987, Michael Barnsley and Alan Sloan [5] speculated about very high fractal compression
ratios and announced that it was possible to transmit such compressed image files at video rates over
regular telephone lines. However, even though a few encoded images were published (without the
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originals), at that time nobody seemed to know exactly how to faithfully reproduce images at reason-
able compression ratios with IFSs. What was the problem? The class of image operators defined by
IFS is simply not appropriate. The fractals that one can easily generate with an IFS are all of a particu-
lar type. They are images that can be seen as collages of deformed and intensity transformed copies of
themselves [3]. Thus, e.g., in an IFS encoding of a picture of an object one should see miniature dis-
torted copies of the same object everywhere. This seemed not only unreasonable but also technically
infeasible. Human interaction was required to first segment an image into a few more or less homo-
geneous regions, each of which was then covered by a collection of rescaled copies of itself, where
scaling factors, translation, and other mapping parameters were far from obvious. The bulk of the work
had to be done manually, and others irreverently called the method the “graduate student algorithm.”

However, in 1989, Arnaud Jacquin, one of the graduate students of Barnsley, was the first to
report an automatic fractal encoding system in his Ph.D. thesis, in a couple of technical reports, and
shortly after in a conference paper [52]. In his work, he proposed a nonlinear IFS image operator that
works locally by combining transformed pieces of the image. By leaving behind the rigid thinking in
terms of global IFS mappings, the approach broke the ice for a novel direction of research in image
coding.

The basic new idea was very simple. An image should not be thought of as a collage of copies of
the entire image, but as a collage of copies of smaller parts of it. For example, a part of a cloud does
not look like an entire landscape with clouds, but it does not seem so unlikely to find another section
of some cloud or some other structure in the image that looks like the given cloud section. Thus, the
general approach is to first subdivide the image into a partition — fixed size square blocks in the
simplest case — and then to find a matching image portion for each part. Jacquin provided a workable
image compression implementation. However, there were many open questions: for example, how
should the image be partitioned? where should one search for matching image portions? how should
the intensity transformation be designed? Moreover, the algorithm as proposed was slow. Thus,
methods for acceleration were urgently needed.

One of the good things of standards is that people can build further research and applications
on them, thereby accelerating scientific progress. This is what happened after Yuval Fisher made his
well-written C code for an adaptive quadtree based fractal encoder available on the world wide web
along with a thorough theoretical and practical documentation [30].

Fractal image compression quickly ripened to the state where it could easily outperform the JPEG
standard. However, over the years, new image compression techniques — predominantly those based
on subband and wavelet transform coding — were pushing the compression performance far ahead.
This competition and the first promising results of fractal compression provided a lasting motivation
for research in fractal methods. Our survey describes the main results of these efforts. We present
the theory specifically for coding digital gray-scale images. Moreover, we essentially discuss fractal
image coding in the “pure” spatial domain.

In Section 6.2, we lay out the basic fractal image model, some of its variants and extensions. In
Section 6.3, methods for partitioning the image are discussed. Section 6.4 presents an overview of the
many complexity reduction methods for fractal image encoding, whereas Section 6.5 discusses the
corresponding complexity reduction in the fractal decoder. Section 6.6 presents coding techniques
that aim at overcoming the limitations of the suboptimal algorithm used in practice (collage coding).
In Section 6.7, we treat fractal rate-distortion coding whose aim is to optimally trade off compression
vs. image reconstruction fidelity. In Section 6.8, we discuss hybrid methods using fractal transforms to
improve other encoding methods and vice versa, error protection for the transmission of fractal codes
over noisy channels, progressive fractal codes in which the order of transmitted parameters needs to be
organized to maximize reconstruction quality at intermediate points of the bit stream, postprocessing
to reduce disturbing blocking artefacts, fractal video coding, and briefly mention various applications.
Section 6.9 compares the rate-distortion performance of a state-of-the-art fractal coder in the spatial
domain to one of the best wavelet coders [79].



148 Document and Image Compression

6.2 THE FRACTAL IMAGE MODEL

In this section, we introduce our terminology and explain the principles of fractal image compression.
We try to provide a consistent and rigorous description. Sometimes this was not possible without
formalism.

Let F4 be the set of monochrome digital images of size M x N,M,N > 1, which we see as
functions

f:X={0,.... M —1}x{0,....,N—1} > {0,...,N,— 1} CR 6.1)

Thus, the gray value, or intensity, of pixel (i,j) € X is f(i,j), and f can be stored by using
MN log, N, bits. We also introduce the space F of functions f : X — R, which is a Banach space
over R for any vector norm. We will often consider f|B, the restriction of f to a nonempty subset B
of X. In this context, Xy ;p will denote the column vector formed by stacking the pixel intensities of
B, row by row, left to right, and top to bottom. For example, if B C X is an n x n square block, that
is,B={i,i+1,...,i+n—1}x{j,j+1,...,j+n—1}, then

xpg = (FG), fGj+ 1. fGj+n—1),
fG+Lp, fG+Lj+1,....fG+1,j+n—-1),...,
fli+n—=17,fli+n—1,j+1,....fG+n—1,j+n—1)"

Definition 6.2.1 (Contraction).

An image operator T : F — F is said to be contractive (or a contraction) for the vector norm || - ||
if there exists s € (0, 1) such that for all f, g € F,

1T =TI < sllf —gll (6.2)

Definition 6.2.2 (Fractal transform).

Let T : F — F be an image operator. If there exists a vector norm for which T is contractive, then
T is called a fractal transform.

Definition 6.2.3 (Fractal encoder).
Let T be a set of fractal transforms. A fractal encoder is a function from Fgto T.

Since F is a Banach space, the contraction mapping principle states that a fractal transform
T has a unique fixed point f7 € F, which can be obtained as the limit of the sequence { f; }«>0, where
Je+1=T(fx), and fy € F, is an arbitrary starting image.

Definition 6.2.4 (Fractal decoder).

Let T be a set of fractal transforms. A fractal decoder is a function from T to F, which maps T € T
to its fixed point fr.

We ask now how to construct a set 7 of fractal transforms, a fractal encoder F; — 7T, and a
mapping w : T — {0, 1}*, which associates to a fractal transform 7" a binary codeword o(T') ( fractal
code), such that for any image f* € F, the fractal encoder can quickly find a fractal transform 7 € T
satisfying the following two conditions:

1. the fixed point of T is close to f*.
2. |(T), the length of w(T), is smaller than MN[log, N, 1.
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Jacquin [53] and Barnsley [4] gave an answer to this problem by showing experimentally that a special
class of fractal transforms can meet the above requirements for natural images. In the following, we
describe the Jacquin—Barnsley approach. For simplicity, we assume that M =N =2, k> 1.

o« Let R={Ry, ...,Ry,} be a partition of X" into 2" x 2" square blocks called ranges. Thus,
X==® RiandR (R =¥,i#].
« LetD={Dy, ...,Dy,} be asetof 2" x 2"+ square blocks D; C X called domains.

o LetS={sq, ...,s,} be aset of real numbers called scaling factors.
o« LetO=/{oy, ...,04,,} be aset of real numbers called offsets.
« LetP={Py, ...,P,,} be a set of permutation matrices of order 22""+1)

Then the partition R together with any ng-tuple

((Dr(D),s7(1),07(1),Pr(1)), ..., (Dr(ng),st(ng), or(ng), Pr(ng))) (6.3)

where (D7 (i), s7(i), or(), Pr(i)) e 1 =D x S x O x P yields an image operator T called Jacquin—
Barnsley operator, defined piecewise by

XT(f)\R,- = ST(i)]A)PT(i)Xf‘DT(,‘) =+ OT(i)l, = 1, ..., R (6.4)
Here 1=(1,..., DT e R?" and D is the 22" x 220D downsampling matrix
QQO0O0...00
o 1l000Q0Q o0 .. 0
Dzz (6.5)

where Q is the 2" x 2"+ submatrix

1100... 0000

00110 ...000
Q=] . ) (6.6)

0...000 ...011

Equality (6.4) has a simple interpretation. The permutation matrix P7 (i) shuffles the intensities of
the pixels in the domain Dy (i), the matrix D maps the vector Pr(DXr D) € R2"™" t0 a vector of
dimension 2%" by averaging the new intensities of pairwise disjoint groups of four neighboring pixels
of Dr(i). Finally, the scaling factor s7(i) and the offset o7 (i) change the contrast and the brightness,
respectively. Note that usually only eight permutation matrices corresponding to the eight isometries
of the square are used [30].

The following proposition gives a sufficient condition for a Jacquin—Barnsley operator to be a
contraction.

Proposition 6.2.5.

Let T be a Jacquin—Barnsley operator. If maxi<j<u, |s7(0)| <1, then T is a fractal transform.
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Proof
Letf,g e F. Then

IT(f) — T(®lloo = max [|X7(f)r; — XT(g)|R; lloo
1<i<ngp

= max |[s7())DPr())(Xfpyi) — Xg1Dr (i)l o
1<i<ng

( max |ST(i)|>
1<i<ng

max || Do IPr(Dlloco 1Xr1Dr() — XgiDri) |0
1<i<ngp

IA

= | max |s7(i max ||x H— X i
(1<i<nkl T()|) lsiSnR” D7 () — Xe|Dr(i) lloo

IA

(lggﬁRIST(i)l) I~ glleo

which shows that T is a contraction for the /5, norm.

Let T be a Jacquin—Barnsley operator given by a partition R and the code parameters
Dr(i),st(i),or(i),Pr@i), i = 1,...,ng. Then we say that R; is encoded by (Dr(i), st(i), or(i),
Pr(i)).

Let 7T=T(R,D,S,0,P) be a set of contractive Jacquin—Barnsley operators and suppose that
we assign to each 7 € T a codeword w(T') with a fixed length. Given an original image f* € Fy, a
fractal encoder will be optimal if it finds a fractal transform Top € 7 that solves the minimization
problem

min A, fr) (6.7)

where A(f* fr)=>0 is the reconstruction error, typically A(f*, fr)=|f*— fT||%. Since there are
(nphgnenp)"k solutions, finding Tope by enumeration is impractical for large ng. Usually, a suboptimal
solution is found by a greedy algorithm known as collage coding [53]. The idea consists of minimizing
the collage error || f* — T(f *)||§ instead of the reconstruction error || f* — fr ||§. The motivation for
collage coding is the following theorem.

Theorem 6.2.6 (Collage Theorem).

Suppose that the fractal transform T is a contraction for the Euclidean norm with contraction factor
c(T)e(0,1). Then

* 1 *k *
IfF* = frilz < 1_—C(T)|If =T (6.8)
Proof

£ =frllz < If* = TUHN2 + 1TSS = friz
< I =TUDM2 + DI = frll2

which gives the desired result.
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The theorem says that if ¢(7T') is not too close to 1, then a small collage error yields a small
reconstruction error. It is easier to minimize the collage error because

nR
If* =TI = D IXpir, — Xr(rox, |13

i=1

nRr
= Y 1%z, — (7 (ODPr(i)Xs 1,y + 07 (D13
i=1

Hence collage coding reduces the minimization of the collage error to solving the ng independent
minimization problems

i g — (sDPxs D3, i=1,..., 6.9
(D,SI}},%I)EH IXp<|g, — (SDPXpsp +oD)|l5, i nR (6.9)

Each of these minimization problems can be efficiently solved as follows. For a given (D,P) € D x P,
let s and o denote the solutions of the least squares problem

min ||xs+z, — (sDPxs«p + 01)|3 (6.10)
5,0€R

If we denote the vector xy+g; by r; and the vector ﬁPxf-*|D by ¢, then the least-squares solution is
given by

_ 2%e,r) — (e, 1)(r;, 1)

22n(¢,¢) — (c,1)2 .10
and
1
0= 25l 1) = s(e. 1) (6.12)

if X7+ |p is not in the linear span of 1. Otherwise, s =0 and 0 =(1 /2%")(r;,1). Here (,) denotes the

standard scalar product in R2”. Note that (1/2%")(r;, 1) is the average of the pixel intensities in the
set R; and will be denoted by (R;).

Next, we quantize s and o to their nearest neighbors in S and O, respectively, obtaining a scaling
factor s* and an offset o*. Finally, we select a pair (D, P) in D x P that minimizes the local collage
error ||xXp+g, — (s*DPxp<p + 0*1)|13, which is equal to

(€, e)(s%)* + 2(c, 1)s*0* + 2% (0*)* — 2(r;, ¢)s* — 2(r;, 1) + (ri,x;) (6.13)

Whereas the Collage theorem gives an upper bound on the reconstruction error, the following
result gives a lower bound on the same error.

Proposition 6.2.7 (Anti-Collage Theorem) [92].

Suppose that the fractal transform T is a contraction for the Euclidean norm with contractivity factor
c(T)e€[0,1). Then

* 1 k *
If* =frilz = Tc(T)”f —T(fOl2 (6.14)
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Proof [92]

A

If* = TGO < I =frllz + 1T = frl2
If* = frlz + e(If* = friz

IA

which gives the desired result.

The above model can be extended by allowing ranges and domains to have arbitrary size and
shape. For example, the ranges may be squares of various sizes, given by a quadtree partition. They
may also be rectangles, triangles, or unions of edge-connected square blocks (see Section 6.3). Also,
the ratio of the domain size to the range size may be other than 4.

A generalized Jacquin—Barnsley operator 7 : F — F is characterized by R ={Ry, ..., Ry},

a partition of X into sets (ranges) of size |R;| =n;, and foreachi =1, ..., ng:
e adomain Dr(i)e D={Dy, ...,Dy,} C 2% with |D7(i)| =min;, m; > 1,
« ascaling factor s7()) e S ={s1, ...,s,,} CR,
« anoffsetor(i)e O={oy, ...,0n,} CR,

« and a permutation matrix Pz (i) of order m;n;,

which define T through
xr(pir = st(OEGPT()Xyp, ) + or(i)1 (6.15)

where E(i) is an n; x m;n; matrix. The most common choice for E(i) is the averaging matrix

10...0
1 01...0
—1 ... . (6.16)
m Lo

00...1

where 1=(1...1)and 0=(0...0) are 1 x m; submatrices. We now give a sufficient condition for a
generalized Jacquin—Barnsley operator to be a fractal transform.

Proposition 6.2.8.

Let T be a generalized Jacquin—Barnsley operator. Suppose that |sT(i)|||I:](i)||oo <1 for all
i=1,...,ng. Then T is a fractal transform.

Proof

The proof is similar to that of Proposition 6.2.

If E(i) is the averaging matrix, then ||lAE(i)||oo =1 and the generalized Jacquin—Barnsley operator
is a fractal transform when |s7(i)| <1 foralli=1, ..., ng.

We conclude this section by defining the dependence graph of a Jacquin—Barnsley operator [27],
which will be needed later.

Definition 6.2.9 (Dependence graph).

Let T €T be a Jacquin—Barnsley operator with set of ranges R. A range R; € R is called a child of
a range R; € R if the domain that encodes R; overlaps R;. The dependence graph of T is a directed
graph G(T)= (V,E), where V =TR and (R;,R;) € E if R; is a child of R;.



Fractal Image Compression 153

6.2.1 VARIANTS

For simplicity, the description in this section is restricted to the Jacquin—Barnsley operators given
by (6.4).
@ien [72] proposed to modify the Jacquin—Barnsley operator such that

xr(pir = stODP)Xf1p, i) — WDr()D) + or ()1 (6.17)

With this setting, the least-squares optimal scaling factor is unchanged, while the optimal offset
is the mean of the range block. Moreover, one can show that under certain conditions on the range
partition and the domains, fast decoding can be achieved (see Section 6.5).

An extension of the Jacquin—Barnsley operator consists of including more fixed vectors [67,72].
This corresponds to

p
xr(pik, = stODPTDXpip, i) + Y o x(i)ug (6.18)
k=1
where uy, ...,u, (p< 221) is an orthonormal basis of a p-dimensional subspace of R2” For a fixed

domain D and permutation matrix P, the encoding problem can then be stated as the least-squares
problem

14
E(e,r;))= min _|r; — (sc+ E oxu)|l2 = min |[|r; — Ax||> (6.19)
s, xeRp+!

,01,...,0pER
o k=1

where the codebook vector ¢ is equal to ]A)Pxf*‘ D, Xp+|R; is denoted by r;, Ais a 221 % ( p + 1) matrix

whose columns are ¢, uy, ...,u,, and X =(s,01, ...,0p) € RPH s a vector of coefficients. If ¢ is not
in the linear span of uy, ...,u,, then the minimization problem (6.19) has the unique solution
x=(ATA) ATy, (6.20)

where the matrix AT =(ATA)~'AT is also known as the pseudo-inverse of A. Thus, r; is approxi-
mated by the vector AA*r;, where AA™ is the orthogonal projection matrix onto the column space of
A. Now let P be the orthogonal projection operator which projects R2” onto the subspace B spanned

by uy, ..., u,. By orthogonality, we have for r; € R2”
p
Pr; = Z(l‘i,uk)uk (6.21)
k=1

Then r; has a unique orthogonal decomposition r; = Or; + Pr; where the operator O =1 — P projects
onto the orthogonal complement B+. For z € R2" — B, we define the operator

(6.22)

Now for ¢ ¢ B, we have

P
AATT; = (rj, () p(e) + Y (ri w)uy (6.23)
k=1
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To get the least-squares error, we use the orthogonality of ¢(r;),uy, ..., u, to express r; as
P
v = (5, () $(r) + D (ri, up)ug (6.24)
k=1

We insert the result for r; in the first part of AA*r; in (6.23) and find that

(ri, p(©))p(c) = (r;, p(r7)) (P(C), P(r:)) P(c) (6.25)
Thus
p
AATT; = (r;, ¢(r) (p(c), p(r) Pple) + Z(ri,Uk)Uk (6.26)
k=1

Using (6.24) and (6.26) we get

E(e,1) = (¢, ¢(r) V1 — (p(c), p(r:)? (6.27)
Other researchers use in addition to the fixed vectors several domains D7 1(i), ..., Drp(i)
[35,91]. Thus, we have
m p
xr(pir = Y stkODPLDXpipy i) + Y or il (6.28)
k=1 k=1

However, there is here one major complication because it is not clear how to guarantee the contractivity
of T [35,91].

6.3 IMAGE PARTITIONS

There are two problems when the Jacquin—Barnsley operator is based on uniform image partitions.
The first one is encoding complexity. For good image reconstruction quality generally small image
range block sizes must be chosen. This leads to a large number of range blocks, requiring an equal
number of time-expensive searches in the domain pool. The other problem concerns rate-distortion
performance. An adaptive partitioning of an image may hold strong advantages over encoding range
blocks of fixed size. There may be homogeneous image regions in which a good collage can be
attained using large blocks, while in high contrast regions smaller block sizes may be required to
arrive at the desired quality. For typical fractal codecs the bulk of the rate of the code of the fractal
operator is given by the specification of domain blocks, scaling, and offset factors, thus, is roughly
proportional to the number of range blocks. Therefore, adaptivity of the image partition allows to
reduce the rate without loss in image reconstruction fidelity.

However, while adaptive partitions allow to reduce the number of range blocks they also require
additional code for the specification of the range blocks, i.e., for the partition, which is an integral
part of the fractal code. Thus, methods for efficient image partition encoding must be considered.
Moreover, the tradeoff between the overhead in rate induced by having to encode adaptive partitions
and the achievable gain in rate by reducing the number of range blocks must be considered. These
aspects set up the stage for a variety of approaches ranging from simple quadtree to irregular image
partitions. There is no underlying theory that would be able to guide the research for the best methods.
Therefore, the different image partition methods can only be compared empirically using, e.g.,
rate-distortion curves.

The use of adaptive partitions makes it easy to design a variable rate fractal encoder. The user
may specify goals for either the image quality or the compression ratio. The encoder can recursively
break up the image into suitable portions until either criterion is reached.



Fractal Image Compression 155

6.3.1 QUADTREES

The first approach for adaptive partitions (already taken by Jacquin) was to consider square blocks
of varying sizes, e.g., being 4, 8, and 16 pixels wide. This idea leads to the general concept of using
a quadtree partition, first explored in the context of fractal coding in [10,51].

A quadtree fractal encoding algorithm targeting fidelity proceeds as follows:

1. Define a minimum range block size.
2. Define a tolerance for the root-mean-square error (the collage error divided by the square
root of the number of pixels in the range).
3. Initialize a stack of ranges by pushing a collection of large range blocks of size 2" x 2"
partitioning the entire image onto it.
4. While the stack is not empty carry out the following steps:
4.1. Pop a range block R from the stack and search the code parameters (D, s, 0, P) e Il
yielding the smallest local collage error.
4.2. 1If the corresponding root-mean-square error is less than the tolerance or if the range
size is less than or equal to the minimum range size, then save the code for the range,
i.e., the address of D and the index of s, 0, and P.
4.3. Otherwise partition R into four quadrants and push them onto the stack.

By using different fidelity tolerances for the collage error one obtains a series of encodings of
varying compression ratios and fidelities [30]. The quadtree algorithm can be improved in several
ways. For example, in the split-decision criterion to break up a range block into four quadrants if the
root-mean-square error for the range block is larger than the threshold, one may make the threshold
adapt to the range block size, improving the rate-distortion performance [25]. Alternatively, one may
save encoding time by not using time-expensive domain pool searches. Then one cannot base the
split-decision function on collage error. Instead, variance [84] or entropy [25] may be used with good
results.

6.3.2 OTHER HIERARCHICAL PARTITIONS

For quadtree partitions the size of the square blocks is image-adaptive but the block shapes are not.
A first step toward adaptive block shapes is given by hierarchical rectangular partitions in which the
aspectratio of the rectangles can be adapted to image content. In horizontal-vertical (HV) partitioning
[31] the image is segmented into such rectangles. If for a given rectangular range block no acceptable
domain match is found, the block is split into two rectangles either by a horizontal or a vertical
cut. The choice of the split direction and location is based on block uniformity and incorporates a
rectangle degeneration prevention mechanism as follows.

For the range block R={0,...,n— 1} x {0,...,m — 1}, the biased differences of vertical and
horizontal pixel sums, respectively, are computed:

py =TI ] (Zyon ZMH+D> (6.29)

w=gﬂﬂ——3 Zmn Zm+u> (6.30)

For other range blocks corresponding differences are defined similarly. The maximal value of these
differences determines splitting direction and position. A decision tree containing this information
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FIGURE 6.1 Hierarchical partitions for fractal image coding: a quadtree, a horizontal-vertical, and a polygonal
partition for the Lenna image.

has to be stored. In spite of the higher cost for storing the partition information, the simulation results
show a considerable rate-distortion improvement over the quadtree scheme.

A further step in adaptivity is polygonal partitioning [77] in which additionally cutting directions
at angles of 45° and 135° are allowed.

Figure 6.1 shows some examples of hierarchical partitions for fractal image compression.

6.3.3 SPLIT-MERGE PARTITIONS

The flexibility of hierarchical partitions can be increased by allowing neighboring regions to merge.
Davoine et al. [19,20] advocate the use of Delaunay triangulations for split-merge partitioning. The
advantage of triangulations is the unconstrained orientation of edges. Delaunay triangulations main-
tain a certain regularity avoiding long and skinny triangles. Starting with a Delaunay triangulation
of a set of regularly distributed grid points, the partition is refined by splitting nonuniform trian-
gles (as measured by standard deviation of pixel image intensities). This splitting step is done by
adding an additional vertex at the center of gravity of the triangle and by recomputing the Delaunay
triangulation for this enlarged set of vertices. The splitting is stopped when the image intensity is
sufficiently uniform in each triangle. In the merging pass, vertices p are iteratively removed if all
triangles sharing a vertex p have approximately the same mean value. After each removal action the
Delaunay triangulation of the reduced set of vertices is computed. Davoine et al. [21] also allow the
merging of two triangles when the resulting quadrilateral is convex and both triangles have more or
less the same gray value distribution.

Using Delauney triangulations instead of simple rectangles causes a number of new technical
issues. The triangles need to be scan-converted, and an appropriate pool of corresponding domain
blocks needs to be defined. When mapping triangles to triangles, the corresponding downsampling
matrices D must be generated, which depend on the shapes of the triangles.

In region-based fractal coding, the shapes of range blocks can be defined arbitrarily allowing for
maximal adaptivity of the image partition. The regions (ranges) are usually defined with a split-merge
approach, again. First, the image is split in atomic square blocks, e.g., of size 4 x 4 or just individual
pixels in the extreme case. Then neighboring blocks are merged successively to build larger ranges of
irregular shapes. Since one ends up with only a few large ranges, there are only a few transformations
to store. The irregular shapes of the ranges imply that for each range a different pool of domain blocks
(with the same shape) must be defined, which requires a more complex fractal encoder. Different
merging strategies may be used.

Thomas and Deravi [89] introduced region-based fractal coding and used heuristic strategies in
which a range block is merged iteratively with a neighboring block without changing the correspond-
ing domain block as long as a distortion criterion is satisfied. Then the procedure is repeated for other
atomic blocks.

Hartenstein et al. [44] improved the strategy by merging pairs of neighboring range blocks that
lead to the least increase in collage error (Figure 6.2). This approach requires maintaining fractal
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FIGURE 6.2 Split-merge partitions for a region-based fractal coder. Starting from a uniform partition, blocks
are iteratively merged based on the least increase of collage error.

codes for all possible merged range pairs. The full search for matching domain blocks for all range
pairs is prohibitive in time complexity and, thus, a reduced search is done using only appropriately
extended domain blocks that are known for the two constituting range blocks.

In the above two approaches, the atomic blocks are taken as same size square blocks, which are
composed in the merging phase to form irregular image regions. The partition needs to be encoded and
sent to the decoder as side information. For the encoding of such partitions one may adapt algorithms
based on chain coding, which encode a trace of the boundaries of the regions, or one can use region
edge maps that encode for each atomic block whether it has a boundary edge along its northern and
its western border (see [85] for a comparison). Additional gains can be achieved by using a simple
image adaptive partition such as a quadtree partition for the split phase and then merging the blocks as
before. The side information for the image partition then consists of two parts, the initial (quadtree)
partition and the merging information. A coder based on this approach was proposed in [14] and
improved in [71] using context modeling for region edge maps.

6.4 ENCODER COMPLEXITY REDUCTION

Fractal image compression suffers from long encoding times if implemented without acceleration
methods. The time-consuming part of the encoding is the search for an appropriate domain for each
range. The number of possible domains that theoretically may serve as candidates is prohibitively
large. Thus, one must impose certain restrictions in the specification of the allowable domains. In a
simple implementation, one might consider as domain pool, e.g., only subsquares of a limited number
of sizes and positions. Now for each range in the partition of the original image all elements of the
domain pool are inspected. If the number of domains in the pool is np, then the time spent for each
search is linear in np, O(np). Several methods have been devised to reduce the time complexity of
the encoding. As in Section 6.2.1, we call the domain vectors after pixel shuffling and downsampling
codebook vectors ¢ = lA)PXf*‘ p and range blocks are given by vectors r; =Xy« g;.

6.4.1 FEATURE VECTORS

In the feature vector approach [81], a small set of d real-valued keys is devised for each domain,
which make up a d-dimensional feature vector. These keys are constructed such that searching in the
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domain pool can be restricted to the nearest neighbors of a query point, i.e., the feature vector of
the current range. Thus, the sequential search in the domain pool is substituted by multidimensional
nearest neighbor searching, which can be run in logarithmic time.

We consider a set of np codebook vectors ¢y, ..., c,, € R” and a range vector r; € R". We let
E(cj, r;) denote the norm of the smallest error of an approximation of r; by an affine transformation of
the codebook vector ¢; as in (6.19), i.e., E(¢j, ;) = ming,, _o,er [|ITi — (s¢; + Zi:l oru)|2. Let B
denote the linear span of the fixed basis vectors uy, ..., u,. Then, using (6.27), we get the following
important theorem.

Theorem 6.4.1 [80].
Let m>?2 and X =R"™ — B. Define the function A : X x X — [0, /2] by

A(e,r) = min (||p(r) + ¢(O)][2, [|(r) — ¢(0)]]2) (6.31)

where ¢ is as defined in (6.22). For ¢j,x; € X the error E(c;,x;) is given by

E(cj,1;) = (r;, (r)) g(A(c), 17)) (6.32)

A2
g(A) = A,/l -7 (6.33)

The theorem states that the least-squares error E(c¢;, r;) is proportional to the simple function g of
the Euclidean distance A between the projections ¢(¢;) and ¢(r;) (or —¢(c;) and ¢(r;)). Since g(A)
is a monotonically increasing function for 0 < A < ﬁ, the minimization of the errors E(c;,x;) for
J=1, ...,np is equivalent to the minimization of the distance expressions A(c;,r;). Thus, one may
replace the computation and minimization of np least-squares errors E(c;, r;) by the search for the
nearest neighbor of ¢(r;) € R™ in the set of 2np vectors £¢(¢;) € R™.

The problem of finding N closest neighbors in d-dimensional Euclidean spaces has been
thoroughly studied in computer science. For example, a method using kd-trees that runs in expected
logarithmic time is presented by Friedman et al. [33]. After a preprocessing step to set up the required
kd-tree, which takes O(N log N) steps, the search for the nearest neighbor of a query point can be
completed in expected logarithmic time, O(log N). However, as the dimension d increases, the per-
formance may suffer. A method that is more efficient in that respect, presented by Arya et al. [1],
produces a so-called approximate nearest neighbor. For domain pools that are not large, other methods,
which are not based on space-partitioning trees, may be better.

In practice, there is a limit in terms of storage for the feature vectors of domains and ranges. To
cope with this difficulty, one may down-filter all ranges and domains to some prescribed dimension of
moderate size, e.g., d =4 x 4 =16. Moreover, each of the d components of a feature vector may be
quantized (8 bits/component suffice). This allows the processing of an increased number of domains
and ranges, however, with the implication that the formula of the theorem is no longer exact but only
approximate.

The feature vectors can be improved by using an image transformation that concentrates relevant
subimage information in its components. For example, in [7,82], the 2D discrete cosine transformation
(DCT) of the projected codebook vectors £¢(¢;) was considered. The distance-preserving property
of the unitary transform carries over the result of the above theorem to the frequency domain and
nearest neighbors of DCT coefficient vectors will yield the smallest least-squares errors. In practice,
one computes the DCT for all domains and ranges. Then, from the resulting coefficients, the DC
component is ignored and the next d coefficients are normalized and make up the feature vector.

where
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Because of the downfiltering and the quantization of both the feature vectors and the coefficients
§,01, ..., 0p,itcan happen that the nearest neighbor in feature vector space is not the codebook vector
with the minimum least-squares error using quantized coefficients. Moreover, it could yield a scaling
factor s whose magnitude is too large to be allowed. To take that into consideration, one searches the
codebook not only for the nearest neighbor of the given query point but also for, say, the next 5 or 10
nearest neighbors (this can still be accomplished in logarithmic time using a priority queue). From
this set of neighbors the nonadmissible codebook vectors are discarded and the remaining vectors are
compared using the ordinary least-squares approach. This also takes care of the problem that the esti-
mate by the theorem is only approximate. While the domain corresponding to the closest point found
may not be the optimal one, there are usually near-optimum alternatives among the other candidates.

Several variations and improvements of the approach by feature vectors have been proposed. In
[17], the partial distortion elimination technique, well known from vector quantization, is applied.
In [90], the quantization of the scaling parameter is done before the search, which multiplies the size
of the domain pool, but errors due to the quantization of scaling factors are avoided. Moreover, the
authors propose a range-adaptive choice of parameters for the approximate nearest-neighbor search.
In [12], the kd-tree in the search for the nearest neighbor in feature vector space is replaced by an
adaptive binary space partition, which significantly speeds up the search.

6.4.2 CLASSIFICATION SCHEMES

In classification methods for fractal image compression, domain blocks are classified into a certain
number of classes. For a given range block, only domains, resp. corresponding codebook vectors,
from the class that the range belongs to will be searched. This speeds up the search. However, a small
loss in reconstruction quality may occur since it is not guaranteed that the optimal domain is found
for a given range.

The classification as described here applies to the case p = 1, where just one fixed basis vector
u=(1, ..., l)T/\/ﬁ is used. However, note that the method extends to the general case allowing
p > 1, provided that certain modifications are made. Essentially, this amounts to considering the
transformed domains ¢(¢;) instead of the original codebook vectors.

6.4.2.1 Jacquin’s Approach

Jacquin [53] used a classification scheme in which domain blocks are classified according to their
perceptual geometric features. Three major types of blocks are differentiated: shade blocks, edge
blocks, and midrange blocks. In shade blocks, the image intensity varies only very little, while in
edge blocks a strong change in intensity occurs, e.g., along a boundary of an object displayed in
the image. The class of edge blocks is further subdivided into two subclasses: simple and mixed
edge blocks. Midrange blocks have larger intensity variations than shade blocks, but there is no
pronounced gradient as in an edge block. Thus, these blocks typically are blocks containing texture.

6.4.2.2 Classification by Intensity and Variance

A more elaborate classification technique was proposed by Boss, Fisher, and Jacobs [30,51]. A
square range or domain is subdivided into its four quadrants: upper left, upper right, lower left, and
lower right. In the quadrants, the average pixel intensities A; and the corresponding variances V; are
computed (i=1,...,4). It is easy to see that one can always orient (rotate and flip) the range or
domain such that the average intensities are ordered in one of the following three ways:

Majorclass 1: A} > Ay > A3 > Ay,
Major class 2: A} > Ay > Ay > A3z,
Major class 3: A} > Ay > Ay > A3
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Once the orientation of the range or domain is fixed accordingly, there are 24 different possible
orderings of the variances which define 24 subclasses for each major class. If the scaling factor s in
the approximation sc¢ + o1 of the range vector r; is negative then the orderings in the classes must be
modified accordingly. Thus, for a given range, two subclasses out of 72 need to be searched in order
to accommodate positive and negative scaling factors.

Although successful, this approach is not satisfactory in the sense that a notion of neighboring
classes is not available. So if the search in one class does not yield a sufficiently strong match for
a domain, one cannot extend the search to any neighboring classes. A solution to this problem was
given by Caso et al. [13], where the inflexible ordering of variances of an image block was replaced
by a vector of variances. These variance vectors are strongly quantized leading to a collection of
classes such that each class has a neighborhood of classes which can be searched.

6.4.2.3 Clustering Methods

In clustering methods, domains and ranges are partitioned into clusters. The encoding time for a
given range is reduced by searching for domains in the same cluster. An efficient clustering method
based on the LBG algorithm was proposed in [60], introducing also a block decimation technique to
carry out the clustering and the searching in a low-dimensional space. In [39], the nearest-neighbor
approach of Saupe [80] was exploited to yield a distance-based clustering technique. After a set of
cluster centers is designed either adaptively from the test image or from a set of training images, the
projected codebook vectors {£¢(cy), ..., E¢(c,,)} are clustered by mapping each vector £¢(c;) to
its nearest cluster center. A range vector r; is encoded in two steps. First, one maps its feature vector
@(1;) to its closest cluster center. Then the range vector r; is compared only to the codebook vectors ¢;
for which ¢(c;) or —¢(c;) is in the cluster of the same center. This corresponds to a one-class search.
One can search in more classes by considering the next-nearest cluster centers of ¢(r;).

6.4.3 TREE-STRUCTURED METHODS

In the tree-structured search [13], the pool of codebook blocks is recursively organized in a binary
tree. Initially, two (parent) blocks are chosen randomly from the pool. Then all codebook blocks
are sorted into one of two bins depending on by which of the two parent blocks the given block can
be covered best in the least-squares sense. This results in a partitioning of the entire pool into two
subsets. The procedure is recursively repeated for each one of them until a prescribed bucket size is
reached. Given a range, one can then compare this block with the blocks at the nodes of the binary
tree until a bucket is encountered at which point all of the codebook blocks in it are checked. This
does not necessarily yield the globally best match. However, the best one (or a good approximate
solution) can be obtained by extending the search to some nearby buckets. A numerical test based on
the angle criterion is given for that purpose. The procedure is related to the nearest-neighbor approach
since the least-squares criterion (minimize E(c;, r;)) is equivalent to the distance criterion (minimize
A(@(c)), ¢(r;)). Thus, the underlying binary tree can be considered to be a randomized version of the
kd-tree structure described above.

6.4.4 MULTIRESOLUTION APPROACHES

Multiresolution approaches for encoder complexity reduction in the context of quadtree partitions
were introduced by Dekking [22,23] and by Lin and Venetsanopoulos [64]. The idea is to use the
gray value pyramid associated with an image to reduce the cost of the search. The search is first
done at a low resolution of the image. If no matches can be found at this resolution, then no matches
can be found at a finer resolution. The computational savings are due to the fact that fewer com-
putations of the least-squares are needed at a coarser resolution. More precisely, a gray-valued
pyramid of a 2" x 2" image f is defined as the sequence of 2% x 2% images £, ... ,f"), where
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f =f and
1
1
O3, = 7 D0 Qi+ m, 2 + 1) (6.34)
m,l=0
for k=0,...,r—1and 0<i,j < 2k, Similarly, one can obtain range blocks and domain blocks at

resolution k from those at resolution k + 1. The basic result of Dekking [23] can be stated as follows:

Theorem 6.4.2.

Let 0 be the range vector at resolution k obtained from ¥**V, a range vector at resolution k + 1.
Let ¢® be the codebook vector at resolution k obtained from ¢**D the codebook vector at resolution
k+ 1. Then E(c*+D r*+D)y > E(c® pk),

However, applying the theorem as stated above will take into consideration only domains of reso-
lution k£ 4 1 whose corners are at positions (2, 2j), since not all domains at resolution k + 1 have
corresponding domains at resolution k. To circumvent this problem, one may consider a pyramid
tree, where every resolution k + 1 domain has four resolution £ domain children [23]. Note that one
cannot discard a k 4 1 resolution domain simply because its k resolution child has a scaling factor sj
such that |sg| > 1.

6.4.5 FAST SEARCH VIA FAST CONVOLUTION

Most of the techniques discussed above are lossy in the sense that they trade in a speedup for some
loss in image fidelity. In contrast, with a lossless method the codebook vector with the smallest local
collage error is obtained rather than an acceptable but suboptimal one. The method presented here
takes advantage of the fact that the codebook blocks, taken from the image, are usually overlapping.
The fast convolution — based on the convolution theorem and carried out in the frequency domain —
is ideally suited to exploit this sort of codebook coherence. The essential part of the basic computation
in fractal image compression is a certain convolution [45]. For a range vector r and codebook vector
¢ the optimal coefficients are

_mfe,r) — (¢, 1) (r,1) 1 ~
T e —w@1)2 T m ((r.1) — s{c.1)) (6.35)

where m is the number of pixels in the blocks (compare (6.11) and (6.12)). For any (s, 0) the error
E(c,r) can be regarded as a function of (¢, r), (c,¢), {(c,1), (r,r), and (r, 1). Its evaluation requires
23 floating-point operations. Typically, the computations are organized into two nested loops:

« Global preprocessing: compute (c, ¢}, {c, 1) for all codebook blocks c.
» For each range r do:
o Local preprocessing: compute (r,r), (r, 1).
o For all codebook blocks ¢ do:
— Compute (c,r) and E(c, ).

The calculation of the inner products (c,r) dominates the computational cost in the encoding.
The codebook vectors ¢ are typically defined by downfiltering the image to half its resolution. Any
subblock in the downfiltered image, that has the same shape as the range, is a codebook block
for that range. In this setting, the inner products (c,r) are essentially the finite impulse response
(FIR) of the downfiltered image with respect to the range. In other words, the convolution (or, more
precisely, the cross-correlation) of the range r with the downfiltered image is required. This discrete
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two-dimensional convolution can be carried out more efficiently in the frequency domain when the
range block is not too small (convolution theorem). This procedure takes the inner product calculation
out of the inner loop and places it into the local preprocessing where the inner products (c,r) for
all codebook vectors ¢ are obtained in one batch by means of fast Fourier transform convolution.
Clearly, the method is lossless.

Moreover, the global preprocessing requires a substantial amount of time, but can be accelerated
by the same convolution technique. The products (¢, 1) are obtained by convolution of the downfiltered
image with a range block where all intensities are set equal. The sum of the squares is computed in
the same way where all intensities in the downfiltered image are squared before the convolution.

6.4.6 FRrRACTAL IMAGE COMPRESSION WITHOUT SEARCHING

Complexity reduction methods that are somewhat different in character are based on reducing the
domain pool rigorously to a small subset of all possible domains. For example, for each range
the codebook block to be used to cover the range is uniquely predetermined to be a specific block
that contains the range block [68]. A similar idea was proposed by Hiirtgen and Stiller [48]. Here the
search area for a domain is restricted to a neighborhood of the current range or additionally a few
sparsely spaced domains far from the range are taken into account as an option. Saupe [83] considered
a parameterized and nonadaptive version of domain pool reduction by allowing an adjustable number
of domains to be excluded (ranging from 0 to almost 100%) and studied the effects on computation
time, image fidelity, and compression ratio. He showed that there is no need for keeping domains
with low-intensity variance in the pool.

Signes [87] and Kominek [57] pursue similar ideas for domain pool reduction. An adaptive version
of spatial search based on optimizing the rate-distortion performance is presented by Barthel [7].

6.5 DECODER COMPLEXITY REDUCTION

6.5.1 FAsT DECODING WITH ORTHOGONALIZATION

When @ien’s operator (see Section 6.2.1) is used with a quadtree partition and a domain pool where
each domain block is a union of range blocks, the decoding has the following nice properties [72]:

» It converges into a finite number of iterations without any constraints on the scaling factors;
this number depends only on the domain and range sizes.

« It converges at least as fast as the conventional scheme.

« It can be organized as a pyramid-structured algorithm with a low computational complexity.

6.5.2 HIERARCHICAL DECODING

Baharav et al. [2] proposed a fast decoding algorithm based on the hierarchical properties of the
Jacquin—Barnsley operator. The idea is to carry out the iterations at a coarse resolution of the image.
Once the fixed point of the operator at the coarse resolution is reached, a deterministic algorithm
is used to find the fixed point at any higher resolution. The savings in computation are due to the
fact that the iterations are applied to a vector of low dimension. A similar approach was proposed
by Fisher and Menlove [31]. Looking at the image pyramid obtained by successive averaging of the
original image (see Section 6.4.4), they observe that to each range at the real size (parent range)
corresponds a range at a lower resolution (child range). The same observation holds for the domains
if they are unions of ranges. Now, it is reasonable to expect that each range at a low resolution can be
encoded well by the child of the domain that encodes the parent of the range, together with the same
isometry, scaling factor, and offset. Fisher and Menlove [31] first decode the low-resolution image.
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This is not computationally expensive because the ranges and domains have a small size. Once the
limit point is found, one can upsample it to the real size, getting hopefully a suitable approximation
of the real size fixed point. Finally, this approximation is used as a starting vector for the iterations
at the real size. Fisher and Menlove report that convergence at the real size was achieved in all cases
tested after only two iterations.

6.5.3 CobpeBOOK UPDATE

This method works in the spirit of the Gauss—Seidel method. Suppose that the generalized Jacquin—
Barnsley operator T is a fractal transform. Then xy, can be obtained as the limit of the sequence of
iterates {x©};, where x© is any initial vector and x®) is defined by

6D — Ax® 4 p (6.36)

Here A is an MN x MN real matrix and b is an MN column vector specified by (6.15). Thus, the
conventional decoding method (6.36) can be written as

NM
A 2 b ©3)
v=1

Some studies, e.g., [40,54], proposed to use the new components (pixel intensities)

x§k+l), ...,x;kfll) instead of the old components xgk), c. ,xgi)l for the computation of x,(dkH) . In
this way, we have foru=1, ...,NM,
X = 3" a0 4> a0 + b, (6.38)
v<u—1 v=u

One straightforward advantage of (6.38) over (6.37) is that it has less storage requirements. Indeed,
in (6.38), we do not need the simultaneous storage of x¥) and x**1 as in conventional decoding.
We now give a matrix form of (6.38), which will be useful in the analysis of the convergence
properties. Let the matrix A be expressed as the matrix sum
A=L+U (6.39)

where the matrix L = (/,,,) is strictly lower triangular defined by

0, if v >
Ly = o=t (6.40)
ayy, otherwise

Then (6.38) corresponds to the iterative method
D = Lx®D 4 Ux® +p (6.41)
or equivalently
XD =a-—L) 'ox® +X-L)"'b (6.42)

‘We now have [40]
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Theorem 6.5.1.

If |s7(@D)| <1 for all 1 <i<ng, then the iterative method (6.42) is convergent. Moreover, method
(6.42) and the conventional method (6.36) have the same limit vector and ||(I — L) U0 < ||A]|oo-

Furthermore, experiments show that the convergence of decoding (6.42) is faster than that of the
conventional method (6.36).

With the conventional method (6.37), changing the order in which the pixel intensities are com-
puted has no effect on the image iterates {x*)};. This is not true for (6.38). In [40], it is suggested to
apply the method, starting with the pixels in the ranges with highest frequency. The frequency of a
subset of X is defined as follows.

Definition 6.5.2.

Let Dr(1), ...,Dr(ng) be the domains associated to the Jacquin—Barnsley operator T. Let B be a
nonempty subset of X. Then the frequency of B is

6.43
B| (6.43)

The expected gain with the new ordering is twofold. First, this strategy increases the number
of pixels that are used in their updated form, yielding, hopefully, a faster convergence. Second,
the decoder can identify the ranges that are not covered by the domains, that is, ranges with zero
frequency. The pixels’ intensities in these ranges need only be computed once during the decoding.
Note that the additional step needed for the computation and the sorting of the range frequencies is
negligible because it is done once.

6.5.4 OTHER METHODS

The fractal coder of Monro and Dudbridge [68] has a fast noniterative decoder, giving an exact
reconstruction of the fixed point. In [27], the dependence graph of the fractal code was exploited to
reconstruct some of the range blocks in a noniterative way.

6.6 ATTRACTOR CODING

Since collage coding provides only a suboptimal solution to optimal fractal coding (see (6.7)), it is
interesting to ask if better solutions can be found. Using a polynomial reduction from the MAXCUT
problem, Ruhl and Hartenstein [78] showed that optimal fractal coding is NP-hard. Thus, it is unlikely
that an efficient algorithm can be found for problem (6.7). However, collage coding can be improved
[26,28,47,92]. The idea is to start from the solution found by collage coding, fix the domain blocks
and the permutations, and optimize the scaling factors and the offsets (considered as continuous
variables) by, for example, gradient descent methods, which yield local minima of the reconstruction
error. However, after quantization, the PSNR improvement over collage coding is negligible for
practical encodings [92]. Moreover, the time complexity of the optimization is too high. In contrast,
Barthel and Voyé [8] and Lu [65] suggested to update all code parameters by an iterative procedure.
One starts from a solution 7 found by collage coding. Then at step n > 1, one modifies the code
parameters of all range blocks R;, i=1, ..., ng, by solving the minimization problem

i «1r. — (sDP |3 6.44
(D,s,(),P)enll?lESxOxP”Xf &, — (sDPxg;, 10 + oDl (644

In other words, one does collage coding based on the domain blocks with image intensities from the
fixed point of step n — 1. This method allows substantial PSNR improvements over collage coding.
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However, it has two drawbacks. First, there is no guarantee that the reconstruction error decreases
after each step. Second, the procedure is time expensive because every step corresponds to a new
encoding of the test image. To accelerate the procedure, Lu proposed to consider at each step only
the 10% range blocks R; for which the ratio between the collage error and the reconstruction error
IXp<1R, — Xpr, IR ||% is largest. Barthel and Voyé [8] saved time by fixing the range block—domain
block association and updating only the scaling factor and the offset. Hamzaoui et al. [41] modified
the method in a way to ensure that the reconstruction error is monotonically decreasing. This gives a
local search [74] scheme, where the neighborhood of a feasible solution 7}, is the set of ng transforms
obtained from 7}, by modifying the code parameters of only a single range block according to rule
(6.44). The algorithm is as follows.

Local Search Algorithm

1. Initialization: Let M be a maximum number of trials. Set n :=0, i :=0, and j := 0. Find an
initial feasible solution Ty by collage coding. Let ng be the number of range blocks in the
partition.

2. Letr:=1+ (i mod ng). Determine for the range block R, new code parameters by solving
the minimization problem

' Ik, — (sDP D3 6.45
(D,S,O,P)ErnDlBSxOX”p”Xf IR, — DPxg, 1p + 01|35 (6.45)

Seti:=i+ 1.

3. Let T, be the solution obtained from 7,, by changing the code parameters of range block R,
according to the result of Step 2. Compute the fixed point of 7.

4. I —frlla < IIf* —fr,ll2, set Tpy1 ;=T n:=n+1,j :=0. Otherwise set j :=j + 1.

5. If <M andj < ng) go to Step 2. Otherwise stop.

When M is set to oo, the algorithm stops at a local minimum.

The most time-consuming part of the local search algorithm is the computation in Step 3 of the
fixed point fr,. In [43], several techniques for accelerating were proposed. The main idea exploits
the fact that 7. and 7,, differ only in the code parameters of R,. Thus, in Step 3 if we start from the
current fixed point f7, and apply 7. once, then only the pixel intensities in R, have to be updated,
which avoids many unnecessary computations. If we now apply 7. to T.(fr,), then only the range
blocks whose domain blocks overlap R, have to be updated. Note that these range blocks may include
R,. This procedure is repeated until convergence to fr..

The iteration scheme fr, — Tc(fr,) = T.(Tc(fr,)) = --- — fr, can be implemented as a
breadth-first traversal of the dependence graph of T, starting from vertex R,. The first iteration
f1, = T.(fr,) corresponds to visiting the root vertex R,, and for k > 2, iteration k corresponds to
visiting the children of all vertices visited at iteration k — 1. Formally, if we denote by {L;}x>1 the
sequence of subsets of {Ry, ..., R,,} givenby L1 ={R,} and Ly = UR,-eLk {RieV:(R;,R;) € E}, then
at iteration k, we compute the pixel intensities of only the range blocks in L.

The procedure can be accelerated by using the newly computed pixel intensities as soon as they
are available. In this situation, the breadth-first traversal of the dependence graph starting from vertex
R, corresponds to the iteration scheme

i1 =Tei (fo)s fo =11, (6.46)

where T, ;, is a Gauss—Seidel like operator (6.38) such that the pixel intensities of the range blocks
in Ly are computed last. It can be proved that iteration (6.46) converges to f7, [43].



166 Document and Image Compression

6.7 RATE-DISTORTION CODING

Given an original image f*, a set of Jacquin—Barnsley operators 7, and a bit budget ry, rate-distortion
fractal coding is the discrete constrained optimization problem

min ||f* = T(f)I3 (6.47)

subject to
lo(T)] < 1o (6.48)

In [86], the generalized BFOS algorithm [16] was applied to the above problem by assuming an
HYV partition and a fixed codeword length for the domains, the scaling factors, and the offsets.

In [7], it is observed that often best domain candidates are located near the range blocks. Thus,
rate-distortion gains can be achieved by allowing domain blocks to have variable-length codewords.
For each range block, a codebook of domain blocks is designed such that domain blocks nearer to
the range block have shorter codewords. With this setting, optimal domain blocks in the constrained
problem are not necessarily those that minimize the collage error. Therefore, the domain blocks are
selected based on the approach of Westerink et al. [95]. The encoder starts with a Jacquin—Barnsley
operator where all range blocks are encoded with domain blocks having shortest codewords. Then,
one tries to reduce the collage error iteratively by allocating at each step more bits to the domain
block of one of the range blocks. This range block Ry, is one that maximizes the reduction in collage
error per additional domain block bit, that is,

k = arg '_I}laX Ai (6.49)

=1,..., nRr

where
X E(R;, D) — E(R;, D)

D, — D

(6.50)

A; = ma
m

Here D is the domain block that currently encodes R;, and D,, is any domain block whose codeword
length rp,, is larger than rp, the codeword length of D, and for which the local collage error E(R;, D,)
is smaller than the local collage error E(R;, D) associated to R; and D. The iteration is stopped when
no further reduction of the collage error is possible or when the total bit rate becomes larger than the
bit budget ry.

Lu [65] uses an algorithm that handles the constrained problem in the context of quadtree partitions
and domain blocks of variable-length codewords. The algorithm, which was previously proposed in
[88] for quadtree-based vector quantization, relies on a Lagrange multiplier method and consists of
solving the unconstrained optimization problem

min |f* = T(f*)|13 + 4D (6.51)

where X € [0, 00). Indeed, one can show [29] that for any choice of A >0 a solution T(X) to the
unconstrained problem (6.51) is a solution to the constrained problem

min || — T(fHI3 (6.52)

subject to
lo(D)] = (T (6.53)

In the standard quadtree scheme, a (parent) square block is either accepted in the partition or
subdivided into four smaller (child) square blocks. A more adaptive scheme [34] can be obtained by
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allowing ten other intermediary configurations. The authors use the Lagrange multiplier technique
to determine an adaptive partition corresponding to a three-level hierarchy. Finally, the coder of
Gharavi—Alkhansari and Huang [36] uses a rate-distortion criterion.

All above algorithms are not guaranteed to find an optimal solution to the original constrained
optimization problem (see Box 8 in [73]). However, in practice, there generally exists a bit budget
r, that is close to ro for which these algorithms yield an optimal solution.

6.8 EXTENSIONS

6.8.1 HyYBRID METHODS

In this section, we mention hybrid coders in which fractal coding is combined with another method.
However, we restrict the discussion to cases where it was shown that the hybrid is better than both
constituent methods.

Fractal image compression is similar to mean shape-gain vector quantization [59]. This similarity
is exploited in [42], where a mean shape-gain vector quantization codebook is used to accelerate the
search for the domain blocks and to improve both the rate-distortion performance and the decoding
speed of a fractal coder.

Fractal image compression was combined with the DCT in [6,66,93]. These works transfer the
coding in the frequency domain and use rate-distortion-based optimization to optimize the hybrid
code. Whereas the first two papers fix the size of the range blocks, the third one uses a quadtree
partition, making the rate-distortion optimization more complicated.

Davis [18] analyzed fractal image compression using a wavelet-based framework. He explained
the success of fractal coders by their ability to encode zero trees of wavelet coefficients. The most
impressive hybrid fractal-wavelet coding results are reported in [56,63].

6.8.2 CHANNEL CODING

Fractal image codes are very sensitive to channel noise because a single error in a code parameter can
affect the reconstruction of many parts of the image. This is due to the iterative nature of the decoding
and the complex dependency between the range and domain blocks. In [15], a joint source-channel
coding system is proposed for fractal image compression. The available total bit rate is allocated
between the source code and the channel code using a Lagrange multiplier optimization technique.

6.8.3 PROGRESSIVE CODING

Progressive coding is an important feature of compression schemes. Wavelet coders are well suited
for this purpose because the wavelet coefficients can be naturally ordered according to decreasing
importance. Progressive fractal coding is straightforward for hybrid fractal-wavelet schemes. In
[58], a progressive fractal image coder in the spatial domain is introduced. A Lagrange optimization
based on rate-distortion performance estimates determines an optimal ordering of the code bits. The
optimality is in the sense that the reconstruction error is monotonically decreasing and minimum at
intermediate rates. The decoder recovers this ordering without side information.

6.8.4 POSTPROCESSING

Fractal coding suffers from blocking artifacts, in particular at high compression ratios. Several works
[30,65] addressed this problem by using smoothing filters that modify the pixel intensities at range
block boundaries with a weighted average of their values. However, due to the recursive nature of
the fractal decoder, blocking artifacts also appear inside the range blocks. In [38], a smoothing filter
adapted to the partition is applied before each iteration of the decoding process to reduce the blocking
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artifacts inside the range blocks. After decoding, the reconstructed image is enhanced by applying
another adaptive filter along the range block boundaries. This filter is designed to reduce blocking
artifacts while maintaining edges and texture of the original image.

6.8.5 CoMPRESSION OF COLOR IMAGES

In [11], the G (green) component is encoded individually, and the result is used to predict the
encoding of the R (red) and B (blue) components. Fisher [30] transforms the RGB components into
YIQ components, which are encoded separately, the I- and Q-channels being encoded at a lower bit
rate than the Y-channel. Popescu and Yan [76] transform the RGB components into three approximate
principal components and encode each new component separately.

6.8.6 VIDEO CODING

The ideas of fractal coding were also used for the compression of video sequences. Monro and
Nichols [69] separately encode each 2-D frame with a fast fractal coder. A uniform partition is used,
and the domain block is fixed a priori for a given range block. In [32], the domain blocks are taken
from the previously decoded frame, yielding a noniterative decoder. A more sophisticated scheme is
proposed in [55]. In [9,61], time is used as a third variable and fractal coding is applied to the 3-D
ranges and domains.

6.8.7 APPLICATIONS

Besides image and video compression, the fractal transform was used for other applications in
image processing, including watermarking [46], zooming [70], indexing and retrieval [24,94], image
segmentation and contour detection [50], recognition of microcalcifications in digital mammograms
[62], and denoising [37].

6.9 STATE OF THE ART

In this section, we compare the rate-distortion performance of a state-of-the-art fractal coder in the
spatial domain [71] to that of the SPIHT algorithm with arithmetic coding [79].

Figure 6.3 shows the PSNR as a function of the compression ratio for the 8 bits per pixel 512 x 512
standard images Lenna and Peppers. Figure 6.4 shows range partitions yielded by the fractal coder.
Table 6.1 compares the performance of the two coders for two other standard images.

40 T T T T T T T T T T 40 T T T T T
SPIHT SPIHT

381 Fractal ------- . 38 Fractal ------- ]
o 361 1 8% |
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FIGURE 6.3 PSNR as a function of the compression ratio for the Lenna image (left) and the Peppers image
(right).
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FIGURE 6.4 Range partition for Lenna (left) and Peppers (right) at compression ratio 32:1 (top) and 70.30:1
(bottom).
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TABLE 6.1
PSNR in dB atVarious Compression Ratios for the Fractal
Coder [71] and SPIHT

Barbara 16:1 32:1 64:1
Fractal 29.09 26.30 24.44
SPIHT 32.11 28.13 25.38

Boat
Fractal 33.85 30.58 27.82
SPIHT 34.45 30.97 28.16

Note: Results are given for the 512 x 512 Barbara and Boat.

The results show that the PSNR performance of the fractal coder was between 0.3 and 3 dB worse
than that of the SPIHT coder. The experiments indicate that the fractal coder is especially less efficient
than the wavelet coder at low compression ratios and for textured images. However, as the PSNR is
not an absolute measure of quality, the visual quality of the encoded images must also be compared.
At low compression ratios, the SPIHT coder has a better visual quality than the fractal coder. When
the compression ratio is increased, the comparison becomes difficult as the reconstruction artefacts
produced by the two methods differ. Whereas the fractal coder suffers from blocking artefacts, the
wavelet-coded images are blurred and show ringing around the edges (see Figure 6.5 and Figure 6.6).

The rate-distortion performance of fractal coding can be improved by combining fractal coding
with other coding techniques. For example, the hybrid wavelet-fractal coder of Kim et al. [56]
provides slightly better PSNR performance than the SPIHT algorithm for the Lenna image.
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FIGURE 6.5 Reconstruction of the original Lenna image (top) with the fractal coder of [71] (left) and the
SPIHT coder (right) at compression ratio 32:1 (middle) and 70.30:1 (bottom).

6.10 CONCLUSION

We described the basic principles of fractal image compression, reviewed the most important
contributions, and provided a comparison to the SPIHT coder. Because of space limitation, it
was not possible to mention many other interesting works. An exhaustive online bibliography
on fractal image compression can be found at http://www.inf.uni-konstanz.de/cgip/fractal2/html/
bibliography.html.
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FIGURE 6.6 Reconstruction of the original Peppers image (top) with the fractal coder of [71] (left) and the
SPIHT coder (right) at compression ratio 32:1 (middle) and 70.30:1 (bottom).

As this chapter shows, a huge effort has gone into fractal coding research, although it is probably
fair to say that the attention that wavelet coding received has been much larger. Nonetheless, we
feel that fractal image coding has reached its limits; further really significant advances can hardly be
expected, perhaps unless one changes the class of image operators considered.
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7.1 INTRODUCTION

Despite the huge success of wavelets in the domain of image compression, the failure of two-
dimensional multiresolution wavelets when dealing with images of the cartoon class, i.e., images con-
sisting of domains of smoothly varying gray values, separated by smooth boundaries, has been noted
repeatedly. This failure can be discerned visually, in the form of characteristic compression artifacts,
but it can also be derived theoretically. In this chapter, we review some of the constructions that were
proposed as aremedy to this problem. We focus on two constructions: wedgelets [ 16] and curvelets [6].
Both systems stand for larger classes of image representation schemes; let us just mention ridgelets
[4], contourlets [12,14], beamlets [17], platelets [35], and surflets [7] as close relatives.

The chapter starts with a discussion of the shortcomings of wavelet orthonormal bases. The
reason for expecting good approximation rates for cartoon-like images is the observation that here
the information is basically contained in the edges. Thus, ideally, one expects that smoothness of
the boundaries should have a beneficial effect on approximation rates. However, the tensor product
wavelets usually employed in image compression do not adapt to smooth boundaries, because of
the isotropic scaling underlying the multiresolution scheme. The wedgelet scheme tries to overcome
this by combining adaptive geometric partitioning of the image domain with local regression on
the image segments. A wedgelet approximation is obtained by minimizing a functional that weighs
model complexity (in the simplest possible case: the number of segments) against approximation
error. By contrast, the curvelet approach can be understood as a directional filterbank, designed and
sampled so as to ensure that the system adapts well to smooth edges (the key feature here turns out to
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be hyperbolic scaling) while at the same time providing a frame, i.e., a system of building blocks with
properties similar to an orthonormal bases. Here nonlinear approximation is achieved by a simple
truncation of the frame coefficients.

After a presentation of these constructions for the continuous setting, we then proceed with a
description of methods for their digital implementation. We sketch a recently developed, particularly
efficient implementation of the wedgelet scheme, as well as the contourlet approach to curvelet
implementation, as proposed by Do and Vetterli [12-14].

In the last section, we present some numerical experiments to compare the nonlinear approxi-
mation behavior of the different schemes, and contrast the theoretical approximation results to the
experiments. We close by commenting on the potential of wedgelets and curvelets for image coding.
Clearly, the nonlinear approximation behavior of a scheme can only be used as a first indicator of its
potential for image coding. The good approximation behavior of the new methods for small numbers
of coefficients reflects their ability to pick out the salient geometric features of an image rather well,
which could be a very useful property for hybrid approaches.

7.2 THE PROBLEM AND SOME PROPOSED SOLUTIONS

Besides the existence of fast decomposition and reconstruction algorithms, the key feature that
paved the way for wavelets is given by their ability to effectively represent discontinuities, at least
for one-dimensional signals. However, it has been observed that the tensor product construction is
not flexible enough to reproduce this behavior in two dimensions. Before we give a more detailed
analysis of this failure, let us give a heuristic argument based on the wavelet coefficients displayed
in Figure 7.1. Illustrations like this are traditionally used to demonstrate how wavelets pick salient
(edge) information out of images. However, it has been observed previously (e.g., [13]) that Figure 7.1
in fact reveals a weakness of wavelets rather than a strength, showing that wavelets detect isolated
edge points rather than edges. The fact that the edge is smooth is not reflected adequately; at each
scale j the number of significant coefficients is proportional to 2/ times the length of the boundary,
regardless of its smoothness.

A more quantitative description of this phenomenon can be given in terms of the nonlinear
approximation error. All theoretical considerations below refer to a Hilbert space of (one- or two-
dimensional) signals, and the approximation performance is measured by the Hilbert space norm. In

FIGURE 7.1 Wavelet coefficients of an image with smooth edges. The detail images are renormalized for better
visibility.
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the continuous domain setting, the Hilbert space will be L>(R?), the space of functions f on R? that
are square-integrable with respect to the usual Lebesgue measure, with scalar product

o= [ s a0

and norm ||f|a = (f.f)!/2. In the discrete domain setting, the signals under consideration are
members of ¢2(Z¢), the square-summable sequences indexed by Z¢. To keep the notation in the
following arguments simple, we let C denote a constant that may change from line to line.

Now suppose we are given an orthonormal basis (¥, )yca of the signal Hilbert space. For a
signal f and N > 0, we let ex(f) denote the smallest possible squared error that can be achieved by
approximating f by a linear approximation of (at most) N basis elements, i.e.,

en(f) = inf{ ”f -y omm”z © A C Awith|A| =N, (@) € @A}

rEN

The study of the nonlinear approximation error can be seen as a precursor to rate-distortion analysis;
for more details on nonlinear approximation and its connections to compression we refer to the
survey given in [29], or to Chapter IX in Mallat’s book [23]. Since we started with an orthonormal
basis, the approximation error is easily computed from the expansion coefficients ({f, ¥1))reca, by
the following procedure that relates the asymptotic behavior of the approximation error to the decay
behavior of the coefficients: reindex the coefficients to obtain a sequence (6,,)nen of numbers with
decreasing modulus. Then the Parseval relation associated to the orthonormal basis yields

o

ex(f)= > 10 (72)

m=N+1

Let us now compare the approximation behavior of one- and two-dimensional wavelet systems.
We only give a short sketch of the argument, which has the purpose to give a closer description of
the dilemma surrounding two-dimensional wavelets, and to motivate the constructions designed as
remedies. Generally speaking, the mathematics in this chapter will be held on an informal level.

Let f : [0,1] — R be a bounded function that is piecewise n-times continuously differentiable,
say outside a finite set S C [0, 1] of singularities; we will call these functions piecewise C". Let
(Vjk)jezkez be a wavelet orthonormal basis consisting of compactly supported functions with n
vanishing moments. Recall, e.g. from [23], that the wavelet orthonormal basis is obtained from a
suitable mother wavelet v via

Yk (x) = 224 (Dx — k) (7.3)

If  is supported in the interval [—r, 7], then ;  is supported in [27/(k — r),2 7/ (k + r)].

The structure of the following argument will be encountered several times in this chapter. Basi-
cally, we differentiate between two cases, depending whether the support of the wavelet ¥ x contains
a singularity or not. If it does contain a singularity, we employ fairly rough estimates. In the other
case, the smoothness of the signal and the oscillatory behavior of the wavelet combine to yield the
appropriate decay behavior. The overall estimate of the decay behavior then crucially relies on the
fact that the first case does not occur too often.

In the one-dimensional setting, on each dyadic level j > 0, corresponding to scale 2~/ the number
of positions k such that the support of 1; x contains a singularity of f is fixed (independent of ), and
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for these coefficients we can estimate

I vl

/]R SO (x) dx

IA

Sup, gl f ()] /R 22y x — k)| dx

= I flloc277/? /R [y (x)] dx
= I flloollirll 277/

Likewise, for j <0, the number of k such that the support of ¥ ; has nonempty intersection with
[0, 1] is fixed, and for each such k the roles of ¥ and f in the previous argument can be exchanged to
yield the estimate

W] < IF Il (7.4)

Thus, the two cases considered so far yield for each 4j = m > 0 a constant number of coefficients of
size <C27"/2. Sorting these coefficients by size yields a decay behavior of order O(27"/?).

We next consider the remaining coefficients, i.e., j>0 and supp(y;x) does not contain a
singularity. Here we use the vanishing moment condition, which requires for 0 <i < n that

/ Y)x dx =0 (7.5)
R

Note that this property is inherited by ;. Next we approximate f by its n-term Taylor polynomial
of f at xo =277k, yielding
n—1 f( j

fo=>Y"
j=0

with |R(x)| < C|x — xo|" < C277", for a suitable constant C independent of k. Now (7.5) implies that

)
j(,’“)) (x = x0)/ + R(x) (7.6)

o) = 1(RV)]
_ ‘ fR R(x)I/fj,k(x)dx‘

IA

C2|yully = C270H

Observe that there are O(2/) such coefficients. Hence, sorting these coefficients we arrive at a decay
behavior of O(m~"~1/2). Thus, if we arrange the coefficients corresponding to both the cases into a
single sequence (6,,)men of decreasing modulus, we again obtain a decay of O(m’"’l/ 2y, which can
be substituted into (7.2) to yield ey (f) < CN —2n

The constructions presented in this chapter are to a large extent motivated by the desire to achieve
a similar behavior in two dimensions. First, however, we need to define the analog of piecewise C".
Our image domain is the square [0, 1[2. We call an image f : [0, 1I?—>R piecewise smooth if it is of
the form

J@) =fi(x) + 1a(x) f2(x) (1.7)

see Figure 7.2 for an illustration. Here 1g is the indicator function of a compact subset 2 C [0, 112
with a boundary 92 that is C2, by which we mean that there is a twice continuously differentiable
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f1+f2
Q2
f

FIGURE 7.2 Example of a piecewise smooth function of the type (7.7).

parametrization of 92. The functions f; and f> belong to suitable classes of smooth functions, that
may depend on the setting.

For the case that both f; and f> are C? as well, there exist theoretical estimates which yield that
generally the optimal approximation rate will be of O(N~2) [8]. We are going to show that wavelet
bases fall short of this. For the following discussion, it suffices to assume that f; and f> are in fact
constant. Observe that the estimates given below can be verified directly for the two-dimensional
Haar wavelet basis and the special case that fi =1, f, =0, and Q2 is the subset of [0, 1] below the
diagonal x = y. This is a particularly simple example, where the pieces fi and f; are C°°, the boundary
is a straight line (hence C°°) and not particularly ill-adapted to the tensor-product setting, and yet
wavelet bases show poor nonlinear approximation rates. As we will see below, the reason is that as
in one dimension the wavelets situated at the boundary still contribute most to the signal energy, but
this time their number is no longer under control.

We fix a two-dimensional wavelet basis, constructed in the usual way from a one-dimensional
multiresolution analysis; see [23] or Chapter 1 of this volume. Our aim is to describe the approxima-
tion error of f in this basis. The argument follows the same pattern as for the one-dimensional case.
Whenever a wavelet does not meet the boundary of €2, the smoothness of the functions fi, > entails
that the wavelet coefficients can be estimated properly. The problems arise when we consider those
wavelets that meet the boundary. As before, for each wavelet of scale 277 meeting the boundary of €2,

(f s an)l ~ 277 (7.8)

Note that the tilde notation is a sharpened formulation, meaning that there exist upper and lower
estimates between the two sides, at least for sufficiently many coefficients. (This is easily seen for the
example involving Haar wavelets and diagonal boundary.) Hence, even though the scale-dependent
decay behavior for the coefficients corresponding to singularities is better than in one dimension,
it holds for a crucially larger number of coefficients, which spoils the overall performance of the
wavelet system. More precisely, as the supports of the wavelets are (roughly) squares of size ~2~/
shifted along the grid 27772, the number of wavelets at scale 2~/ meeting the boundary is of O(2/).
Thus we obtain |,,| ~m ™", and this results in ex(f) ~N~!.

A few observations are in order here: First, note that the arguments we present are indifferent to
the smoothness of the boundary; for any smooth boundary of finite length that is not strictly horizontal
or vertical we would obtain a similar behavior. This is the blindness of wavelet tensor products to
edge smoothness, which we already alluded to above. By construction, wavelets are only designed
to represent discontinuities in the horizontal or vertical directions, and cannot be expected to detect
connections between neighboring edge points. It should also be noted that the problem cannot be
helped by increasing the number of vanishing moments of the wavelet system. (Again, this is readily
verified for the diagonal boundary case.)

In the following subsections, we describe recently developed schemes that were designed to
improve on this, at least for the continuous setting. The digitization of these techniques will be the
subject of Sections 7.3 and 7.4. The following remark contains a disclaimer that we feel to be necessary
in connection with the transferal of notions and results from the continuous to the discrete domain.
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Remark 7.1

In this chapter, we describe schemes that were originally designed for continuous image domains,
together with certain techniques for digitization of these notions. In this respect, this chapter reflects
the current state of discussion. The continuous domain setting is in many ways more accessible to
mathematical analysis, as witnessed by the smoothness properties that were at the basis of our discus-
sion. The continuous domain viewpoint is advocated, e.g., in the survey paper [15]; we specifically
refer to [15, Section I'V] for a discussion of the relevance of continuous domain arguments to coding.

Itis however not at all trivial to decide how results concerning asymptotic behavior for continuous
image domains actually apply to the analysis and design of image approximation schemes for the
discrete setting. Observe that all nonlinear approximation results describing the asymptotic behavior
for images with bounded domain necessarily deal with small-scale limits; for pixelized images, this
limit is clearly irrelevant. Also, as we will encounter below, in particular in connection with the notion
of angular resolution, the discussion of the continuous setting may lead to heuristics that hardly make
sense for digital images.

Note that also in connection with coding applications, the relevance of asymptotic results is not
altogether clear: These results describe the right end of the nonlinear approximation curves. Thus
they describe how effectively the approximation scheme adds finer and finer details, for numbers of
coefficients that are already large, which in compression language means high-bit-rate coding. By
contrast, from the point of view of compression the left end of the nonlinear approximation curve is
by far more interesting. As the approximation results in Section 7.5.1 show, this is also where the
new schemes show improved performance, somewhat contrary to the asymptotic results developed
for the continuous setting.

7.2.1 WEDGELETS

Wedgelets were proposed by Donoho [16] as a means of approximating piecewise constant images
with smooth boundaries. The wedgelet dictionary by definition is given by the characteristic func-
tions of wedge-shaped sets obtained by splitting dyadic squares along straight lines. It is highly
redundant, and thus the problem of choosing a suitable representation or approximation of a signal
arises. However, wedgelet approximation is not performed by pursuit algorithms or similar tech-
niques typically encountered in connection with redundant dictionaries, but rather driven by a certain
functional that depends on a regularization parameter. As we will see below, this approach results in
fast approximation algorithms.
For the description of wedgelets, let us first define the set of dyadic squares of size 277,

Qi ={27k: 27+ D[ x 27 : 27+ D[: 0 <k, £ <2} (7.9)

and Q= Ufio Q;. A dyadic partition of the image domain is given by any partition (tiling) Q of
[0, 1[2 into disjoint dyadic squares, not necessarily of constant size. A wedgelet partition is obtained
by splitting each element g € Q of a dyadic partition Q into (at most) two wedges, g = w1 U wo,
along a suitable straight line. The admissible lines used for splitting elements of Q; are restricted to
belong to certain prescribed sets L;; we will comment on the choice of these sets below. A wedgelet
segmentation is a pair (g, W) consisting of a wedge partition W and a function g that is constant on
all w € W. See Figure 7.3 for an example.
A wedgelet approximation of an image f is now given as the minimizer of the functional

Hy (g, W) = |If — g3 + AW (7.10)

over all admissible wedgelet segmentations (g, W). Here A acts as a regularization or scale parameter:
For A =0, the minimization algorithm will return the data f, whereas A — oo will eventually produce
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FIGURE 7.3 (See color insert following page 336) Image IBB North: (a) original image, (b) wedge
reconstruction A =0.012, and (c) with corresponding wedge grid superimposed.

a constant image as minimizer. We denote the minimizer of H,_; as (&, VT’;J. The following remark
collects the key properties that motivate the choice of wedgelets and the associated functional.

Remark 7.2

(1) Given the optimal partition WA, the optimal gy, is found by a simple projection procedure: For each
we W, 22w 18 simply the mean value of g over w. Hence, finding the optimal wedgelet segmentation
is equivalent to finding the optimal partition.

(2) Dyadic partitions are naturally related to quadtrees. More precisely, given a dyadic partition
W, consider the set V of all dyadic squares g such that there exists p € W with p C g. The inclusion
relation induces a quadtree structure on V, i.e., V is a directed graph with the property that each
node has either zero or four descendants. In this tree, W is just the set of leaves, i.e., the set of nodes
without descendants.
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The quadtree structure is the basis for a fast algorithm for the computation of the optimal wedgelet
segmentation Wy, by recursive application of the following principle: Let [0, 1[> = ¢; Uga U g3 U gy
be the decomposition into the four smaller dyadic squares. Then, for a fixed parameter A, three cases
may occur:

(D = {[0,11*};

2) WA is obtalned by a wedgesplit applied to [0, 1%

3) W;L = U i—1 V}a where each VA is the optimal wedgelet segmentation of g; associated to the
restriction of f to g;, and to the regularization parameter A.

Note that for a fixed A with minimizer (g3, W;) g, 1s the minimizer of the norm distance || f — g||2
among all admissible wedgelet segmentations (g, W) with at most N = | W;L | wedges. This observation
is used as the basis for the computation of nonlinear approximation rates below.

Let us next consider the nonlinear approximation behavior of the scheme. The following technical
lemma counts the dyadic squares meeting the boundary 9€2. Somewhat surprisingly, the induced
dyadic partition grows at a comparable speed.

Lemma 7.3

Let f be piecewise constant, with C* boundary 3. Let Qi) denote the set of dyadic square q € Q;
meeting 0S2. Then, there exists a constant C such that |Q;(f)| <2/ C holds for all j > 1. Moreover, for
each j there exists a dyadic partition W; of [0, 11? containing Qi (), with |W;| <3C2.

Proof

The statement concerning Q;(f) is straightforward from a Taylor approximation of the boundary.
The dyadic partition W; is constructed inductively: W; is obtained by replacing each dyadic square
in Q;(f) by the four dyadic squares of the next scale. Hence

[Wik1l = IWjl = | QNI + 4 QNN = W)l + 31 Q;(f)] (7.11)

Now an easy induction shows the claim on [W;|. [

‘We obtain the following approximation result. The statement is in spirit quite close to the results
in [16], except that we use a different notion of resolution for the wedgelets, which is closer to our
treatment of the digital case later on.

Theorem 7.4

Let f be piecewise constant with C* boundary. Assume that the set L; consists of all lines taking
the angles {(—m/2+2774mw:0 <€ <2). Then the nonlinear wedgelet approximation rate for f is
O(N~2), meaning that for N € N there exists a wedgelet segmentation (g, W) with |W| <N and
If—gll3 <CN—2.

Proof

For N =2/, the previous lemma provides a dyadic partition W; into O(N) dyadic squares, such that
02 is covered by the elements of Q; N W;. Observe that only those dyadic squares contribute to the
squared approximation error. In each such square, a Taylor approximation argument shows that the
boundary can be approximated by a straight line in O(2~%) precision. The required angular resolution
allows to approximate the optimal straight line by a line from L; up to the same order of precision.
Now the incurred squared L?-error is of order O(2~¥); the additional O(277) factor is the diameter
of the dyadic squares. Summing over the O(2/) squares yields the result. [
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We note that the theorem requires that the number of angles increases as the scale goes to zero;
the angular resolution of L; scales linearly with 2/. Observe that this requirement does not make
much sense as we move on to digital images. In fact, this is the first instance where we encounter the
phenomenon that intuitions from the continuous model prove to be misleading in the discrete domain.

7.2.2 CURVELETS

Curvelets are in many ways conceptually closer to wavelets than wedgelets. While wedgelet approx-
imation may be read as the approximation of the image using building blocks that are specifically
chosen for the image at hand, curvelet approximation is based on the decomposition of the image
into a fixed system of components, prescribed without prior knowledge of the image. The curvelet
system is a family of functions y;, x indexed by a scale parameter j, an orientation parameter /, and a
position parameter k € R?, yielding a normalized tight frame of the image space. The latter property
amounts to postulating for all f € L?(R?),

A3 =D Kfsviwa) (7.12)

gkl

or equivalently, that each f can be expanded as

=D Yk Viki (7.13)

Jokil

see [23, Chapter V]. This expansion is reminiscent of orthonormal bases; however, the elements of
a tight frame need not be pairwise-orthogonal; in fact they need not even be linearly independent.

In the curvelet setting, image approximation is performed by expanding the input in the curvelet
frame and quantizing the coefficients, just as in the wavelet setting. However, the effectiveness of
the approximation scheme critically depends on the type of scaling, and the sampling of the various
parameters. Unlike the classical, group theoretical construction of 2D wavelets, as introduced by
Antoine and Murenzi [1,2], which also incorporates scale, orientation, and position parameters, the
scaling used in the construction of curvelets is anisotropic, resulting in atoms that are increasingly
more needlelike in shape as the scale decreases.

Let us know delve into the definition of curvelets. The following construction is taken from [6],
which describes the most recent generation of curvelets. A precursor was constructed in [5]
(“curvelets 99” in the terminology of [6]), which has a more complicated structure, relying on
additional windowing and the ridgelet transform. A comparison of the two types of curvelets is con-
tained in [6]. Both constructions are different realizations of a core idea, which may be summarized
by the catchphrase that the curvelet system corresponds to a critically sampled, multiscale directional
filterbank, with angular resolution behaving like 1/+/scale.

As the filterbank view suggests, curvelets are most conveniently constructed on the frequency
side. The basic idea is to cut the frequency plane into subsets that are cylinders in polar coordinates.
The cutting needs to be done in a smooth way, however, in order to ensure that the resulting curvelets
are rapidly decreasing.

For this purpose, we fix two window functions:

v:[-m n] — C, w:RY > C (7.14)
Both v and w are assumed smooth; in addition, for v we require that its 277-periodic extension vper

is smooth as well. In addition, we pick w to be compactly supported. v acts as angular window in
order to guarantee that the functions constructed from v are even. Moreover, we impose that v fulfills
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(for almost every )
[Wper (@)% + [Vper(@ + 1) = 1 (7.15)

which guarantees that the design of curvelets later on covers the full range of angles.
Equation (7.15) allows one to construct partitions of unity of the angular domain into a dyadic scale
of elements: Defining v;; = v(2/6 — nl), for [ =0, ...,2 — 1 on [, 7], and extended periodically,
it is easily verified that
2-1
D I OF + a0 + ) =1 (7.16)
=0
A similar decomposition is needed for the scale variable. Here we make the additional assumption that

lwo)I* + Y [w@s)* =1 (7.17)
j=1

for a suitable compactly supported C*°-function wy. w should be thought of as a bump function
concentrated in the interval [1, 2].

In the following, we will frequently appeal to polar coordinates, i.e., we will identify & € R?\ {0}
with (|§], 6) € RT x]—m, 7r]. The scale and angle windows allow a convenient control on the design
of the curvelet system. The missing steps are now to exert this control to achieve the correct scale-
dependent angular resolution, and to find the correct sampling grids (which shall depend on scale
and orientation). For the first part, filtering with the scale windows (wj);>o splits a given signal
into its frequency components corresponding to the annuli A; ={¢ € RZ:2/ <|¢| <21}, In each
such annulus, the number of angles should be of order 2//2, following the slogan that the angular
resolution should scale as 1/+/scale. Thus we define the scale-angle window function 7;;, for j > 1
and 0 <[ <2/2] — 1, on the Fourier side by

0.18) = wi(IEN(vaLir1 1 (Bg) + voLir (O + 1)) (7.18)

In addition, we let 70,0(§) = wo(|&]), which is responsible for collecting the low-frequency part of
the image information. Up to normalization and introduction of the translation parameter, the family
(nj,1)j,1 is the curvelet system. By construction, 7);; is a function that is concentrated in the two opposite
wedges of frequencies

Wiy={6eR*: Y <& <2 6; or 6 +me[27U/2 27020+ 1)) (7.19)

as illustrated in Figure 7.4.

FIGURE 7.4 Idealized frequency response of the curvelet system. Filtering using the scale window wj, followed
by filtering with the angular window v;;, yields the frequency localization inside the wedge W;;. Observe the
scaling of the angular resolution, which doubles at every other dyadic step.
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Now (7.17) and (7.16) imply for almost every & € R? that

> @ =1 (7.20)
Jl

and standard arguments allow to conclude from this that convolution with the family (#;);; conserves
the L2-norm of the image, i.e.,

IFIE =D IF * a3 (7.21)
Jil
The definition of the curvelet frame is now obtained by critically sampling the isometric operator

S (f % nj1);;. The following theorem states the properties of the resulting system; see [6] for a
proof.

Theorem 7.5

There exist frequency and scale windows v, w, normalization constants cj; > 0, and sampling grids
I, C R? (for j>0,1=0,...,2/2) — 1) with the following properties: Define the index set

A={(.Lk):j=0,1=0,....2 ker;)
Then the family (y;)en, defined by
YiLk(X) = ¢jmji(x — k)

is a normalized tight frame of L*(R), yielding an expansion

f= {fvdv.  VfeL*R?) (7.22)

rEA

The following list collects some of the geometric features of the curvelet system:

1. The shift in the rotation parameter implies that y;,(x) = y;0(Rg,x), where 6;; =727 Li/2],
and Ry denotes the rotation matrix

cosf sinf
Ry = (— sinf cos 9) (7.23)

2. Jjoo is essentially supported in a union of two rectangles of dimensions O(2/ x 2L//2)), and
the associated sampling lattice can be chosen as I'jo =8 ;Z x 82,;Z, with §;;~27/ and
8~ 27Li/2] As could be expected from the previous observation, I'j1 = Ry, Tjo.

3. By the previous observation, the change of sampling lattices from j to j 42 follows an
anisotropic scaling law,

_ 40
[jy20~ D™ 'Tjo, where D = <0 2) (7.24)

The discussion in [6] suggests that, at least conceptually, it is useful to think of all
curvelets to be descended from the two basic curvelets y; o and y» o, by iterating the relation

Yi+2,0(x) & det (D)2 0(Dx).
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4. Summarizing, the y;; are a system of rapidly decreasing functions that oscillate at speed of
order 2172} primarily in the (cos 6;.1,sin 6; ;) direction. As j — oo, the essential support of
¥; 1,0 scales like a rectangle of size 277 x 2~Li/2] when viewed in the appropriate coordinate
system.

The following theorem shows that up to a logarithmic factor the curvelet system yields the desired
nonlinear approximation behavior for piecewise C? functions. One of the remarkable features of
the theorem is that the approximation rate is already achieved by simple nonlinear truncation of
Equation (7.22). Observe that this is identical with best N-term approximation only for orthogonal
bases; however, the curvelet system is only a tight frame, and cannot be expected to be an orthogonal
basis.

Theorem 7.6 ([6, Theorem 1.3])

Let f be a piecewise C* function with C? boundary. For N €N, let Ay(f) C A denote the indices of
the N largest coefficients. Then there exists a constant C > 0 such that

f=> (frm ’ < CN~%(logN)? (7.25)
reAN 2

For a detailed proof of the theorem we refer to [6]. In the following we present a shortened
version of the heuristics given in [6]. They contrast nicely to the wavelet case discussed above,
and motivate in particular the role of anisotropic scaling for the success of the curvelet scheme.
A graphically intuitive way of understanding the proof is to first observe that the locally smooth parts
of the image are captured largely by the translates of the low-pass filter yp 0. The remaining image
information is therefore located in the edge, and the whole point of the curvelet construction is to
provide “brushstrokes” that are increasingly precise as their scale goes to zero, both in the possible
orientations and in their breadth (due to the anisotropic scaling).

Suppose we are given a piecewise smooth image f, and a fixed scale index j. We start the argument
by a geometric observation that motivates the use of anisotropic scaling and rotation. Recall from the
wavelet case that O(2/) dyadic squares of size 27/ are needed to cover the boundary 3<2. This time
we consider a covering by rectangles of size 271//2] x 277, which may be arbitrarily rotated. Then a
Taylor approximation of the boundary shows that this can be done by O(2//2) such rectangles, which
is a vital improvement over the wavelet case.

Next we want to obtain estimates for the scalar products (f, y;«), depending on the position
of the curvelet relative to the boundary. Recall that y;; is a function that has elongated essential
support of size 27L//2) x 27/, in the appropriately rotated coordinate system, and oscillates in the
“short” direction.

Then there are basically three cases to consider, sketched in Figure 7.5:

(1) Tangential: The essential support of y;; 4 is close in position and orientation to one of the
covering boxes, i.e., it is tangent to the boundary.

(2) Transversal: The essential support is close in position to one of the covering boxes, but not
in orientation. Put differently, the support intersects the boundary at a significant angle.

(3) Disjoint: The essential support does not intersect the boundary.

The argument rests on the intuition that only the tangential case yields significant coefficients.
One readily expects that the disjoint case leads to negligible coefficients: the image is smooth away
from the boundary, hence the oscillatory behavior of the curvelet will cause the scalar product to
be small. By looking more closely at the direction of the oscillation, we can furthermore convince
ourselves that the transversal case produces negligibly small coefficients as well: The predominant



Beyond Wavelets: New Image Representation Paradigms 191

FIGURE 7.5 An illustration of the three types of curvelet coefficients. The essential supports of the curvelets
are shown as ellipses, with indicated oscillatory behavior. From left to right: tangential, transversal, and disjoint
case.

part of the essential support is contained in regions where f is smooth, and the oscillations across the
short direction imply that this part contributes very little to the scalar product.

Thus, we have successfully convinced ourselves that only the tangential case contributes sig-
nificant coefficients. Here we apply the same type of estimate that we already used in the wavelet
cases, i.e.,

s Vi) < I flloollyjaxlls < €277/ (7.26)

because of the choice of normalization coefficients c;;. Since there are 0(2//?) boxes, the sampling of
the position and angle parameter in the curvelet system implies also O(2//?) coefficients belonging to
the tangential case. Ignoring the other coefficients, we therefore have produced — rather informal —
evidence for the statement that the sorted coefficients obey the estimate

16| < Cm—3/% (7.27)

As we have already mentioned above, the normalized tight frame property of the curvelet system
is equivalent to the statement that the coefficient operator assigning each function f its curvelet
coefficients ((f,¥j1k)(..ken) iS an isometric mapping from L*(R?) to £2(A), the latter being the
Hilbert space of square-summable coefficient sequences. The adjoint of this operator is the recon-
struction operator mapping each coefficient sequence (o) )iea € £2(A) to the sum D aeA OaVs as
the adjoint of an isometry, this operator is normdecreasing. This allows to finish the argument by the
estimate

lr= X vl = | T o] = X e

rEAN LEA\AN AEAN
o0
= Y 6w <cN?
m=N+1

Observe that the logarithmic factor in the statement of Theorem 7.6 has disappeared in the course of
the argument. This is just an indicator of the degree of oversimplification of the presentation.

Remark 7.7

We close the section by citing another observation from [6], which allows a neat classification of
wavelet, curvelet, and ridgelet schemes by means of their angular resolution: Wavelets have a constant
angular resolution, for curvelets the angular resolution behaves like 1/+/scale, and for ridgelets like
1/scale.
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7.2.3  ALTERNATIVE APPROACHES

Besides the two methods described in the previous subsections, various recent models for the infor-
mation content of natural images were developed from different heuristic principles. It is outside the
scope of this chapter to describe all of them in detail; in the following we briefly sketch some of the
more prominent approaches.

Another interesting recently developed method that combines wavelet theory with geometric par-
titioning of the image domain are bandelets [20,21], which make use of redundancies in the geometric
flow, corresponding to local directions of the image gray levels considered as a planar one-dimensional
field. The geometry of the image is summarized with local clustering of similar geometric vectors,
the homogeneous areas being taken from a quadtree structure. A bandelet basis can be viewed as an
adaptive wavelet basis, warped according to the locally selected direction. Bandelet decomposition
achieves optimal approximation rates for C* functions. This method presents similarities with opti-
mal wedgelet decompositions in that it uses geometric partitioning of the image domain, according
to the minimization of a certain complexity-distortion functional. For instance, bandelets decompo-
sition combined with a rate-distortion method leads to a quite competitive compression scheme. The
geometric part can be used to incorporate prior knowledge, allowing to adapt the scheme to very
specific classes of images, such as ID photos; see the web site [22] for the description of a bandelet
coder of ID images.

Another approach that uses oriented wavelet bases has been introduced under the name “direc-
tionlets” [30]. Like wavelets, directionlets rely on separable filters; however, the filtering is performed
along digital lines that are not necessarily horizontal or vertical, resulting in improved approximation
rates for certain classes of primarily geometric images.

A further approximation scheme is based on the use of triangulations, which corresponds to
a quite different philosophy. By their flexibility, adaptive irregular triangulations have very good
approximation behavior. It can be shown that the optimal rates of approximation can be attained
(see [21]) when we require that every conform triangulation is allowed for the representation. The
main problem encountered by these methods is the sheer number of possible triangulations. In
practice, especially for the purpose of implementation, one is forced to consider highly reduced
triangulations classes, while still trying to obtain nearly optimal results.

To mention an example of such an approach, the method proposed in [10] uses a greedy removal
of pixels, minimizing at each step the error among the possible triangulations. The class of triangu-
lations under consideration is reduced to the set of Delaunay triangulations of a finite set of pixel
positions, which allows a simplified parameterization, only using the point coordinates, without any
connectivity information about the according triangulation. This fact is employed in a suited scat-
tered data compression scheme. For natural images, the rate-distortion performances achieved are
comparable with those obtained by wavelet methods, leading to very different kind of artifacts. In
particular, it avoids ringing artifacts, but smooths textured areas.

An approach which is in a sense dual to the majority of the schemes described here are brushlets,
introduced by Meyer and Coifman [24]. While most of the approaches we mentioned so far involve
some form of spatial adaptation to the image content, brushlet approximations are based on the
adaptive tiling of the frequency plane. As might be expected from this description, the experiments in
[24] show that brushlets are quite well adapted to the representation of periodic textures, which shows
that the brushlet approach is in a sense complementary to geometric approaches such as wedgelets.
By construction, brushlets have trouble dealing with piecewise smooth images, which constitute
the chief class of benchmark signals in this chapter. It is well known that the Fourier transform
is particularly ill-suited to dealing with piecewise smooth data. Hence, any scheme that uses the
Fourier transform of the image as primary source of information will encounter similar problems;
for brushlets this effect can also be examined in the examples displayed in [24].

Finally, let us mention dictionary-based methods, usually employed in connection with pursuit
algorithms. As most of the approaches described in this chapter are based more or less explicitly



Beyond Wavelets: New Image Representation Paradigms 193

on redundant systems of building blocks, there are necessarily some similarities to dictionary-based
methods. The use of highly redundant dictionaries for image representations is the subject of a separate
chapter in this volume, to which we refer the interested reader.

7.3 DIGITAL WEDGELETS

Let us now turn to discrete images and algorithms. In this section, we describe a digital imple-
mentation of Donoho’s wedgelet algorithm. For notational convenience, we suppose the image
domain to be 2 ={0,..., 27— 1} x{0,... 20 — 1}. In this setting, dyadic squares are sets of the
type {ZJk, LYk +1) — 1} x {Zjﬂ, 2 +1)— 1}, with 0 <k, £ < 277 Our goal is to describe an
efficient algorithm that for a given image f € R computes a minimizer of

Hyp(g W) = |If — gll3 + AW (7.28)

where W is a wedge partition of 2 and g is constant on each element of W. As in the continuous
setting, wedge partitions are obtained from dyadic partitions by splitting dyadic squares along straight
lines. It turns out that there are several options of defining these notions; already the digitization of
lines is not as straightforward an issue as one might expect.

In the following, we use the definitions underlying a recent implementation, described in more
detail in [11,19]. Other digitizations of wedgelets can be used for the design of wedgelet algorithms,
and to some extent, the following definitions are just included for the sake of concreteness. However,
as we explain below, they also provide particularly fast algorithms.

We fix a finite set ® C ]—m/2, /2] of admissible angles. The admissible discrete wedgelets are
then obtained by splitting dyadic squares along lines meeting the x-axis at an angle 6 € ©.

Definition 7.8
For 60 € |— /2, /2] let veL = (—sin 6, cos ). Moreover, define
6 = max{|sin9|/2, |cos 6|/2} (7.29)
The digital line through the origin in direction vy is then defined as
Lopg={peZ’: -8 < (pv;)<8) (7.30)

Moreover, we define L, g, for n € Z, as

Lo = {{p +(n,0): p € Log}, 10] > /4 (7.31)

{(p+O,n):pelypg}, 10 <m/4

In other words, L, ¢ is obtained by shifting Ly ¢ by integer values in the vertical direction for flat
lines, and by shifts in the horizontal direction for steep lines. In [11] we prove that the set (L g)nez
partitions Z2, i.e., Z*> = U<z Lng; see also [19, Section 3.2.2].

Now we define the discrete wedge splitting of a square.

Definition 7.9

Let ¢ C Z? be a square, and (n,6) € Z x [—n/2, w/2[. The wedge split induced by L, ¢ is the partition
of ¢ into the sets {wrll’e(q), wz’e(q)} defined by

w},,g(Q) = ULk,G Ngqg

k<n

wﬁyg(‘]) = U Lo Ng

k>n

(7.32)
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Our description of discrete wedgelets is somewhat nonstandard owing to the fact that we use a
globally defined set of angles and lines. The advantage of our definition is that it allows the efficient
solution of the key problem arising in rapid wedgelet approximation, namely the efficient computation
of image mean values over wedges of varying shapes and sizes. In a sense, this latter problem is the
only serious challenge that is left after we have translated the observations made for the continuous
setting in Remark 7.2 to the discrete case. Again the minimization problem is reduced to finding the
best wedgelet segmentation, and the recursive minimization procedure is fast, provided that for every
dyadic interval the optimal wedgesplit is already known. The latter problem requires the computation
of mean values for large numbers of wedges, and here our definitions pay off.

In the following two sections, we give algorithms dealing with a somewhat more general model,
replacing locally constant by locally polynomial approximation. In other words, we consider min-
imization (7.28) for functions g that are given by polynomials of fixed degree r on the elements
of the segmentation. Thus, the following also applies to the platelets introduced in [35]. The more
general problem requires the computation of higher degree image moments over wedge domains, but
is otherwise structurally quite similar to the original wedgelet problem. There exists a freely available
implementation of models up to order 2, which can be downloaded from [34].

Section 7.3.1 sketches the key technique for moment computation. It relies on precomputed
lookup tables containing cumulative sums over certain image domains. The number of lookup tables
grows linearly with the number of angles in ® and the number of required moments. This way, the
angular resolution of the discrete wedges can be prescribed in a direct and convenient way, and
at linear cost, both computational and in terms of memory requirements. Section 7.3.2 contains a
summary of the algorithm for the minimization of (7.28). For more details refer to [11,19].

7.3.1 RariD SUMMATION ON WEDGE DOMAINS: DISCRETE GREEN’S THEOREM

As explained above, efficient wedgelet approximation requires the fast evaluation integrals of the
form fw f(x,y)dxdy, over all admissible wedges w. For higher order models, image moments of
the form || w6 y)x'y/ dx dy need to be computed; for the discrete setting, the integral needs to be
replaced by a sum. The following is a sketch of techniques developed to provide a fast solution to
this problem.

For exposition purposes, let us first consider the continuous setup. We let @ denote the positive
quadrant, Q4 =R x R{. Givenz € Q,and 0 €] — /2, /2], let Sp(z) =z + R~ (cos 0, sin)N Q*.
Moreover, denote by Qy(z) C Q7 the domain that is bounded by the coordinate axes, the vertical line
through z, and Sy(z); see Figure 7.6. Define the auxiliary function Ky : Q7 — R as

Koy(2) = f(x,y)dxdy (7.33)
Q0(2)
note that this implies K;/» =0, as the integral over a set of measure zero.
Let us now consider a wedge of fixed shape, say a trapezoid w, with corners zi, 22,23, 24, as
shown in the right-hand part of Figure 7.6. Then Equation (7.33) implies that

/f(x, y)dxdy = Ko(z4) — Ko(z3) — Ko(z1) + Ko(z2) (7.34)

In order to see this, observe that w = Qg(z4) \ (26(z3) U Q0(z1)). Hence the integral over w is obtained
by subtracting from Kjy(z4) the integrals over 2(z3) and 20(z1), and then adding the part that is
subtracted twice, i.e., the integral over Q9(z3) N R2o(z1) = RLo(22).

Note that the evaluation on the right-hand side of (7.34) involves only four operations, supposing
that Ky and K¢ are known. Similar results can then be obtained for the different kind of wedge
domains arising in the general scheme, and more generally for all polygonal domains with boundary
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X

FIGURE 7.6 Left: The sets Sy(z) and ©24(z). Right: An illustration of the argument proving (7.34).

segments belonging to angles in ®. As a side remark, these considerations in fact just describe a
special case of Green’s theorem; see [11] for a more complete discussion of this connection, and for
a description of the discrete implementation of this formula.

The discrete analogs Ked of the auxiliary functions can be stored in matrices of the same size as
the image, and they are efficiently computable in linear time by cumulative summation first in the
vertical direction, and then along the lines L, ¢. As the main result of this discussion, we record the
following theorem. For the rest of this section, N =2 denotes the number of pixels.

Theorem 7.10

For any angle 6 €]—mt/2, /2], the auxiliary matrix Kg is computable in O(N). After computing Kg
and Kg, the sum Z(x’y)ew f(x,y) is obtainable using at most six operations, for every wedge domain
w obtained by splitting a dyadic square along a line with angle 6.

7.3.2  IMPLEMENTATION

Now, combining Donoho’s observations from Remark 7.2 with the techniques outlined in the previous
section, we obtain the following algorithm for the minimization of (7.28).

(1) Compute the auxiliary matrices Kg{ i forall @ € ®, which are necessary for the computation
of the moment of index i, j to be used in the next steps. Local regression of order r requires
(r + D(r +2)/2 such moment matrices. By the considerations in the previous subsection,
the overall memory and time requirements for this computation step is therefore (r + 1)
(r+2)/2xN x|0].

(2) For each dyadic square ¢, we need to select a best local wedge-regression model among the
possible wedge splitting of this square. For each digital line /, we compute the (r4-1)(r+2)/2
moments in fixed time, using the appropriate version of Equation (7.34). This allows to solve
the corresponding regression problems over wl1 and wlz, which requires O(r>) flops. Finally,
we compute the according discrete [2-error. This procedure applies to the | @[22/ admissible
discrete lines passing through g.

For each g, we need then to store the line 2,, 0 which corresponds to the minimal error, the
associated two sets of optimal coefficients of the local regression models, and the incurred
squared error E,.

The whole procedure needs to be carried out for all (2N — 1)/3 dyadic squares.
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(3) Once Step 2 is finished, we are in a position to determine the wedgelet partition VT/A (f), which
minimizes (7.28) for a given parameter A, using the algorithm sketched in Remark 7.2. The
algorithm runs through all dyadic squares, starting from the smallest ones, i.e., single pixels.

Hence, if we consider a dyadic square g, its children g;, i = 1, ..., 4, have already been
treated, and we know an optimal partition for each g;, denoted by W)\(qi), and also the
associated error E,, ; and penalization )\|(VT/A (gi)l- R

The optimal partition of A is then the result of the comparison of two partitions, W(g)
and U?Zl A (gi)- The associated error is given by

4
Egp =min { E;+ AW(@). Y Eqg. (7.35)
i=1
and according to the result of the comparison, we store the corresponding optimal wedge
partition W, ;. The process stops at the top level, yielding the minimizer (g, W).

We summarize the results concerning the computational costs in the following proposition.

Proposition 7.11

Step 1 requires O(aNr>) flops and a memory storage of O(aN>r>). Step 2 also requires O(aNr3) flops
and a memory storage in O(rN). Step 3 requires O(N) flops.

The following observations are useful for fine-tuning the algorithm performance:

Remark 7.12

(a) In actual implementation, allocation for the auxiliary matrices storing Kg’ turns out to be a crucial
factor. A closer inspection shows that in the Steps 1 and 2 the angles in ® can be treated consecutively,
thus reducing memory requirement to O(Nr>). This results in a considerable speedup.

(b) The use of a fixed set ® of angles for splitting dyadic squares of varying size is not very
efficient. For small dyadic squares, a small difference in angles yields identical wedgesplits. Roughly
speaking, a dyadic square of size 2/ can resolve O(2) angles. It is possible to adapt the algorithm
to this scaling. Note that this scale-dependent angular resolution is precisely the inverse of what is
prescribed by Theorem 7.4. Numerical experiments, documented in [19, Section 6.3], show that this
scale-dependent angular resolution leads to the same approximation rates as the use of a full set of
27 angles, valid for all scales.

(c) A further highly interesting property of the algorithm is the fact that only the last step uses the
regularization parameter. Thus the results of the previous steps can be recycled, allowing fast access
to (g, W) for arbitrary parameters A.

7.4 DIGITAL CURVELETS: CONTOURLETS

The curvelet construction relies on features that are hard to transfer to the discrete setting, such as
polar coordinates and rotation. Several approaches to digital implementation have been developed
since the first inception of curvelets; see, e.g., [12,13,28]. In the following we present the approach
introduced by Do and Vetterli [13], which to us seems to be the most promising among the currently
available implementations, for several reasons. It is based on fast filterbank algorithms with perfect
reconstruction; i.e., the tight frame property of curvelets is fully retained, in an algorithmically
efficient manner. Moreover, the redundancy of the transform is 1.333, which is by far better than the
factor 16J + 1 (J is the number of dyadic scales in the decomposition) reported in [28]. It is clear
that from a coding perspective, redundancy is a critical issue.
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The starting point for the construction of contourlets is the observation that computing curvelet
coefficients can be broken down into the following three steps (compare Figure 7.4):

(1) Bandpass filtering using the scale windows wj.

(2) Directional filtering using the angular windows v; ;.

(3) Subsampling using the grids I'j;, resulting in a tight frame expansion with associated
inversion formula.

The discrete implementation follows an analogous structure (see Figure 7.7 and Figure 7.8):

(1) The image is passed through a pyramid filterbank, yielding a sequence of bandpassed and
subsampled images.

(2) Directional filterbanks [3,12] are applied to the difference images in the pyramid, yielding
directionally filtered and critically subsampled difference images. The angular resolution is
controlled in such a way as to approximate the scaling of the angular resolution prescribed
for the curvelet system.

(3) Thedirectional filterbanks have an inherent subsampling scheme, which makes them orthog-
onal when employed with perfect reconstruction filters. Combining this with a perfect
reconstruction pyramid filterbank, the whole system becomes a perfect reconstruction
filterbank with a redundancy factor of 1.333 inherited from the pyramid filter.

ik

FIGURE 7.7 Idealized frequency response of the contourlet system. The scaling of the angular resolution is
controlled by employing a suitable directional filterbank.
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FIGURE 7.8 Structure of the contourlet decomposition.
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The filterbank uses time-domain filtering, leading to linear complexity decomposition and recon-
struction algorithms. The effect of combined bandpass and directional filtering can be inspected in
the sample decomposition of a geometric test image in Figure 7.9. The filterbank implementation
computes the coefficients of the input image with respect to a family of discrete curvelets or con-
tourlets. A small sample of this family is depicted in Figure 7.10, showing that the anisotropic scaling
properties of the continuous domain curvelet system are approximately preserved.

In connection with angular resolution, we note a similar phenomenon as for the discrete wedgelet
case. Recall that for wedgelets, the continuous domain theory prescribed an angular resolution that
increases as the scale of the dyadic squares decreases, and that this requirement made little sense
for digital images. In the curvelet/contourlet case, the anisotropic scaling amounts to increasing the
angular resolution for large frequencies, which cannot be carried out indefinitely for the discrete
domain. As we will see in Section 7.5.1, contourlets outperform wavelets in the low-bit-coding area,
showing an improved ability to pick out salient image structures, including large-scale structures.
It seems reasonable to expect that this ability is further improved if we allow the curvelets more
orientations in the large scales, which is rather the opposite heuristic to the one proposed for the
continuous domain.

FIGURE 7.9 Sample image circles, decomposed by subsequent bandpass and directional filtering.

T

FIGURE 7.10 A sample of three contourlets of different scales and orientations; the gray-scale is manipulated
to improve visibility of the different contourlets. Observe the change in aspect ratios as the scale decreases.
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7.5 APPLICATION TO IMAGE COMPRESSION

The novel image representations induced by the methods surveyed in this chapter present potential
alternatives to the standard image compression schemes, mainly based on wavelet transform. First,
in Section 7.5.1, we perform some experiments about the practical approximation properties of the
representation model. Then in Section 7.5.2, we focus on the first attempts in the direction of effective
coding—decoding schemes of the underlying information.

7.5.1 EXPERIMENTAL APPROXIMATION PROPERTIES

We have conducted tests with real and artificial images to compare the different approximation
schemes in terms of coefficients used vs. distortion for the reconstructed images. We used standard
test images; see Figure 7.11. The wavelet approximations were obtained by the standard matlab
implementation, using the db4 filters. The contourlet approximations were obtained using the matlab
contourlet toolbox [9], developed by Do and collaborators. For wedgelets we used our implementation
available in [34]. The resulting rate-distortion curves are displayed in Figure 7.12.

The capacity to achieve high theoretical rates of approximation is an important indicator for the
potential of a geometrical method in the field of image compression. In the case of two-dimensional
locally smooth functions with regular boundaries, we already remarked that the rates obtained with
wedgelets or curvelets are of higher order than those induced by the classical decomposition
framework (Fourier decompositions, wavelet frames [25,26]).

A naive transferral of the approximation results obtained in Section 7.1 would suggest that the
new schemes outperform wavelets in the high-bit-rate area, i.e., as the number of coefficients per pixel
approaches 1. However, for all images, wavelets have superior approximation rates in these areas.
By contrast, contourlets and wedgelets perform consistently better in the low-bit-rate area. Given the
fact that the contourlet system has the handicap of a redundancy by a factor of 1.333, and the fact that
the approximation is obtained by simple thresholding, the consistently good approximation behavior
of contourlets for extremely small numbers of coefficients is remarkable. Wedgelets, on the other

y

FIGURE 7.11 Test images; the usual suspects: Barbara (512 x 512), Peppers (512 x 512), Cameraman
(256 x 256), Baboon (512 x 512), and Circles (256 x 256).
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FIGURE 7.12 Nonlinear approximation behavior, visualized by plotting coefficients per pixels against PSNR
(db). We compare wavelets (solid), contourlets (crosses), and wedgelets (dashed), corresponding to the
images. From top left to bottom: Barbara (512 x 512), Peppers (512 x 512), Cameraman (256 x 256), Baboon
(512 x 512), and Circles (256 x 256).

hand, perform best when dealing with images that are of a predominantly geometric nature, such as
the cameraman or the circles. This of course was to be expected. Similarly, the trouble of wedgelets
in dealing with textured regions could be predicted beforehand. By contrast, contourlets also manage
to represent textured regions to some accuracy, as can be seen in the nonlinear approximation plot for
the Barbara image, and in the reconstructions of Baboon and Barbara in Figure 7.13 and Figure 7.14.

Clearly, PSNR is not the only indicator of visual quality. Figure 7.13 and Figure 7.14 present
reconstructions of our sample images using 0.01 coefficients per pixel. We already remarked that
contourlets are superior to wedgelets when it comes to approximating textured regions (cf. Baboon,
Barbara). On the other hand, contourlets produce wavelet-like ringing artifacts around sharp edges
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FIGURE 7.13 Sample reconstructions using 0.01 coefficients per pixel, for contourlets (left) and wedgelets
(right). Top row: Barbara, with contourlets: 23.89 db, wedgelets: 23.02 db; middle row: Peppers, with contour-
lets: 28.12, wedgelets: 27.84 db; bottom row: Cameraman, with contourlets: 22.90 db, wedgelets: 23.82 db.

(cf. Cameraman, Circles). Here the wedgelets produce superior results, both visually and in terms
of PSNR. As a general rule, the artifacts due to contourlet truncation are visually quite similar to
wavelet artifacts. On the other hand, typical wedgelet artifacts come in the form of clearly discernible
edges or quantization effects in the representation of color gradients. To some extent, these effects
can be ameliorated by employing a higher-order system, such as platelets.
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FIGURE 7.14 Sample reconstructions using 0.01 coefficients per pixel, for contourlets (left) and wedgelets
(right). Top row: Baboon, with contourlets: 21.05 db, wedgelets: 20.89 db; bottom row: Circles, with contourlets:
26.56 db, wedgelets: 34.12 db.

Summarizing the discussion, the results suggest that contourlets and wedgelets show improved
approximation behavior in low-bit-rate areas. Here the improvement is consistent, and somewhat con-
tradictory to the theoretical results which motivated the design of these systems in the first place. Both
contourlets and wedgelets are able to well represent the coarse-scale geometric structures inherent in
the image. As more and more details are required, wedgelets fail to efficiently approximate textured
regions, while in the contourlet case the overall redundancy of the contourlet system increasingly
deteriorates the performance.

7.5.2 CODING SCHEMES

As we have already remarked on various occasions, it remains an open question to decide whether
these approximation rates constitute an adequate framework for the case of compression of discrete
images represented with a discrete set of values. The experiments in Section 7.5.1 confirm that owing
to the discretization effects, the theoretical approximation rates are not observed in practice, even
for reasonably big sizes of images. On the other hand, for representations by very few coefficients,
where the discretization effect is negligible, the asymptotical rates do not bring a very relevant
information. It is also obvious that the choice of the L>-error for measuring the distortion also leads
to some undesired artifacts. For instance, this kind of measure also incorporates some noise inherent
to natural images [8], and is thus poorly adapted to the human visual systems.
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Now let us turn to the other main ingredient required for a complete effective compression
scheme, i.e., a suited coding method which captures the remaining structural redundancies in the
representation model. In the case of wavelets, tree-based methods [27,26] allow an efficient coding
of coefficients. Apparently, analogs for contourlets have not been developed so far. Recall that
a contourlet-based coding scheme would also have to make up for the redundancy factor of 1.333
induced by the contourlet decomposition. In any case, we are not aware of an existing implementation
of a compression scheme based on contourlets.

Thus, we restrict the following discussion to the application of wedgelets to image compression,
which is mainly due to the work of Wakin [31,33]. The first attempts are based on a model mixing
cartoon and texture coding [32]. More than for its efficiency, this method is interesting for the
sake of understanding the difficulties occurring in the coding of wedge representations of images.
The heuristic behind this method consists in considering a natural image as the combination of
two independent components, one containing the textures, the other corresponding to a simple-
edge cartoon model, containing only the sharp-edge information. Then, a separated coding of each
component is performed. The cartoon component is treated with the help of wedgelet approximation,
whereas the residual error image inferred from this first approximation is coded with wavelets in a
classical way. On the following, we focus on the coding of the tree-based wedgelet representation of
the cartoon component. The decoder needs to know the structure of the tree (a node of the tree can
be either a square leaf, a wedge leaf, or subdivided), the wedge parameters for the wedge leaves, and
the corresponding quantized, optimized constant values for the selected wedges and squares.

Such a naive coding of a wedgelet decomposition avoids most ringing artifacts around the edges,
but still suffers of a bad punctual details and texture rendering. In terms of PSNR, it remains inferior
to wavelet coding (like JPEG2000). Note that this coding scheme is suboptimal, mainly because it
does not model the dependencies between neighboring coefficients, and also because of redundancies
between wavelet and wedgelet representations, inherent to this scheme.

For the problem of dependencies between different edges, a possible modeling is the MGM
(multiscale geometry model). It relies on a kind of multiscale Markov model for the structural
dependencies between wedge orientations and positions; indeed they make use of the probabilities
of an angle in a child dyadic square to be selected, conditionally to the optimal angle selected in the
parent dyadic square. Note that this model only takes into account the Hausdorff distance between
the parents lines and the children lines. Contrarily to the contextual coding used in JPEG2000 [27],
where the Markov models are adaptively updated, this model does not adapt to the image contents,
but is rather based on an ad hoc assumption concerning the correlation between geometrical structure
of parents and children dyadic squares. This joint coding of the wedge parameters allows significant
coding gains when compared to an independent coding.

Deriving an efficient compression scheme depends also on the possibility to prune the tree
adequately. In (7.28), the penalization used for the pruning of the tree corresponds to a balance
between the distortion in the reconstruction of the image and the complexity of the model measured
by the number of pieces retained for the representation of the image. In the compression context,
it is interesting to consider a modified penalization, which takes into account the coding cost. The
problem reduces then to the minimization of a functional of the form

H, p(g: W) = IIf = gll22 + A[ — log (P(W))] (7.36)

where P is an entropy measure depending on some probabilistic assumptions on the data. This
measure is used for evaluating the amount of bits required for the coding of the wedge tree and
parameters’ information.

The most interesting method is the W-SFQ (wedgelet-space frequency quantization) compression
scheme proposed in [33] and based on the use of wedgeprints. The main difference with the previous
scheme consists in acting directly in the wavelet coefficients domain, instead of the image domain.
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The method is mainly an enhancement of the SFQ scheme, which was originally proposed in [36].
SFQ is a zerotree coding where the coefficients clustering are optimized according to a rate-distortion
criterion. It is a very efficient method outperforming the standard SPIHT (set partitioning into hierar-
chical trees [26] ) in many cases, especially for low bit rates. It still suffers, however, from the limits
of zerotree wavelet coders for the coding of significant wavelet coefficients along edges.

Whereas SFQ considers two possibility for a coded node, either being a zerotree (all its descen-
dants being considered unsignificant) or a significant, coded coefficient; W-SFQ introduces a third
possibility, a node can be a wedge, the wavelet coefficients descendants of this node being evalu-
ated from the optimal wedge function. In other words, W-SFQ is a zerotree where the clustering of
coefficients is more suited to geometry, with the help of wedge functions. This clustering together
with the associated function is also called wedgeprint. Despite the high coding cost of the wedges,
the coherence is ensured by the rate-distortion optimization: a wedge is only chosen when its cost
remains low toward the gain in distortion. In [33], an enhanced version of this coding scheme is
proposed with some additional ingredients:

o The use of the MGM model which is an efficient tool to code efficiently deeper wedge tilings;
a more accurate description of the geometry of a contour than with a single wedgeprint is
possible.

» A smoothing parameter for the edges, which takes into account blurring artifacts in original
image, due to pixelization.

» A specific coding for textures.

This enhanced version model allows to code the information for less larger wedgeprints. The
finer wedgeprints are then coded at low cost, thanks to the MGM. Encouraging results were obtained
for some natural images. For instance, W-SFQ outperforms SFQ at very low bit rate, for some natural
images [33], with poor texture contents, dominated by geometrical structures (and hence closer to
the cartoon model).

Note that the MGM model in this context remains relatively rudimentary. Unlike many classical
coding schemes, it is a nonadaptive model. Furthermore, it only takes into account correlations
between neighboring scales. One could expect improved compression rates with the help of a
modeling of the spatial correlations between wedge parameters of neighboring wedgeprints.

7.6 TENTATIVE CONCLUSIONS AND SUGGESTIONS FOR
FURTHER READING

The construction and efficient implementation of new multiscale methods for the representation of
relevant image structures is an ongoing endeavor. It seems that while the existing constructions
already manage to outperform wavelets, at least in certain respects, both theoretically and in practice,
a consistent improvement over wavelets, in particular in the domain of image compression, has
not yet been achieved. In this respect one should acknowledge the fact that wavelet compression,
as it is incorporated into JPEG2000, is the product of at least ten years of activity that took place
between the recognition of the potential of wavelets for image coding, and their eventual inclusion
into an image compression standard. As both the diversity of the approaches and their computational
complexity — at least in comparison to wavelets — seem to indicate, a further improvement will
require considerable effort, and it is hard to predict which method will prove to be the most effective.
In this chapter, we have tried to describe some of the approaches that have been developed so far, and
for further reading, we refer to our main sources, which were [6,11,13,14,16]. A closer description of
curvelets and ridgelets can also be found in the book [2]. Promising alternatives that we mentioned in
Section 7.2.3 but did not treat in more detail are bandelets [20, 21] and directionlets [30]. An approach
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that allows the combination of different approaches, e.g., wavelets and wedgelets, are footprints (see
the discussion of wedgeprints in the previous subsection). A introduction to footprints can be found

in [18].
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8.1 INTRODUCTION

Image compression has been key in enabling what already seems to be two of the major success
stories of the digital era: rich media experience over the internet and digital photography. What are
the technologies lying behind such industry flagships and, more importantly, what is the future of
these technologies are some of the central questions of this chapter.
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We begin with a quick review of the state of the art. Then, identifying some weaknesses of the
actual systems together with new requirements from applications, we depict how novel algorithms
based on redundant libraries could lead to new breakthroughs.

8.1.1 A Quick GLANCE AT DIGITAL IMAGE COMPRESSION

Modern image compression algorithms, most notably JPEG, have been designed following the trans-
form coding paradigm. Data are considered as the output symbols x;, of a random source X, which can
have a complicated probability density function. In order to reduce redundancy between symbols, one
seeks a new representation of the source by applying a suitable linear transformation 7'. The new sym-
bols Y =T - X will then be quantized and entropy-coded. Very often a scalar quantizer will be applied
to the transform coefficients y,. It is a standard result in data compression that, in order to maximize
the performance of such a system, the transform 7' should be chosen so that it yields uncorrelated
coefficients. In this regard, the optimal transform is thus the Karhunen—Loeve transform (KLT). It is
one of the beauty of transform coding that such a simple and complete analysis is possible. It also leads
us to a few important comments about the whole methodology. First, the KLT is a data-dependent
and complex transform. Using it in practice is at the least difficult, but usually impossible, as it would
require to send the basis that represents 7 to the decoder for each source. Very often, one seeks a linear
transform that performs close to the KLT and this is one of the reasons why the direct cosine trans-
form (DCT) was chosen in JPEG. Second, the optimality of the transform coding principle (KLT plus
scalar quantizer) can only be ensured for simple models (e.g., Gaussian cyclostationary). In practice,
for natural data, this kind of modeling is far from truth. Finally, the role of the transform in this chain
is relegated to its role of providing uncorrelated coefficients for feeding the scalar quantizer. Nothing
about the main structures of the signal and the suitability of the transform to catch them is ever used.
Based on these observations the research community started to consider other alternatives

« Replacing scalar quantization by vector quantization (VQ), which can be seen as a way to
overcome the limits of transform coding while also putting more emphasis on the content of
the signal

» Searching and studying new transforms, better suited to represent the content of the signal

o Completely replacing transform coding by other techniques

Out of the many interesting techniques that have emerged based on these interrogations, wavelet-
based techniques have had the largest impact. Indeed, in these last few years, image compression
has been largely dominated by the use of wavelet-based transform coding techniques. Many popular
compression algorithms use wavelets at their core (SPIHT and EBCOT) and the overall success of this
methodology resulted in the actual JPEG-2000 standard for image compression [38]. As it was quickly
realized, there is more to wavelets than their simple use as a decorrelating transform. On the conceptual
point of view, we see three main reasons for their success: (1) fast algorithms based on filter banks or on
the lifting scheme, (2) nice mathematical properties, and (3) smart adaptive coding of the coefficients.

Efficient algorithms are, of course, of paramount importance when putting a novel technique to
practice, but the overall power of wavelets for image compression really lies in the second and third
items. The mathematical properties of wavelets have been well studied in the fields of computational
harmonic analysis (CHA) and nonlinear approximation theory. Generally, the central question that
both theories try to answer (at least in connection with data compression) is: given a signal, how
many wavelet coefficients do I need to represent it up to a given approximation error? There is a
wealth of mathematical results that precisely relate the decay of the approximation error with the
smoothness of the original signal, when N coefficients are used. By modeling a signal as a piecewise
smooth function, it can be shown that wavelets offer the best rate of nonlinear approximation. By
this we mean that approximating functions that are locally Holder o with discontinuities, by their N
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FIGURE 8.1 Inadequacy of isotropic refinement for representing contours in images. The number of wavelets
intersecting the singularity is roughly doubled when the resolution increases: (a) 6 coefficients; (b) 15
coefficients; and (c) 25 coefficients.

biggest wavelet coefficients, one obtains an approximation error in the order of N~ and that this is
an optimal result (see [9,15] and references therein). The key to this result is that wavelet bases yield
very sparse representations of such signals, mainly because their vanishing moments kill polynomial
parts, while their multiresolution behavior allows to localize discontinuities with few non-negligible
elements. Now, practically speaking, the real question should be formulated in terms of bits: how
many bits do I need to represent my data up to a given distortion? The link between both questions is
not really trivial: it has to take into account both quantization and coding strategies. But very efficient
wavelet coding schemes exist, and many of them actually use the structure of nonnegligible wavelet
coefficients across subbands.

8.1.2 LiMITs OF CURRENT IMAGE REPRESENTATION METHODS

While the situation described above prevails in one dimension, it gets much more problematic for
signals with two or more dimensions, mainly because of the importance of geometry. Indeed, an
image can still be modeled as a piecewise smooth 2-D signal with singularities, but the latter are
not point-like anymore. Multidimensional singularities may be highly organized along embedded
submanifolds and this is exactly what happens at image contours, for example. Figure 8.1 shows
that wavelets are inefficient at representing contours because they cannot deal with the geometrical
regularity of the contours themselves. This is mainly due to the isotropic refinement implemented
by wavelet basis: the dyadic scaling factor is applied in all directions, where clearly it should be fine
along the direction of the local gradient and coarse in the orthogonal direction in order to efficiently
localize the singularity in a sparse way. This is the reason why other types of signal representation,
like redundant transforms, certainly represent the core of new breakthroughs in image coding, beyond
the performance of orthogonal wavelet transforms.

8.2 REDUNDANT EXPANSIONS

8.2.1 BENEFITS OF REDUNDANT TRANSFORMS

In order to efficiently represent contours, beyond the performance of wavelet decompositions,
anisotropy is clearly desirable in the coding scheme. Several authors have explored the rate—distortion
characteristics of anisotropic systems for representing edge-dominated images [11,20]. These pre-
liminary studies show that for images that are smooth away from a smooth edge (typically a C?
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rectifiable curve), a rate—distortion (R—D) behavior of the form

8.1

can be reached. Comparing this with the associated wavelet R—D behavior, i.e., D(R) =R~! one
clearly sees how the use of a geometry-adapted system of representation can boost coding expect-
ations. It is important to realize here that it is really the anisotropic scaling of the basis functions
that allows for such performances. Simply using an anisotropic basis with multiple orientations but
a fixed isotropic scaling law would not provide such results (though it may improve visual quality
for instance).

Candes and Donoho [4] have recently proposed a construction called the curvelet transform,
which aims at solving the lack of flexibility of wavelets in higher dimensions. Basically, curvelets
satisfy an anisotropic scaling law that is adapted to representing smooth curves in images. Curvelet
tight frames have been shown to achieve a much better nonlinear approximation rate than wavelets for
images that are smooth away from a C> edge. Very interesting results have been reported for statistical
estimation and denoising [37] and efficient filter bank implementations have been designed [12]. On
the coding side, curvelets satisfy the localization properties that lead to (8.1) and there is thus hope
to find efficient compression schemes based on the curvelet transform, even though such results have
not yet been reported.

8.2.2 NONLINEAR ALGORITHMS

8.2.2.1 A Wealth of Algorithms

Clearly, another way to tackle the problem of higher dimensional data representation would be to
turn to nonlinear algorithms. The interested reader searching a way through the literature might feel
as if he/she had suddenly opened Pandora’s box! Various algorithms exist, and they all differ in
philosophy. Before moving to the particular case of interest in this chapter, we thus provide a basic
road map through some of the most successful techniques.

o Wavelet footprints [16]: for piecewise polynomial signals, the significant wavelets of
predefined singularities are grouped together into a footprint dictionary. The algorithm locates
singularities and then selects the best footprints in the dictionary. In 1-D, it reaches the near-
optimal bound. In 2-D, the situation gets complicated by the problem of chaining these
footprints together along contours.

o Wedgeprints [43]: weds wavelets and wedgelets [13] by grouping wavelet coefficients into
wedgeprints in the wavelet domain. One advantage is that all is computed based on the wavelet
coefficients: they are sorted in a tree-like manner according to their behavior as smooth,
wedgeprints, or textures. Markov trees help ensuring that particular grouping of coefficients
do make sense (i.e., they represent smooth edges). It reaches the near-optimal bound in 2-D.

o Bandelets [27]: the image is processed so as to find its edges. The wavelet transform is then
warped along the geometry in order to provide a sparse expansion. It reaches the near-optimal
bound for all smooth edges.

8.2.2.2 Highly Nonlinear Approximations

Another interesting way of achieving sparsity for low bit-rate image coding is to turn to very redundant
systems. In particular, we will now focus on the use of highly nonlinear approximations in redundant
dictionaries of functions.
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Highly nonlinear approximation theory is mainly concerned with the following question: given
a collection D of elements of norm 1 in a Banach space! 7, find an exact N-sparse representation of
any signal s:

N—1
s= ) gk (8.2)
k=0

The equality in (8.2) may not need to be reached, in which case a N-term approximant Sy is
found:

N—-1

V=) age s =3l < e®) (8.3)
k=0

for some approximation error €. Such an approximant is sometimes called (e, N)-sparse.

The collection D is often called a dictionary and its elements are called atoms. There is no
particular requirement concerning the dictionary, except that it should span H, and there is no
prescription on how to compute the coefficients cx in Eq. (8.2). The main advantage of this class of
techniques is the complete freedom in designing the dictionary, which can then be efficiently tailored
to closely match signal structures.

Our ultimate goal would be to find the best, that is the sparsest possible representation of the
signal. In other words, we would like to solve the following problem:

K—1
minimize ||c||o subject to s = Z k&,
k=0

where ||c||o is the number of nonzero entries in the sequence {c}. If the dictionary is well adapted to
the signal, there are high hopes that this kind of representation exists, and would actually be sparser
than a nonlinear wavelet-based approximation. The problem of finding a sparse expansion of a signal
in a generic dictionary D leads to a daunting NP-hard combinatorial optimization problem. This is
however not true anymore for particular classes of dictionaries. Recently, constructive results were
obtained by considering incoherent dictionaries [14,18,23], i.e., collections of vectors that are not
too far from an orthogonal basis. These results impose very strict constraints on the dictionary, but
yield a striking improvement: they allow to solve the original NP-hard combinatorial problem by
linear programming. As we will now see, this rigidity can be relaxed when we turn to the problem
of finding sufficiently good N-term approximants, instead of exact solutions to Eq. (8.2).

In order to overcome this limitation, Chen et al. [5] proposed to solve the following slightly
different problem:

K-1
minimize |[c||; subjecttos = Z Ck8y;
k=0

Minimizing the £; norm helps to find a sparse approximation, because it prevents diffusing the energy
of the signal over a lot of coefficients. While keeping the essential property of the original problem,
this subtle modification leads to a tremendous change in the very nature of the optimization challenge.
Indeed, this £ problem, called basis pursuit (BP), is a much simpler problem, that can be efficiently
solved by linear programming using, for example, interior point methods.

! A Banach space is a complete vector space B with a norm ||v|; for more information refer to [34].
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Constructive approximation results for redundant dictionaries however do not abound, contrary
to the wavelet case. Nevertheless, recent efforts pave the way toward efficient and provably good
nonlinear algorithms that could lead to potential breakthroughs in multidimensional data compression.
For illustration purposes, let us briefly comment on the state of the art.

Recently, many authors focused on incoherent dictionaries, or, equivalently, dictionaries whose
coherence p is smaller than a sufficiently small constant C (i.e., u < C), whereas the coherence of a
dictionary D is defined as

m = sup |(gi, gj)| (8.4)
ij
i
Coherence is another possible measure of the redundancy of the dictionary and Eq. (8.4) shows that
D is not too far from an orthogonal basis when its coherence is sufficiently small (although it may
be highly overcomplete). Let us first concentrate on a dictionary D that is given by the union of two
orthogonal bases in RN, ie,D= {¥i} U {¢;}, 1 <i, j <N. Building on early results of Donoho and
Huo [14], Elad and Bruckstein [18] have shown a particularly striking and promising result: if D
is the concatenated dictionary described above with coherence u and s € RV is any signal with a
sufficiently sparse representation,

. V2 -0.
s=Y cig withllc]o < - (8.5)

1

then this representation is the unique sparsest expansion of s in D and can be exactly recovered by BP.
In other words, we can replace the original NP-hard combinatorial optimization problem of finding
the sparsest representation of s by the much simpler £; problem. These results have been extended
to arbitrary dictionaries by Gribonval and Nielsen [23], who showed that the bound in Eq. (8.5) can
be refined to

1 1
lello < 5 (1 + ;> 8.6)

So far the results obtained are not constructive. They essentially tell us that, if a sufficiently sparse
solution exists in a sufficiently incoherent dictionary, it can be found by solving the £; optimization
problem. Practically, given a signal, one does not know whether such a solution can be found and
the only possibility at hand would be to run BP and check a posteriori that the algorithm finds a
sufficiently sparse solution. These results also impose very strict constraints on the dictionary, i.e.,
sufficient incoherence. But this has to be understood as a mathematical artifice to tackle a difficult
problem: managing dependencies between atoms in order to prove exact recovery of a unique sparsest
approximation. When instead one wants to find sufficiently good N-term approximants, such a
rigidity may be relaxed as shown in practice by the class of greedy algorithms described in the next
section.

8.2.2.3 Greedy Algorithms: Matching Pursuit

Greedy algorithms iteratively construct an approximant by selecting the element of the dictionary
that best matches the signal at each iteration. The pure greedy algorithm is known as Matching
Pursuit (MP) [30]. Assuming that all atoms in D have norm 1, we initialize the algorithm by setting
Ry = s and we first decompose the signal as

Ro = (gyp,R0)gy + K1 8.7
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Clearly, g, is orthogonal to Ry and we thus have

IRolI* = (g, Ro)|* + IR 112 (8.8)

If we want to minimize the energy of the residual R; we must maximize the projection [{g,,, Ro}|. In
the next step, we simply apply the same procedure to R, which yields

Rl = (g)/laRl>gy| +R2 (89)

where g,, maximizes |(g,,,R1)|. Iterating this procedure, we thus obtain an approximant after M
steps:

M—1
S= > 8y, Rm)gy, + Ru (8.10)
m=0

where the norm of the residual (approximation error) satisfies

M—1
IR 1 = lIsl® = D {8y, R (8.11)
m=0

Some variations around this algorithm are possible. An example is given by the weak greedy algo-
rithm [10], which consists of modifying the atom selection rule by allowing to choose a slightly
suboptimal candidate:

[(Rim» 8y, )| = tm sup (R, &)], i <1 (8.12)
g€eD
It is sometimes convenient to rephrase MP in a more general way, as a two-step algorithm. The first
step is a selection procedure that, given the residual R,, at iteration m, will select the appropriate
element of D:

8ym = SR, D) (8.13)

where S is a particular selection operator. The second step simply updates the residual:
Ryuy1 =URp, gy,,) (8.14)

One can easily show that MP converges [25] and even converges exponentially in the strong topology
in finite dimension (see [30] for a proof). Unfortunately, this is not true in general in infinite dimension,
even though this property holds for particular dictionaries [42]. However, De Vore and Temlyakov [10]
constructed a dictionary for which even a good signal, i.e., a sum of two dictionary elements, has a
very bad rate of approximation: ||s — sy/|| > CM~1/2, In this case, a very sparse representation of the
signal exists, but the algorithm dramatically fails to recover it! Notice though, that this again does in
no way rule out the existence of particular classes of very good dictionaries.

A clear drawback of the pure greedy algorithm is that the expansion of s on the linear span of
the selected atoms is not the best possible one, since it is not an orthogonal projection. Orthogonal
MP [7,33] solves this problem by recursively orthogonalizing the set of selected atoms using a Gram—
Schmidt procedure. The best M-term approximation on the set of selected atoms is thus computed
and the algorithm can be shown to converge in a finite number of steps, but at the expense of a much
bigger computational complexity.

Atthe same time, greedy algorithms offer constructive procedures for computing highly nonlinear
N-term approximations. Although the mathematical analysis of their approximation properties is com-
plicated by their nonlinear nature, interesting results are emerging (see, for example, [22,24,40,41]).
Let us briefly illustrate one of them.
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Theorem 8.2.1

Let D be a dictionary in a finite/infinite-dimensional Hilbert space and let p: maxyx; |{(gk, &1)
be its coherence. For any finite index set 1 of size card(l)=m<(14+1/n)/2 and any
S= Y kel Ck8k € span(gr, k € I), MP:

1. picks up only “correct” atoms at each step (Vn, k, € 1);
2. converges exponentially

I f = £II* < (1 = 1/m)(1+ )1 £1I2.

The meaning of this theorem is the following. Take a dictionary for which interactions among atoms
are small enough (low coherence) and a signal that is a superposition of atoms from a subset {gx, k € [}
of the dictionary. In this case, MP will only select those correct atoms and no other. The algorithm thus
exactly identifies the elements of the signal. Moreover, since MP is looping in a finite dimensional
subset, it will converge exponentially to f. The interested reader will find in [23,40] similar results for
the case when the signal is not an exact superposition of atoms, but when it can be well approximated
by such a superposition. In this case again, MP can identify those correct atoms and produce N-term
approximants that are close to the optimal approximation.

The choice of a particular algorithm generally consists in trading off complexity and optimality,
or more generally efficiency. The image compression scheme presented in this chapter proposes to
use MP as a suboptimal algorithm to obtain a sparse signal expansion, yet an efficient way to produce
a progressive low bit-rate image representation with a controlled complexity. Matching Pursuit,
as already stressed before, iteratively chooses the best matching terms in a dictionary. Despite its
possible numerical complexity in the signal representation, it is very easy to implement. Moreover,
since there is almost no constraint on the dictionary itself, MP clearly stands as a natural candidate
to implement an efficient coding scheme based on anisotropic refinement, and such a construction is
detailed in the next section.

8.2.3 A ScALABLE IMAGE ENCODER

8.2.3.1 Overview

The benefits of redundant expansions in terms of approximation rate have been discussed in the first
part of this chapter. The second part now describes an algorithm that builds on the previous results and
integrates nonlinear expansions over an anisotropically refined dictionary, in a scalable MP image
encoder. The advantages offered by both the greedy expansion and the structured dictionary are used
to provide flexibility in image representation.

The encoder can be represented as in Figure 8.2. The input image is compared to a redundant
library of functions using a MP algorithm. Iteratively, the index of the function that best matches
the (residual) signal is sent to an entropy coding stage. The corresponding coefficient is quantized,
and eventually entropy-coded. The output of the entropy coder block forms the compressed image
bitstream. The decoder performs inverse entropy coding, inverse quantization, and finally recon-
structs the compressed image by summing the dictionary functions, multiplied by their respective
coefficients.

Clearly, the transform only represents one single stage in the compression chain. In order to take
the benefit of the improved approximation rate offered by redundant signal expansions, the quantiza-
tion and entropy coding stage have also to be carefully designed. All the blocks of the compression
algorithm have to be adapted to the specific characteristics of MP expansions. It is important to note
that the real benefits of redundant transforms in image compression, can only be appreciated when
all the blocks of the image encoder are fully optimized.
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FIGURE 8.2 Block diagram of the MP image encoder.

Alternative image representation methods based on MP, have been proposed in the literature. One
of the first papers that proposed to use MP for representing images is [2]. This first work does however
not propose a coder implementation, and the dictionary is different than the one proposed in this
chapter. MP has been used for coding the motion estimation error in video sequences [32], in a block-
based implementation. This coder, contrarily to the one proposed below, makes use of subblocks,
which, in a sense, limits the efficiency of the expansion. At the same time, it has been designed
to code the residual error of motion estimation, which presents very different characteristics than
edge-dominated natural images. The coder presented in the remainder takes benefit of the properties
of both redundant expansions and anisotropic functions to offer efficient and flexible compression of
natural images.

8.2.3.2 Matching Pursuit Search

One of the well-known drawbacks of MP is the complexity of the search algorithm. The computations
to find the best atom in the dictionary have to be repeated at each iteration. The complexity problem can
be alleviated in replacing full-search methods, by optimization techniques, such as implementations
based on Tree Pursuit [26]. Although such methods greatly speed up the search, they often sacrifice
in the quality of the approximation. They sometimes get trapped in local minima, and may choose
suboptimal atoms, which do not truly maximize the projection coefficient | (g, |Rf)|. Other solutions
can be found in efficient implementations of the MP algorithm, in taking benefit from the structure of
the signal and the dictionary. The dictionary can, for example, be decomposed in incoherent blocks,
and the search can thus be performed independently in each incoherent block, without penalty.

The actual implementation of the MP image encoder described here still performs a full search
over the complete dictionary, but computes all the projections in the Fourier domain [19]. This
tremendously reduces the number of computations, in the particular case of our dictionary built on
anisotropic refinement of rotated atoms. The number of multiplications in this case only depends
on the number of scales and rotations in the dictionary, and does not depend any more on the
number of atom translations. The MP search in the Fourier domain allows to decrease the number of
computations, possibly however at the expense of an increase in memory resources.

8.2.3.3 Generating Functions of the Dictionary

As presented in the previous section, a structured dictionary is built by applying geometric trans-
formations to a generating mother function g. The dictionary is built by varying the parameters of
a basis function, in order to generate an overcomplete set of functions spanning the input image
space. The choice of the generating function, g, is driven by the idea of efficiently approximating
contour-like singularities in 2-D. To achieve this goal, the atom is a smooth low-resolution function
in the direction of the contour, and behaves like a wavelet in the orthogonal (singular) direction.
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In other words, the dictionary is composed of atoms that are built on Gaussian functions along one
direction and on second derivative of Gaussian functions in the orthogonal direction, that is
(42 — Dexp(—(Z + ) (8.15)
3

where p=[x,y] is the vector of the image coordinates and ||g|| = 1. The choice of the Gaussian
envelope is motivated by the optimal joint spatial and frequency localization of this kernel. The second
derivative occurring in the oscillatory component is a trade-off between the number of vanishing
moments used to filter out smooth polynomial parts and ringing-like artifacts that may occur after
strong quantization. It is also motivated by the presence of second derivative-like filtering in the early
stages of the human visual system [31].

The generating function described above is however not able to efficiently represent the low-
frequency characteristics of the image at low rates. There are two main options to capture these
features: (1) to perform a low-pass filter of the image and send a quantized and downsampled image
or (2) to use an additional dictionary capable of representing the low-frequency components. This
second approach also has the advantage of introducing more natural artifacts at very low bit rate,
since it tends to naturally distribute the available bits between the low and high frequencies of the
image. A second subpart of the proposed dictionary is therefore formed by Gaussian functions, in
order to keep the optimal joint space—frequency localization. The second generating function of our
dictionary can be written as

g8p) =

N 1
() = 7 exp(—(x? + %)) (8.16)

where the Gaussian has been multiplied by a constant in order to have ||g(p)|| = 1.

8.2.3.4 Anisotropy and Orientation

Anisotropic refinement and orientation is eventually obtained by applying meaningful geometric
transformations to the generating functions of unit L? norm, g, described earlier. These transform-
ations can be represented by a family of unitary operators U(y), and the dictionary is thus expressed as

D={U(y)g. vy €T} (8.17)
for a given set of indexes I". Basically, this set must contain three types of operations:

¢ Translations l;, to move the atom all over the image
» Rotations 6, to locally orient the atom along contours
« Anisotropic scaling @ = (aj, a2), to adapt to contour smoothness

A possible action of U(y) on the generating atom g is thus given by
U(y)g = U(b,6)D(ar, a)g (8.18)
where U is a representation of the Euclidean group,
U(b.0)8(P) = g(r—o (p — b)) (8.19)

rg is a rotation matrix, and D acts as an anisotropic dilation operator:

o 1
Dlar.a2)gf) = s (ail ay—z) (8.20)
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It is easy to prove that such a dictionary is overcomplete using the fact that, under the restrictive
condition a; = ay, one gets 2-D continuous wavelets as defined in [1]. It is also worth stressing that,
avoiding rotations, the parameter space is a group studied by Bernier and Taylor [3]. The advan-
tage of such a parametrization is that the full dictionary is invariant under translation and rotation.
Most importantly, it is also invariant under isotropic scaling, e.g., a; = a». These properties will be
exploited for spatial transcoding in the next sections.

8.2.3.5 Dictionary

Since the structured dictionary is built by applying geometric transformations to a generating mother
function g, the atoms are therefore indexed by a string y composed of five parameters: translation
b, anisotropic scaling &, and rotation . Any atom in our dictionary can finally be expressed in the
following form:

&y = —tier” —~ D exp(—(a1” + 227 821
NE
with
o cos(9)(x — by) + sin(®)(y — by) (8.22)
a
and
. cos(0)(y — b2) — sin(0)(x — by) (8.23)

a

For practical implementations, all parameters in the dictionary must be discretized. For the
anisotropic refinement (AR) atoms subdictionary, the translation parameters can take any positive
integer value smaller than the image dimensions. The rotation parameter varies by increments of g,
to ensure the overcompleteness of the dictionary. The scaling parameters are uniformly distributed
on a logarithmic scale from one up to an eighth of the size of the image, with a resolution of one third
of octave. The maximum scale has been chosen so that at least 99% of the atom energy lies within the
signal space when it is centered in the image. Experimentally, it has been found that this scale and
rotation discretization choice represents a good compromise between the size of the dictionary, and
the efficiency of the representation. One can choose a finer resolution for scale and rotation, getting
generally more accuracy in the initial approximations. There is however a price to pay in terms of
atom coding and search complexity. Finally, atoms are chosen to be always smaller along the second
derivative of the Gaussian function than along the Gaussian itself, thus maximizing the similarity of
the dictionary elements with edges in images. This limitation allows to limit the size of the dictionary.

For the Gaussian (low-frequency) subdictionary, the translation parameters vary exactly in the
same way as for the AR atoms, but the scaling is isotropic and varies from %min(W, H)to imin(W, H)
on a logarithmic scale with a resolution of one third of octave (W and H are image width and height,
respectively). The minimum scale of these atoms has been chosen to have a controlled overlap with
the AR functions, i.e., large enough to ensure a good coverage of the signal space, but small enough
to avoid destructive interactions between the low-pass and the band-pass dictionary. This overlap has
been designed so that <50% of the energy of the Gaussians lies in the frequency band taken by the
AR functions. The biggest scale for these Gaussian atoms has been chosen so that at least 50% of
the atom energy lies within the signal space when centered in the image. Lastly, owing to isotropy,
rotations are obviously useless for this kind of atoms. Sample atoms are shown in Figure 8.3.
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FIGURE 8.3 Sample anisotropic atoms with a rotations of 157;” radians and scales of 4 and 8 (a), sample Gaussian
function (b), and their respective transforms (c, d).

8.2.3.6 Coding Stage

Compact signal representations also necessitate an efficient entropy coding stage, to remove statistical
redundancy left in the signal representation. This stage is crucial in overcomplete signal expansions,
since the dictionary is inherently more redundant than in the case of common orthogonal transforms.
Optimal coding in redundant expansions is however still an open research problem, which is made
nontrivial by the large number of parameters in the case of image coding.

Efficient coding of MP parameters has been proposed in [32], for example, with a smart scanning
of atom positions within image blocks. The coder presented in this section aims at producing fully
scalable image streams. Such a requirement truly limits the options in the entropy coding stage, since
the atom order is given by the magnitude of their coefficients, as discussed in the previous paragraph.
The scalable encoder therefore implements an adaptive arithmetic coding, with independent contexts
for position, scale, rotation, and coefficient parameters. The core of the arithmetic coder is based
on [44], with the probability update method from [17]. As the distribution of the atom parameters
(e.g., positions or scales) is dependent on the image to be coded, the entropy coder first initializes the
symbol probabilities to a uniform distribution. The encoded parameters are then sent in their natural
order, which results in a progressive stream, that can eventually be cut at any point to generate
rate-scalable streams.

Finally, recall that flexibility is the main motivation for choosing this kind of arithmetic coder.
It can be imagined that more efficient coders could, for example, try to estimate the parameter’s
distribution in order to optimally distribute the bits. Alternatively, grouping atoms according to
their position parameters might also increase the compression ratio when combined with differential
coding. Similar methods could be applied to rotation or scale indexes. However, the generated
stream would not be progressive anymore, and scalability would only be attained in this case by
stream manipulations, and more generally transcoding.

8.2.3.7 Coefficient Quantization

One of the crucial points in the MP encoder is the coefficient quantization stage. Since coefficients
computed by the MP search take real values, quantization is a mandatory operation in order to
limit the coding rate. Redundant signal expansions present the advantage that quantization error on
one coefficient may be mitigated by later MP iterations, when the quantization is performed in the
loop [8]. The encoder presented in this section however uses a different approach, which performs
quantization a posteriori. In this case, the signal expansion does not depend on the quantization,
and hence the coding rate. A posteriori quantization and coding allow for one single expansion to
be encoded at different target rates. This is particularly interesting in scalable applications, which
represent the main target for the image coder under consideration here. Since the distortion penalty
incurred by a posteriori quantization is moreover generally negligible [21], this design choice is
justified by an increased flexibility in image representation.

The proposed coder uses a quantization method specifically adapted to the MP expansion char-
acteristics, the a posteriori rate-optimized exponential quantization. It takes benefit from the fact that
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the MP coefficient energy is upper-bounded by an exponential curve, decaying with the coefficient
order. The quantization algorithm strongly relies on this property, and the exponential upper-bound
directly determines the quantization range of the coefficient magnitude, while the coefficient sign is
reported on a separate bit. The number of quantization steps is then computed as the solution of a
rate—distortion optimization problem [21].

Recall that the coefficient ¢, represents the scalar product (g,,, R"f). It can be shown that its
norm is upper-bounded by an exponential function [29], which can be written as

ley, | < (1 — a5 2| £l (8.24)

where || f|| is the energy of the signal to code, B a constant depending on the construction of the
dictionary, and « a suboptimality factor depending on the MP implementation (for a full-search
algorithm as the one used in this paper, o = 1). The coefficient upper-bound thus depends on both
the energy of the input function and the construction of the dictionary. Since the coefficients cannot
obviously bring more energy than the residual function, the norm of the coefficient is strongly related
to the residual energy decay curve.

Choosing the exponential upper-bound from Eq. (8.24) as the limit of the quantization range,
the number of bits to be spent on each coefficient remains to be determined. The rate—distortion
optimization problem shows that the number of quantization levels have also to follow a decaying
exponential law given by

j =

2 _ R2Y\j
\/Ilfll (1— p2)ilog2 525

6\

where 7; is the number of quantization levels for coefficient ¢;, and A the Lagrangian multiplier that
drives the size of the bitstream [21].

In practice, the exponential upper-bound and the optimal bit distribution given by Eq. (8.25) are
often difficult to compute, particularly in the practical case of large dictionaries. To overcome these
limitations, the quantizer uses a suboptimal but very efficient algorithm based on the previous optimal
results. The key idea lies in a dynamic computation of the redundancy factor 8 from the quantized
data. Since this information is also available at the decoder, this one is able to perform the inverse
quantization without any additional side information.

In summary, the quantization stage of the coefficients is implemented as follows. The coefficients
are first reordered, and sorted in the decreasing order of their magnitude (this operation might be
necessary since the MP algorithm does not guarantee a strict decay of the coefficient energy). Then
let Qlck], k=1, ...,j — 1, denote the quantized counterparts of the j — 1 first coefficients. Owing to
the rapid decay of the magnitude, coefficient ¢; is very likely to be smaller than Q[c;_1]. It can thus
be quantized in the range [0, O[c;—1]]. The number of quantization levels at step j is theoretically
driven by the redundancy factor as given by Eq. (8.25). The adaptive quantization uses an estimate
of the redundancy factor to compute the number of quantization levels as

nj=1-=p " niy (8.26)

The estimate of the redundancy factor ¥ is recursively updated as

~ 0l¢j] >2/f'
. 8.27
& < £l (8:27)

Finally, the quantization range is given by the quantized coefficient Q[c;].
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8.2.3.8 Rate Control

The quantization algorithm presented above is completely determined by the choice of ng, the number
of bits for the first coefficient, and a positive value of N, the number of atoms in the signal expansion.
When the bitstream has to conform to a given bit budget, the quantization scheme parameters ny and
N can be computed as follows. First, 8 is estimated with Eq. (8.27) by training the dictionary on a
large set of signals (e.g., images), encoded with the adaptive quantization algorithm. The estimation
quite rapidly tends to the asymptotic value of the redundancy factor. The estimation of § is then used
to compute A as a function of the given bit budget R, which has to satisfy

N-1 N-1
Ry = Zlogznj + Zaj
Jj=0 J=0

N-1
= Y logy(1 — p*)'/> + Nlogyng + N A (8.28)
j=0

where a; represents the number of bits necessary to code the parameters of atom g,, (i.e., positions,
scales, and rotation indexes), and A = E[a;] represents the average index size. From Eq. (8.25), the
value of A determines the number of bits of the first coefficient ng. Under the reasonable condition
that the encoder does not code atoms whose coefficients are not quantized (i.e., nj < 2), the number
of atoms to be coded, N, is finally determined by the condition (1 — B2)¥~1/2 yy <2. The adaptive
quantization algorithm is then completely determined, and generally yields bit rates very close to the
bit budget.

8.2.4 EXPERIMENTAL RESuLTS

8.2.4.1 Benefits of Anisotropy

Anisotropy and rotation represent the core of the design of our coder. To show the benefits of
anisotropic refinement, our dictionary has been compared to four different dictionaries, in terms of the
quality of the MP expansion. The first dictionary uses the real part of oriented Gabor atoms generated
by translation b, rotation 6, and isotropic scaling a of a modulated Gaussian function

N 1 B L o
U(a,0,b)g(x) = - gla 1rfg(x —b)) (8.29)

with
¢(7) = elvie—IXI?/2 (8.30)

The next dictionary is an affine Weyl-Heisenberg dictionary [6] built by translation, dilation, and
modulation of the Gabor—generating atom of Eq. (8.30):

Ula,&,b)g(®) = é @D o(a™1 (% — b)) (8.31)
where again, as we are dealing with real signals, only the real part is used. The other two diction-
aries are simply built on orthogonal wavelet bases. Figure 8.4 shows the reconstructed quality as a
function of the number of iterations in the MP expansion using different types of dictionaries. In this
figure, the comparison is performed with respect to the number of terms in the expansion, in order to
emphasize the approximation properties (the behavior of the coding rate is discussed below). Clearly,
overcompleteness and anisotropic refinement allow to outperform the other dictionaries, in terms of
approximation rate, which corresponds to the results presented in [11,20]. As expected, the orthogonal
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FIGURE 8.5 Comparison of the rate—distortion characteristic of a decomposition using a dictionary built on
anisotropic refinement and a dictionary without anisotropic refinement. The basis functions are the same for
isotropic and anisotropic functions, with the same angle discretization (allowing 18 different angles) and with
spatial translation resolution of 1 pixel.

bases offer the lowest approximation rates due to the fact that these kinds of bases cannot deal with the
smoothness of edges. We can thus deduce that redundancy in a carefully designed dictionary provides
sparser signal representations. This comparison shows, as well, that the use of rotation is also of inter-
est since the oriented Gabor dictionary gives better results than the modulated one. It is worth noticing
that rotation and anisotropic scaling are true 2-D transformations: the use of nonseparable dictionar-
ies is clearly beneficial to efficiently approximate 2-D objects. Separable transforms, although they
may enable faster implementations, are unable to cope with the geometry of edges.

It is interesting now to analyze the penalty of anisotropy on the coding rate. In our coder, the
addition of anisotropy induces the cost of coding an additional scaling parameter for each atom.
To highlight the coding penalty due to anisotropic refinement, the image has also been coded with
the same dictionary, built on isotropic atoms, all other parameters staying identical to the proposed
scheme. Figure 8.5 illustrates the quality of the MP encoding of Lena, as a function of the coding rate,
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FIGURE 8.6 Lena (512 x 512) encoded at 0.16 bpp: (a) MP, 31.0610 dB; (b) JPEG-2000, 31.9285 dB.

with both dictionaries. To perform the comparison, the isotropic and the anisotropic dictionaries are
generated with the same generating function and with the same discretization of the parameters (three
scales per octave and an angle resolution of 10°). The anisotropy however implies the coding of one
additional scale parameter. It is shown that the dictionary based on anisotropic refinement provides
superior coding performance, even with longer atom indexes. The penalty due to the coding cost of
one additional scale parameter, is largely compensated by a better approximation rate. Anisotropic
refinement is thus clearly an advantage in MP image coding.

8.2.4.2 Coding Performance

The objective of this section is to emphasize the potential of redundant expansion’s low-rate com-
pression of natural images, even though the MP encoder is not fully optimized yet, as it has been
discussed in Section 8.2.3.

Figure 8.6 presents a comparison between images compressed with MP and JPEG-2000.% It
can be seen that the PSNR rating is in favor of JPEG-2000, which is not completely surprising
since a lot of research efforts are being put in optimizing the encoding in JPEG-2000-like schemes.
Interestingly, however, the image encoded with MP is visually more pleasant than the JPEG-2000
version. The coding artifacts are quite different, and the degradations due to MP are less annoying
to the human visual system than the ringing due to wavelet coding at low rate. The detailed view
of the hat, as illustrated in Figure 8.7, confirms this impression. It can be seen that the JPEG-2000
encoder introduces quite a lot of ringing, while the MP encoder concentrates its effort on providing a
good approximation of the geometrical components of the hat structure. JPEG-2000 has difficulties
to approximate the 2-D-oriented contours, which are generally the most predominant components
of natural images. And this is clearly one of the most important advantages of the MP coder built on
anisotropic refinement, which is really efficient to code edge-like features.

To be complete, Figure 8.8 shows the rate—distortion performance of the MP encoder for common
test images, at low to medium bit rates. It can be seen that MP provides better PSNR rating than
JPEG-2000 at low coding rates. However, the gap between both coding schemes decreases rapidly
when the bit rate increases, as expected. MP and overcomplete expansions are especially efficient for
low bit-rate coding. They rapidly capture the most important components of the image, but MP then
suffers from its greedy characteristic when the rate increases. It has to be noted also that the bitstream
header penalizes JPEG-2000 compared to MP, where the syntactic information is truly minimal (at
most a few bits). This penalty becomes particularly important at a very low bit rate.

2 All results have been generated with the Java implementation available at http://jj2000.epfl.ch/ with default settings.
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(a) (b)

FIGURE 8.7 Detailed view of Lena (512 x 512) encoded at 0.16 bpp: (a) MP; (b) JPEG-2000.
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FIGURE 8.8 (See color insert following page 336) Distortion—rate performance for JPEG-2000, SPIHT, and
the proposed MP coder for common test images. (a) Cameraman (256 x 256); (b) Lena (512 x 512).

The performance of the proposed coder is also compared to the SPIHT encoder [35], which
introduces a minimal syntactic overhead. SPIHT almost always outperforms the proposed coder
on the complete range of coding rate, and tends to perform similarly to JPEG-2000 for high rates.
However, the stream generated by the SPIHT encoder in general does not provide scalability, while
MP and JPEG-2000 offer increased flexibility for stream adaptation.

Finally, the proposed encoder performs reasonably well in terms of rate—distortion performance,
especially at low rates. The distortion is in general visually less annoying in the MP coding algorithm.
The artifacts introduced by MP (basically a simplification or refinable sketch of the image) are indeed
less annoying for the human observer than the ringing introduced by the wavelets in JPEG-2000.
When the rate increases, the saturation of the quality can be explained by the limitations of redundant
transforms for high rate approximations. Hybrid coding schemes could provide helpful solutions for
high rate coding.

8.2.5 EXTENSION TO COLOR IMAGES

The MP encoder presented in the previous section can be extended to code color images, using a
similar principle. Instead of performing independent iterations in each color channel, a vector search
algorithm can be implemented in a color image encoder. This is equivalent to using a dictionary of
P vector atoms of the form {g; = [gy, 8y, 8&y1}yer. In practice though, each channel is evaluated
with one single component of the vector atom, whose global energy is given by adding together its
respective contribution in each channel. MP then naturally chooses the vector atom, or equivalently
the vector component g, with the highest energy. Hence, the component of the dictionary chosen at
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each MP iteration satisfies

max VR 8,02 + (RIf2,8,,)2 + (R1f3. gy, )2 (8.32)

where R"f ii=1,2,3, represents the signal residual in each of the color channels. Note that this
is slightly different than the algorithm introduced in [28], where the supnorm of all projections is
maximized:

max sup |(R"f', g,,)] (8.33)
t D

All signal components f* are then jointly approximated through an expansion of the form

+o0
1= (R g8y, Vi=123 (8.34)
n=0

Note that channel energy is conserved, and that the following Parseval-like equality is verified:

+00
LF =D HR gy ) % Vi=1,2,3 (8.35)
n=0

The search for the atom with the highest global energy necessitates the computation of the three scalar
products sz = (R*f i 8y,)» i=1,2,3, for each atom g,, , and for each iteration of the MP expansion.
The number of scalar products can be reduced by first identifying the color channel with the highest
residual energy, and then performing the atom search in this channel only. Once the best atom has
been identified, its contribution in the other two channels is also computed and encoded. The reduced
complexity algorithm obviously performs in a suboptimal way compared to the maximization of
the global energy, but in most of the cases the quality of the approximation only suffers a minimal
penalty. (Figure 8.9 is an example of an MP performed in the most energetic channel.)

An important parameter of the color encoder is the choice of color space. Interestingly, experi-
ments show that the MP coder tends to prefer highly correlated channels. This can be explained
by the fact that atom indexes carry higher coding costs than coefficients. Using correlated channels
basically means that the same structures are found, and thus the loss of using only one index for all
channels is minimized. The choice of the RGB color space thus seems very natural. This can also be
highlighted by the following experiments. The coefficients [c], 2, ¢] of the MP decomposition can

(a) (b)

FIGURE 8.9 (See color insert following page 336) Japanese woman coded with 1500 MP atoms, using the
most energetic channel search strategy in YUV color space (a) and in RGB color space (b).
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be represented in a cube, where the three axes correspond to the red, green, and blue components,
respectively (see Figure 8.10a). It can be seen that the MP coefficients are interestingly distributed
along the diagonal of the color cube, or equivalently that the contribution of MP atoms is very similar
in the three color channels. This very nice property is a real advantage in overcomplete expansions,
where the coding cost is mainly due to the atom indexes. On the contrary, the distribution of MP
coefficients, resulting from the image decomposition in the YUV color space, does not seem to
present any obvious structure (see Figure 8.10b). In addition, the YUV color space has been shown
to give quite annoying color distortions for some particular images (see Figure 8.9, for example).

Owing to the structure of the coefficient distribution, centered around the diagonal of the RGB
cube, efficient color quantization does not anymore consist of coding the raw values of the R, G, and
B components, but instead of coding the following parameters: the projection of the coefficients on
the diagonal, the distance of the coefficients to the diagonal, and the direction where it is located.
This is equivalent to coding the MP coefficients in an HSV color space, where V (Value) becomes
the projection of RGB coefficients on the diagonal of the cube, S (Saturation) the distance of the
coefficient to the diagonal, and H (Hue) the direction perpendicular to the diagonal, where the RGB
coefficient is located. The HSV values of the MP coefficients present the following characteristic
distributions. The value distribution is Laplacian, centered at zero (see Figure 8.11c), saturation
presents an exponential distribution (see Figure 8.11b), and a Laplacian-like distribution with two
peaks can be observed for hue values (Figure 8.11a). Finally, once the HSV coefficients have been
calculated from the available RGB coefficients, the quantization of the parameters is performed as
follows:

o The value is exponentially quantized with the quantizer explained before (see [21]). The
number that will be given as input to the arithmetic coder will be N;(I) — Quant(V), where
N;(]) is the number of quantization levels that are used for coefficient /.

o Hue and saturation are uniformly quantized.

Finally coefficients and indexes are entropy-coded, by the same technique used earlier for gray-
scale images. Compression performances of this algorithm are illustrated in Figure 8.12, where a
comparison with JPEG-2000 is also provided. It can be seen that MP advantageously compares to
JPEG-2000, and even performs better at low bit rates. This can be explained by the property of MP
to immediately capture most of the signal features in a very few iterations and across channels. Note
that the PSNR values have been computed in the Lab color space in order to match the human visual
system perception.

FIGURE 8.10 Distribution of the MP coefficients when MP is performed in the RGB or YUV color space: (a)
RGB space; (b) YUV space.
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8.2.6 HIGH ADAPTIVITY

8.2.6.1 Importance of Adaptivity

As outlined in the previous section, one of the main advantages of the MP coder is to provide highly
flexible streams at no additional cost. This is very interesting in present-day visual applications involv-
ing transmission and storage, like database browsing or pervasive image and video communications.
We call adaptivity the possibility for partial decoding of a stream, to fulfill decoding constraints
given in terms of rate, spatial resolution, or complexity. The challenge in scalable coding is to build
a stream decodable at different resolutions without any significant loss in quality by comparison to
nonadaptive streams. In other words, adaptive coding is efficient if the stream does not contain data
redundant to any of the target resolutions.

In image coding, adaptivity generally comprises rate (or SNR) adaptivity and spatial adaptivity.
On the one hand, the most efficient rate adaptivity is attained with progressive or embedded bitstreams,
which ensure that the most important part of the information is available, independently of the number
of bits used by the decoder [36,39]. In order to enable easy rate adaptation, the most important
components of the signals should be placed near the beginning of the stream. The encoding format also
has to guarantee that the bitstream can be decoded, even when truncated. On the other hand, efficient
adaptive coding schemes, like JPEG-2000 or the coder proposed in [45] are generally based on
subband decompositions, which provide intrinsic multiresolution representations. However, spatial
adaptivity is generally limited to octave-based representations, and different resolutions can only be
obtained after nontrivial transcoding operations.

Multidimensional and geometry-based coding methods can advantageously provide high flexi-
bility in the stream representation and manipulation. In this section, we will emphasize the intrinsic
spatial and rate adaptivity of the bitstreams created with our MP image coder. First, owing to the
geometrical structure of the proposed dictionary, the stream can easily and efficiently be decoded at
any spatial resolution. Second, the embedded bitstream generated by the MP coder can be adapted
to any rate constraints, while the receiver is guaranteed to always get the most energetic components
of the MP representation. Most importantly, MP streams offer the advantage of decoupling spatial
and rate adaptivity, which can be performed independently. Adaptive decoding is now discussed in
more detail in the remainder of the section.

8.2.6.2 Spatial Adaptivity

Owing to the structured nature of our dictionary, the MP stream provides inherent spatial adaptivity.
The group law of the similitude group of R? indeed applies [1] and allows for invariance with
respect to isotropic scaling of «, rotation of ®, and translation of 8. Let us remind the reader
that the dictionary is built by acting on a mother function with a set of operators realizing various
geometric transformations (see Egs. (8.17)—(8.18)). When considering only isotropic dilations, i.e.,
aj = ap in (8.18), this set forms a group: the similitude group of the 2-D plane. Therefore, when the
compressed image f is submitted to any combination of these transforms (denoted here by the group
element 1), the indexes of the MP stream can simply be transformed with help of the group law

N-1 N—-1
UGS =D (2nIRHUMEy, =Y (8, R ) UM v)g (8.36)
n=0 n=0

In the above expression, y;, = (dy, O, B,,) represents the parameter strings of the atom encoded at
iteration n, with scaling a,, rotation ,,, and translation b, and n = (a, ©, B) represents the geometric
transformation that is applied to the set of atoms. The decoder can apply the transformations to the
encoded bitstream simply by modifying the parameter strings of the unit-norm atoms, according to
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the group law of similitude, where
@,6,b) 0 (0, ®,8) = (¢ d@,0 + ©,b + a ro B) (8.37)

In other words, if 1y = (e, 0,0) denotes the isotropic scaling by a factor «, the bitstream of
an image of size W x H, after entropy decoding, can be used to build an image at any resolution
aW x aH simply by multiplying positions and scales by the scaling factor « (from Egs. (8.37) and
(8.18)). The coefficients also have to be scaled with the same factor to preserve the energy of the
different components. The quantization error on the coefficient will therefore also vary proportionally
to the scaling factor, but the absolute error on pixel values will remain almost unchanged, since the
atom support also varies. Finally, the scaled image is obtained by

N—-1

UN)F = Y cygnom (8.38)
n=0

The modified atoms gy, are simply given by Egs. (8.21) to (8.23), where b and d are respectively
replaced by « b and « @. It is worth noting that the scaling factor « can take any positive real value
as long as the scaling is isotropic. Atoms that become too small after transcoding are discarded.
This allows for further bit-rate reduction, and avoids aliasing effects when o < 1. The smallest atoms
generally represent high-frequency details in the image, and are located toward the end of the stream.
The MP encoder initially sorts atoms along their decreasing order of magnitude, and scaling does
not change this original arrangement.

Finally, scaling operations are quite close to image editing applications. The main difference
is in the use of the scaling property. Scaling will be used at a server, within intermediate network
nodes, or directly at the client in transcoding operations, while it could be used in the authoring tool
for editing. Even in editing, the geometry-based expansion provides an important advantage over
conventional downsampling or interpolation functions, since there is no need for designing efficient
filters. Other image-editing manipulations, such as rotation of the image, or zooming in a region of
interest, can easily be implemented following the same principles.

The simple spatial adaption procedure is illustrated in Figure 8.13, where the encoded image of

size 256 x 256 has been rescaled with irrational factors \/g and +/2. The smallest atoms have been
discarded in the downscaled image without impairing the reconstruction quality. The up-scaled image
provides quite a good quality, even if very high-frequency characteristics are obviously missing since
they are absent from the initial (compressed) bitstream. Table 8.1 shows rate—distortion performance
for spatial resizing of the 256 x 256 Lena image compressed at 0.3 bpp with the proposed MP coder

FIGURE 8.13 Lena image of size 256 x 256 encoded with MP at 0.3 bpp (center) and decoded with scaling
factors of \/; (left) and +/2 (right).
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TABLE 8.1
Comparison of Spatial Adaptivity of the MP Encoder and JPEG-2000. PSNR
Values are Compared to Quality Obtained Without Transcoding (w/o tr.)

Encoder 128 x 128 256 x 256 512 x 512

Matching pursuit PSNR 27.34 30.26 27.5
rate (bpp) 0.8 0.3 0.08
PSNR (w/o tr.) 27.4 30.26 27.89

JPEG-2000 PSNR 27.18 29.99 —
rate (bpp) 1.03 0.3 —
PSNR (w/o tr.) 33.75 29.99 —

and JPEG-2000. It presents the PSNR values of the resized image as well as the rate after transcoding.
It also shows the PSNR values for encoding directly at the target spatial resolutions for equivalent
rates. The PSNR values have been computed with reference to the original 512 x 512 pixel Lena
image, successively downsampled to 256 x 256 and 128 x 128 pixel resolutions. This is only one
possibility for computing the low-resolution reference images and other more complex techniques,
involving, for example, filtering and interpolation, could be adopted. The choice of such a low-
resolution reference image was done in order not to favor one algorithm or the other. If a Daubechies
9/7 filter had been chosen, JPEG would have given better results. On the contrary, if a Gaussian
filter had been chosen, MP would have given better results. Note that the transcoding operations for
JPEG-2000 are kept very simple for the sake of fairness; the high-frequency subbands are simply
discarded to get the lowest resolution images.

Table 8.1 clearly shows that our scheme offers results competitive with respect to state-of-the-art
coders like JPEG-2000 for octave-based downsizing. In addition it allows for nondyadic spatial
resizing as well as easy upscaling. The quality of the down-scaled images are quite similar, but the
JPEG-2000-transcoded image rate is largely superior to the MP stream one. The scaling operation
does not significantly affect the quality of the image reconstruction from MP streams. Even in the
upscaling scenario, the transcoded image provides a very good approximation of the encoding at
the target (higher) resolution. In the JPEG-2000 scenario however, the adaptation of the bitstream
has a quite big impact on the quality of the reconstruction, compared to an encoding at the target
resolution. Note, however, that the PSNR value is highly dependent on the choice of the reference
images, which in this case are simply downsampled from the original version.

8.2.6.3 Rate Scalability

MP offers an intrinsic multiresolution advantage, which can be efficiently exploited for rate adaptivity.
The coefficients are by nature exponentially decreasing so that the stream can simply be truncated
at any point to provide a SNR-adaptive bitstream, while ensuring that the most energetic atoms are
kept. The simplest possible rate adaption algorithm that uses the progressive nature of the MP stream
works as follows. Assume an image has been encoded at a high target bit rate Rj, using the rate
controller described in Section 8.2.3. The encoded stream is then restricted to lower bit budgets
re, k=0, ..., K, by simply dropping the bits r; + 1 to R,. This simple rate adaption, or filtering
operation, is equivalent to dropping the last iterations in the MP expansion, focusing on the highest
energy atoms.

Figure 8.14 illustrates the rate adaptivity performance of the MP encoder. Images have been
encoded with MP at a rate of 0.17 bpp and truncated to lower rates r. For comparison, the bitstream
has also been encoded directly at different target rates ry, as described in Section 8.2.3. It can be seen



230 Document and Image Compression

26
L
25 g
24 s
_. 23 e
S 7
g 29 )/ - — —
7] // 4 e
& o1 T
/(/ /
20 1/
// / —*~ Barbara optimal
19 Barbara truncated .
L~ —+ Cameraman optimal
— Cameraman truncated
18 i i i
0.02 0.04 0.06 0.08 0.1 012 0.14 0.16 0.18

Rate (bpp)

FIGURE 8.14 Rate—distortion characteristics for MP encoding of the 256 x 256 Barbara and Cameraman
images at 0.17 bpp, and truncation/decoding at different (smaller) bit rates.

FIGURE 8.15 (See color insert following page 336) Matching pursuit bitstream of sail image decoded after
50, 150, and 500 coefficients. (a) 50 coefficients; (b) 150 coefficients; and (c) 500 coefficients.

that there is a very small loss in PSNR with respect to the optimal MP stream at the same rate. This loss
is due to the fact that the rate truncation simply results in dropping iterations, without using the optimal
quantizer settings imposed by rates ry as proposed in Section 8.2.3. The quantization parameters are
not optimal anymore with respect to the truncation rate, but the penalty is quite low away from very
low coding rates. The loss in performance is larger for images that are easier to code, since the decay
of the coefficients is faster. Nevertheless, both optimal and truncated rate—distortion curves are quite
close, which shows that a simple rate adaption method, though quite basic, is very efficient.

Finally, rate scalability is also almost automatic for the color image stream. Figure 8.15 shows
the effects of truncating the MP expansion with different numbers of coefficients. It can be observed
again that the MP algorithm will first describe the main objects in a sketchy way (keeping the colors)
and then it will refine the details.

8.3 DISCUSSIONS AND CONCLUSIONS

8.3.1 DIScuUSsSIONS

The results presented in this chapter show that redundant expansions over dictionaries of nonseparable
functions may represent the core of new breakthroughs in image compression. Anisotropic refinement
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and orientation of dictionary functions allow for very good approximation rates, due to their ability to
capture two-dimensional patterns, especially edges, in natural images. In addition, multidimensional
representations may generate less annoying artifacts than wavelet or DCTs, that introduce ringing or
blocking artifacts at low rates.

Matching pursuit is however just one (suboptimal) method that allows to solve the NP-hard prob-
lem of finding the best signal expansion in an overcomplete dictionary. It provides a computationally
tractable solution with a very simple decoder implementation, and has the advantage to generate a
scalable and progressive bitstream. Owing to its greedy nature, MP however presents some limita-
tions at high rate. An hybrid scheme could help in high bit-rate coding, and provide a simple solution
to the limitations of MP.

Finally, the image encoder presented in this chapter mainly aims at illustrating the potential
of redundant expansions in image compression. It has been designed in order to provide scalable
streams, and this requirement limits the encoding options that could be proposed, and thus possibly
the compression efficiency. It is clear that the proposed MP encoder is not fully optimized, and that
numerous research problems remain to be solved before one can really judge the benefit of redundant
transforms in image compression. The approximation rate has been proven to be better than the
rate offered in the orthogonal transform case but the statistics of coefficients in subband coding, for
example, present a large advantage in terms of compression. It is thus too early to claim that MP image
coding is the next breakthrough in terms of compression, but it already presents a very interesting
alternative with competitive quality performance and increased flexibility. The current coding scheme
of the MP coefficients is not optimal, contrarily to the very efficient coding of wavelet coefficients in
JPEG-2000. The advantage of the multidimensional decomposition in terms of approximation rate,
is thus significantly reduced under a rate—distortion viewpoint. The design of better coding scheme,
carefully adapted to the characteristics of the MP representation, however represents a challenging
research problem.

8.3.2 EXTENSIONS AND FUTURE WORK

One of the striking advantages of using a library of parameterized atoms is that the reconstructed
image becomes parameterized itself: it is described by a list of geometrical features, together with
coefficients indicating the “strength” of each term. This list can be manipulated as explained in
Section 8.2.6. But these features can be used to perform many other different tasks. For example,
these features can be thought of as a description of the image and can thus be used for recognition
or classification. The description could also be easily manipulated or altered to encrypt the image or
to insert an invisible signature.

The ideas of using redundant expansions to code visual information could be further extended
to video signals. In this case, the coder can follow two main design strategies; one based on motion
estimation, and the other based on temporal transform. In the first case, a MP encoder can be used
to code the residue from the motion estimation stage. The characteristics of this residue are however
quite different than the features present in natural images. The dictionary need to be adapted to
this mainly high-frequency motion noise. In the scenario where the coding is based on a temporal
transform, MP could work with a dictionary of three-dimensional atoms, where the third dimension
represents the temporal component. In this case, atoms live in a block of frames, and the encoder
works very similarly to the image encoder.
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9.1 INTRODUCTION

Digital cameras use solid-state devices as image sensors, formed by large arrays of photosensitive
diodes. During the short period of time in which the shutter is open, each diode records the intensity
of the light that falls on it by accumulating a charge. This brightness measurement is then digitized
and stored in memory, forming a picture. Imagine now that we had one particular digital camera with
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some rather unusual characteristics:

» Besides measuring brightness, diodes can also compute/communicate.
» No central storage, diodes store an encoding of the whole image.
o Communication among diodes happens over a wireless channel.

Such a “digital camera” is not as contrived an example as it may seem: this camera is actually a
wireless sensor network, in which nodes observe portions of an image, and then need to cooperate
so that a copy of the entire image can be stored at all sensors. This chapter takes some initial steps
toward understanding the problem of distributed in-network compression of data fields captured by
large sensor arrays.

9.1.1 DisTRIBUTED IMAGE CODING AND WIRELESS SENSOR NETWORKS

The view of a sensor network as a digital camera with communication constraints is not conven-
tional, but we believe it is a very valid one. A vision has been laid out some years ago, according to
which it would be possible to observe physical phenomena at unprecedented high resolutions, and
to control such phenomena, by means of very large collections of very small devices equipped with
sensing, communication, and actuation capabilities. According to this vision, sensor networks would
be deeply embedded in the environment, to provide an interface between the Internet and the physical
world [18]. Since then, a great deal of activity in the area of sensor networking has taken place, deal-
ing with a variety of questions in networking, communications, and signal processing. However, by
thinking of a sensor network as a network, or a communications device, as opposed to thinking of it as
adata acquisition device (such as a camera), a stronger emphasis is implicitly placed on the communi-
cations aspects, rather than on the very important problems of distributed sampling, interpolation, and
compression that such networks give rise to. Yet very challenging problems in signal processing arise
in sensor networks: by introducing communication constraints as well as distributed processing con-
straints, we are confronted with a new set of technical challenges that completely transform the nature
of the data acquisition problem. It is the goal of this chapter, therefore, to present an overview on a
number of distributed signal processing problems related to this new form of image data compression.

9.1.2 THE SENSOR BROADCAST PROBLEM

9.1.2.1 Problem Formulation

To make our arguments precise, consider the following setup. A sensor network consists of n nodes v;,
randomly placed on a square grid of unit area, at locations (x;,y;) € [0,1] x [0,1] (fori=1,...,n).
Each v; observes a sample S; of a stochastic process S(x, y) defined over the field (e.g., light intensity,
also referred to as an image or as a network snapshot). In the sensor broadcast problem, each v;
wants to form a rate-constrained estimate S(x, y) of the image S(x, y) defined over [0, 1] x [0, 1]. For
this purpose, each v; can communicate with other nodes, only sending messages to and receiving
messages from nodes within some transmission range d,, (which in general will depend on the total
number of nodes in the network), and these links have some finite capacity L. This setup is illustrated
in Figure 9.1.

Given an estimate S(x, y), we measure the distortion between S and S using the mean-squared
error metric:

1 1
A(S,S):/O [0 1SCx,y) — S(x, »)I* dx dy .1
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FIGURE 9.1 Setup for the sensor broadcast problem. By having all nodes broadcasting an encoding of their
observations to every other node in the network, all nodes are able to form an estimate of the entire image.

for the continuous field, and

n

D(S,8) =" 1SCxi yi) — SCxi yo)l? 92)
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for the sampled field. We denote by Rs(A) the rate/distortion function of the continuous time process,
and Rg(D, n) the rate/distortion function of the sampled process (for n samples). Note that for n — oo
we have that D/n — A; therefore, we will be particularly interested in studying the behavior of
Rg(D, n) in the regime where n grows asymptotically large, but A ~ D/n remains constant.

A coding strategy for the sensor broadcast problem consists of an algorithm to distribute the
measurements collected by each sensor to every other sensor. There are two parameters of particular
interest to us in assessing the performance of a coding strategy: its rate-distortion performance (i.e.,
the total number of bits needed to compress the continuous field with an average distortion per unit
area of not more than A), and its communication complexity (i.e., the number of bits that need be
communicated among nodes to accomplish this).

Our goal in this work is to begin a study of coding strategies for broadcast. As a first attempt on
the problem, we consider a setup in which S(x, y) is either a continuous-space bandlimited Gaussian
process (Section 9.2.1), or the solution of a partial differential equation (Section 9.2.3), and we focus
on the asymptotic behavior of coding strategies in the regime of high density of nodes.

9.1.2.2 Relevance of the Problem

There are many reasons that make broadcast a very important problem in the context of sensor
networks. From a purely theoretical point of view, as formulated above, this problem is of great
interest because of its extremal properties. In our setup we work under a network model first analyzed
by Gupta and Kumar [26], for which they showed that as the number of nodes in the network grows
to infinity, the per-node throughput of the network tends to be 0. Then, our sensor nodes generate
Gaussian (i.e., maximum entropy) images, which they want to communicate to every other node in
the network. That is, we consider a highly throughput-constrained network, in which nodes generate
what is arguably the largest possible amount of traffic — broadcast of maximum entropy images.
Our interest in the broadcast problem is not motivated only by theory questions. In terms of
applications, a most compelling one is the use of a broadcast protocol in the construction of a
distributed transmission array for the sensor reachback problem [4]. In this problem, the goal is to
move the field of observations picked up by all sensors to a far receiver. What makes the reachback
problem interesting is the fact that typically, each individual sensor does not have enough resources
to generate a strong information bearing signal that can be detected reliably at the far receiver. A
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FIGURE 9.2 Cooperation among sensors to reach back to a far receiver. A good analogy to describe the role of
a sensor broadcast protocol in the context of reachback is that of a symphonic orchestra. When all instruments
in the orchestra play independently, all we hear is noise; but when they all play according to a common script,
the music from all instruments is combined into a coherent play. The bits distributed during sensor broadcast
play the role of that common script for a later cooperative transmission step.

sensor broadcast protocol, however, allows all nodes to agree on a common stream of bits to send,
and then all these nodes can synchronize their transmissions so as to generate a strong signal at the
far point, a signal that results from coherently superimposing all the weak signals generated by each
of the sensors [29,30]. This setup is illustrated in Figure 9.2.

9.1.3 DATA COMPRESSION STRUCTURES

In standard communication networks that support the transmission of analog sources (e.g., voice,
images, video), every information source independently encodes and compresses the data at the edge
of the network, which is then routed through a high-speed backbone to destination. Networking and
physical layer aspects are naturally kept separate in that traditional network structure. It is natural
therefore to ask how would the amount of traffic generated by the sensors scale with network size, if
the sensors operate as independent encoders, following the traditional model.
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9.1.3.1 Data Compression Using Independent Encoders

For illustration purposes we consider a simple example: suppose that S; is uniform in the range [0, 1],
that each node uses a scalar quantizer with B bits of resolution (i.e., the quantization step is 275),
and that the distortion is measured in the mean-square sense (i.e., d(S, S)y=E(||S — §||1?)). On this
particular source the average distortion achieved by such a quantizer is §(B) = 11—22_23 [20]. Hence,
solving for Bin D/n = %2*23 , we find that to maintain an average per-node distortion over the entire
network of D /n each sample requires B = [% log,(n/12D)] bits. As aresult, keeping D/n fixed at any
constant value, the total amount of traffic generated by the whole network scales linearly in network
size. Interestingly, even using optimal vector quantizers at each node, if the compression of the node
samples is performed without taking into consideration the statistics of the entire field, the amount
of traffic generated by the entire network still scales linearly in network size: in other words, one
could certainly reduce the number of bits generated for a fixed distortion level D /n, but this reduction
would only affect constants hidden by the big-oh notation, and the O(n) scaling behavior of network
traffic would remain unchanged.

Once we have determined how much data our particular coding strategy (independent quantizers
at each node) produces, we need to know if the network has enough capacity to transport all that data.
And for independent encoders, the answer is no, since the total amount of traffic that the network can
carry is at most O(+/n) [26], well below the O(n) number of bits generated by the network.

9.1.3.2 Exploiting Correlations in the Source

As pointed out in [46], the scaling analysis of Gupta and Kumar [26] for independent encoders is
not well suited for sensor networks: sensor data is increasingly dependent as the density of nodes
increases. And indeed, if the data is so highly correlated that all sensors observe essentially the same
value, at least intuitively it seems clear that almost no exchange of information at all is needed for
each node to know all other values: knowledge of the local sample and of the global statistics already
provide a fair amount of information about remote samples. This naturally raises a number of issues
about data compression under the distribution constraints imposed by a sensor network:

1. What are suitable bounds for the performance of distributed algorithms to encode an over-
sampled field of sensor measurements?

2. What are efficient signal processing architectures for this new form of massively distributed
data compression, capable of closely approximating the performance bounds above?

As we will see below, neither of these questions admit simple answers.

9.1.4 ORGANIZATION OF THE CHAPTER

Aswehopeitis clear from this introduction, distributed compression of images is not a straightforward
extension of classical image coding problems. When we put communication constraints among
sensing devices, new technical challenges arise that simply do not exist in the classical problem. The
goal of this chapter is to present a survey of known results, and to identify problems on which further
work is necessary.

The rest of this chapter is organized as follows. In Section 9.2 we present a discussion on various
aspects of our data compression problem that illustrate fundamental differences with classical coding
problems. In Section 9.3 we consider the classical decorrelation problem, now in the distributed setup.
In Section 9.4 we go a step further, and consider a situation in which the physical process that leads
to the formation of an image could potentially have a significant impact on the design of compression
algorithms and on their performance. The chapter concludes with a literature survey in Section 9.5,
and final remarks in Section 9.6.
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FIGURE 9.3 Choose a threshold value 7 that the sensor field, here illustrated in 1D only for simplicity, crosses
with probability 1 — this value could be thought of as a boundary between quantization cells. Then, the location
to of the first time the process hits that value can be estimated with arbitrary accuracy as n — co. Now, since %,
is a function of the whole quantized field, by the data processing inequality of information theory, its entropy
must be a lower bound for the joint entropy of all quantized values. But since 1, is continuous-valued, its discrete
entropy is infinite.

9.2 DISTRIBUTED COMPRESSION OF SENSOR MEASUREMENTS

9.2.1 INFORMATION-THEORETIC BOUNDS FOR BANDLIMITED IMAGES

The natural first place where to start an information theoretic analysis for a data compression problem
is to study the rate—distortion function of the data field to be compressed, as this function provides
the ultimate bounds on the compressibility of this data.

To within quantities that differ at most by constants independent of network size (but depend
on specifics of the codes and protocols used, and on the bandwidth of the process being sensed),
in [45], it is established that the rate—distortion function of any bandlimited and spatially homo-
geneous sensor field has an asymptotic rate of growth of ®(log(n/D)) (where D/n is the average
distortion in the reconstruction of a sample in the sensor field, and n the number of nodes in the
network. So from this observation, and from the fact that by keeping D/n constant we have that
®(log(n/D)) is also a constant (independent of n), one can conclude that there exist algorithms
for compressing such images down to a constant number of bits, independent of n. However, even
though algorithms for compressing oversampled fields down to a constant number of bits do exist,
there is a legitimate question on whether those algorithms are suitable for implementation in a sensor
array. This is because the high-dimensional vector quantizers used in the proof of achievability of
the rate—distortion bound may or may not be directly applicable in the context of sensor networks,
due to the fact that such nonseparable structures may or may not be well suited for distributed
processing.

To further illustrate the point that this coding problem is significantly more elaborate than it might
appear at first sight, consider the following example (adapted from Marco et al. [38]). Take S to be
bandlimited with bandwidth W in both spatial dimensions, and define a matrix P;; = S(i INCRINID)
for integer 1 <i,j <./n — then, under the assumption of n being asymptotically large, we will
have \/n>> W, and hence the field S is clearly oversampled. For simplicity, we assume there is a
sensor at each location (i/\/n,j//n), and all sensors pick up a sample of the continuous field S.
The sample Pj; is first scalar quantized with a quantizer ¢ inducing an average distortion D/n, and
then entropy-coded with a Slepian-Wolf code such that the total number of bits spent on encoding
the entire field is the joint entropy H(g(P;):1 <i,j < /n). Then, each sensor floods the network
with their encodings generated as above. The rate requirements for this construction were established
in [38], where itis shown that as n — oo, H(g(P;j):1 <i,j < A/n) — oo as well. A formal proof of this
fact could be fairly long, but the basic intuition was outlined in Marco et al. [38] and is captured by
Figure 9.3.
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The basic result of Marco et al. [38] then is that, for any one fixed scalar quantizer used at all
nodes in the network, the gap between the rate—distortion function of the continuous field (Rg(A)),
and the joint entropy of all the quantized symbols (H(q(Pj):1 <i,j < \/n)), grows unbound. Thus,
the use of a single scalar quantizer followed by an entropy coding step is not a viable strategy for our
distributed image coding problem.

From these arguments we also get a hint on the nature of the technical challenges that must be
faced in the distributed setup, not present in the classical image coding problem: what kind of coding
strategies admit distributed implementations, and what is the best performance achievable under such
decentralization constraints?

9.2.2 DisTRIBUTED COMPUTATION OF DECORRELATING TRANSFORMS

So, unlike in classical (not distributed) coding problems, for distributed compression of highly corre-
lated images, quantization followed by entropy coding leads to significant performance degradation,
relative to the best possible achievable. Now, whereas the result of Marco et al. [38] certainly paints
a very discouraging picture (it hints an apparent impossibility of solving the problem of data aggre-
gation in dense sensor networks), we argue that perhaps transform coding methods might hold the
key to solving this problem.

If we inspect the proof of the ®(log(n/D)) bound in [45], we recognize that a key step in that proof
was the fact that almost all eigenvalues of the correlation matrix ¥ vanish for large n. This means, there

.....

..........

transform: we have that ¥ = UAUT, where A = diag(k(ln), R A,(ln)) is amatrix that has the eigenvalues
of X in its main diagonal (and has zero entries everywhere else), and U= [qb("), e, f,")] is an

orthonormal basis of eigenvectors of ¥ — then, {Slf Vi=1,...n =U{Si}i=1....,». And therefore, if a genie
replaced the field {S;}i=1,...,» ~ N(0, ) with the field {S/};—1,...,» ~ N (0, A), then using an argument
entirely analogous to that used in the proof of Rgm(D, n) = O(log(n/D)) later in Section 9.3.1, we
could show that scalar quantization plus entropy coding of this transform data again produces an
encoding of the continuous field of length ®(log(n/D)) and average distortion A ~ D/n.

Unfortunately, although scalar processing of the coefficients of a KLT of the sensor readings
would indeed provide a finite length encoding for the continuous field, the KLT fails the test of
admitting a distributed implementation. This is because the model assumed for S involves a spatial
homogeneity assumption, captured in the form of assuming X is a doubly-Toeplitz matrix. Then
it follows from Szeg6’s theorem that as we let network size n — oo, the eigenvectors ¢ become
two-dimensional complex exponentials [24]. And this illustrates the nature of the difficulties we have
to decorrelate sensor data: since these eigenvectors are in general not compactly supported, to be
able to compute each individual sample of the transform vector Y we require access to all samples of
S. So, our goal is to decorrelate sensor data because in that way we will be able to provide efficient
algorithms to solve the sensor broadcast problem . . . but we find that to decorrelate, a straightforward
implementation of the equations defining the optimal transform requires us to solve a sensor broadcast
problem first. A most important question then, the one that holds the key to being able to realize
practical implementations of sensor broadcast protocols, is if it is at all possible to decorrelate sensor
data using transforms with limited communication requirements.

.....

9.2.3 IMAGES CONSTRAINED BY PHYSICAL LAWS

Oftentimes, the physical process leading to the formation of an image S(x, y) results in images that
cannot be modeled as bandlimited processes, as in the examples considered above. In this case, the
meaning of spatial sampling and reconstruction operations is not even clear, and much less clear is
how to compress these images.
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FIGURE 9.4 A 2-D wave field, in which an excitation is applied at the center location. The two horizontal
axes represent space in a 2-D membrane, and the vertical axis represents pressure intensity at each location. An
excitation is applied at the center location (top left), setting up a traveling wave of pressures on this membrane.
Once the waves hit the boundary of the membrane, they are reflected back. These images show snapshots (at
four different times) of the solution (in space) of the wave equation. Complete animations (MPEG files) can be
downloaded from http://cn.ece.cornell.edu/research/#ddspcc.

As an illustrative example, consider the case when measurements correspond to pressure intensi-
ties at different locations in space of a wave field. Wave field models are mathematical abstractions for
physical process that exhibit wave-like behavior: acoustics, electromagnetics, and seismic activity
are some well-known examples. Perhaps the simplest incarnation of a wave field model is given by
the following setup: a rectangular membrane in two dimensions (particles in the membrane only
oscillate on a plane), no energy dissipation within the membrane, a perfectly reflecting boundary (no
transmission of energy outside of the membrane), and an external disturbance s(¢) at a given location
(x,y) in the membrane. The source s(¢) creates pressure waves in the membrane, and pressures must
satisfy a differential equation known as the wave equation. A numerical solution of the wave equation
for this setup is illustrated in Figure 9.4.

Performing digital signal processing operations on wave fields is not a straightforward task. To
start with, by considering wave fields defined over finite membranes, we have that such fields cannot
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be bandlimited in space, and thus standard sampling results do not apply. Furthermore, the fact that
the signal acquisition process is performed by a distributed device means that standard techniques
for dealing with analog signals with too much bandwidth (such as, using an analog prefilter prior to
sampling) are not feasible in this context, since no component of the system has access to the full
signal field.

For the sake of argument, however, assume that the sampling and reconstruction problems are
dealt with somehow. Then there are many other problems we still need to deal with:

o Distributed compression. How do we efficiently compress the samples of a wave field?

o Distributed filtering. How do we design filters that transform a sampled field into another
desired one? And how do we implement these filters in a distributed manner?

» Distributed signal detection/parameter estimation. Given a set of samples encoding a wave
field, how do we detect the presence of particular signals? And how do we estimate parameters
of these signals?

Note that these are all classical tasks in digital signal processing. However, there are unique new
challenges to deal with here. Some of them are “pure DSP” questions: with new sampling and
reconstruction kernels, we just cannot blindly apply classical signal processing algorithms, we need
to take into account how transformations of the samples affect the reconstructed continuous field.
Other challenges however arise when we consider the “network factor’: these new algorithms must
admit distributed implementations, must operate under severe communication constraints, and must
scale up to very large numbers of sensor/actor nodes.

9.3 TRANSFORMS FOR DISTRIBUTED DECORRELATION OF
BANDLIMITED IMAGES

As discussed in Sections 9.2.1 and 9.2.2, distributed decorrelating transforms may play a crucial role
in finding solutions to the sensor broadcast problem, in the case of bandlimited images. In this section
we review various possible transforms.

9.3.1 THE “DRropP-DATA” TRANSFORM

Perhaps the simplest-minded strategy one could conceive for implementing a distributed decorrelating
transform consists of just dropping data: if the image is oversampled, keep a number of samples as
determined by the Nyquist rate, and drop the rest [45].

Define a matrix P; =S(i/W,j/W), for integer 1 <i,j < W, and assume there is a sensor at each
location (i/W,j/W). The sample Pj; is first scalar-quantized with a quantizer inducing an average
distortion D/n, and then entropy-coded with a Huffman code designed for fs(;/w,j/w)(s), the marginal
distribution for that sample. Then, sensors at locations (i/W,j/W) flood the network with their
encodings generated as above. For this coding strategy, we need to determine the total number of bits
generated, and the average distortion with which S is reconstructed.

Once the flood is complete, all nodes have access to an approximation of each sample Pj; that
resulted from quantizing the original data with distortion D/n. But it is a well-known result from the
rate—distortion theory that the reconstruction of the continuous source S with distortion A per unit of
area or less is equivalent to the reconstruction of the samples P;; with per-sample distortion A ~ D/n
or less [6, Section 4.6.3]. Therefore, the distortion constraint is verified.

Let Rgm (D, n) denote the total number of bits generated by the network when encoding a critically
sampled version of the field S with total distortion D and n samples, and let Rp,(D/n) denote the
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number of bits needed to code the sample P;; with distortion D/n as described above. Then,
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where (a) follows from the fact that samples are encoded independently of each other at the sensors;
(b) is a standard result from information theory which states that, at high resolutions, the perfor-
mance gap between a scalar quantizer followed by an entropy code and the rate—distortion bound
for that source is at most 0.255 bits/sample [23, pp. 2333], and o2 is the variance of each sample
(obtained from the correlation matrix of S); and (c) follows from defining the constants c¢; = W2 and
c2 = W2(log(o?) +0.255).

From the preceding paragraphs, we see that the “drop-data” transform does indeed allow us to
generate finite-length encodings with bounded distortion, in the regime of high densities. However,
there is a clearly unsatisfactory aspect to this solution: if the only way to exploit correlations due to
oversampling consists of discarding data, we could have started the process by sampling at the critical
rate. But there are strong reasons why we might need to oversample: if we did not know the spatial
bandwidth of the process being sensed (for example, because that bandwidth changes over time),
a perfectly feasible solution to cope with this problem consists of deploying a dense sensor array,
and have the array compress its oversampled measurements. To compress this information by first
decorrelating using the “drop-data” transform, we would require knowledge of the spatial bandwidth
parameters at each point in time when an image is collected — but this information might not be
available to us in general. Thus, there is practical interest in transforms capable of compressing all
information efficiently, not just a carefully selected subset of samples.

9.3.2 LINEAR SIGNAL EXPANSIONS WITH BOUNDED COMMUNICATION

9.3.2.1 Wavelets and Sensor Broadcast

Wavelets with compact support naturally provide a mechanism for trading off communication com-
plexity for decorrelation performance. The basic idea based on which we develop practical algorithms
in this paper is that compactly supported wavelets, while still having good decorrelation properties,
do not require access to the entire field of measurements to compute its coefficients. To illustrate this,
consider the simple graph of dependencies illustrated in Figure 9.5.

Essentially, orthogonal wavelets with compact support are obtained from a single filter # having
a finite impulse response [12]. As a result, a coefficient at scale k depends only on samples that span
a range of O(2%) sensors (with constants that depend only on the length of the filters) — that is, this
range is independent of the number of nodes in the network, leading to a localized communication
pattern in which nodes only require access to data from other nearby nodes.

9.3.2.2 Definition of the Coding Strategy

Define a matrix Pjj =S(i/+/n,j/y/n), for integer 1 <i,j <./n, and again we have that under the
assumption of n asymptotically large and all sensor nodes turned on, /n>> W, resulting in an
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Sensor1 Sensor2 Sensor3 Sensor4 Sensor5 Sensor6 Sensor7 Sensor8

FIGURE 9.5 To illustrate the usefulness of compactly supported wavelets for the sensor broadcast problem, a
sensor is represented by a dashed box at the top row, containing a gray circle that represents its measurement — a
sample of the projection of the signal f at the finest scale. Dashed boxes in lower rows correspond to computations
performed by particular sensors: gray circles represent coefficients of projections onto coarse spaces, white
circles represent coefficients of projections onto detail spaces. Lines connecting boxes denote dependencies
between coefficients: in this case, three lines correspond to filters with three taps. An equivalent representation
of the sequence of gray circles at the top level is given by the sequence of gray circles at the bottom level, and
all white circles.

oversampled representation of S. Then each node performs the following steps:

1. Quantize P;; at high (but finite) rates to obtain a P;; ~ P;;. Define yl(.](-))’LL

=Pj.
2. Forinteger 1 <m < log,(s/n), repeat:
2.1. Partition the network area [0, 1] x [0, 1] into squares Dg»’ of size 2" /i/n, centered at
locations (i2"//n, j2"/\/n) of the form 0 <i,j < ./n/2™ (for integer i, ).
2.2. For all boxes DZ?:
2.2.1. Choose one node within the box to carry out computations, all others remain
silent.
2.2.2. Waituntil all lowpass coefficients from neighboring boxes at scale m — 1 arrive.
2.2.3. Compute the coefficients at scale m. Let y(m)’LL

i denote the lowpass coefficient,
(m),LH, ;(m),HL, ;(m),HH
dig

the highpass coefficients.

2.2.4. Estimate the variance of d™-LH)g(mHLjgom.HH

2.2.5. If these variances are above a threshold T, re-quantize ygjm)’LL/di(Jf")’LH/d;m)’HL/
dl.(jm)‘HH, with a scalar quantizer inducing distortion D/n, and flood the network

with these new quantized values; from this point on, only relay flood messages

for other nodes.

2.2.6. If not, relay yl(-;")’LL to Df}“’l, so that some node at scale m + 1 in charge of
computing the next set of lowpass and highpass coefficients has access to the

data needed for that purpose.
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FIGURE 9.6 An oversampled signal is characterized by having a discrete-time Fourier transform with a van-
ishingly small support. As this signal is repeatedly filtered and subsampled, the net result is to widen the
support of the input spectrum, until eventually that spectrum crosses the /2 threshold: when that happens, a
nonnegligible variance will be detected in line 2(b).iv of the protocol, and the node will flood and switch to
relay mode only. At this point, after repeated downsampling, the flooded signal is sampled at most at twice the
Nyquist rate.

2.3. Done with this iteration. If the box to which a node belongs did not decide to flood
their coarsely quantized samples, the node goes on to the next iteration. Else, stop and
get out of this loop.

3. Waituntil floods are received covering the whole network. Use the received data to interpolate

the field S.

9.3.2.3 Differentiating between Local and Global Communication Requirements

A key property of the coding strategy defined above is the fact that, with high probability, all nodes
in a box D;.;‘ will choose to stay within the loop at step 2(c) if 2"/,/n < 1/W, and will choose to exit
the loop if 2"/,/n > 1/W. The reason for this behavior is explained in Figure 9.6.

Based on this property of the protocol, we are naturally led to distinguish between two phases in
its operation:

« A phase during which no floods of information over the entire network occur, but nodes
cooperate to exchange some high-rate messages among them within “small” boxes — small
relative to the spatial bandwidth of the process.

» A phase during which boxes stop growing in larger in size and smaller in number, but during
which the information generated by a box floods the entire network.

To evaluate the rate—distortion performance for this coding strategy, we need to treat these two
different phases of the coding strategy in different ways.

9.3.2.4 Communication within a Coherence Region

Let  denote the number of nodes in abox of size 1/W x 1/W (i.e., n =n/W?2, so nis the oversampling
factor). Then, the total number of bits exchanged within a box of size 1/W x 1/W is ®(log(n)), as
explained in Figure 9.7.

9.3.2.5 Global Communication

From the argument developed in Figure 9.6, we see that with high probability, the number of
boxes that participate in a flood is W2. Therefore, this problem is reduced to the case of the
drop-data transform, and we have that the total amount of rate generated by flood operations is
©(log(n/D)).



Distributed Compression of Field Snapshots in Sensor Networks 247

//\

T T

N N N N

[ [ [ ] [ ] [ [ [ (]

¥ (
1/W

FIGURE 9.7 Without loss of generality, assume the node in charge of carrying out computations within a box
07 is located in the upper-left corner, and for simplicity consider a 1D figure. In this case we have 8 nodes per
coherence region, and the node with the heaviest load is the one in the corner: this one must receive a number of
messages from other nodes within its box which, due to the dyadic subsampling mechanism of the filter bank,
is logarithmic in the number of nodes in the box.

9.3.2.6 In Summary

A few remarks are in order about this proposed protocol.

First of all, it should be noted that its main goal is to process the (oversampled) entire field of
samples to eliminate redundant information, in an attempt to flood the network with an amount of
data that is proportional to what would have been generated if the continuous field had been critically
sampled. Therefore:

« If the statistics of the field are known beforehand, from a pure data compression point of
view, there is no reason whatsoever to oversample the field — using this protocol, we are
able to obtain at best the same performance as we would obtain by critical sampling, at
significantly higher complexity.

« If the statistics of the field are not known in advance, then this protocol becomes attractive.
The reason is that the penalty in rate for oversampling is logarithmic in the oversampling
ratio, and only within a region of space that is of size inversely proportional to the spatial
bandwidth of the field of measurements.! As a result, it seems perfectly within the realm of
what one could reasonably argue to be practical to, if needed, oversample by several orders
of magnitude, as a means to provide robustness against inaccurate knowledge of the field
statistics.

Also, about the filtering mechanism. One should note that, although wavelets with compact
support did provide the original motivation to consider transforms with bounded communication
requirements, beyond the fact that they are built on FIR filters, there is very little about wavelets that
is actually used in the protocol above — specifically, we discard a significant amount of information,
so there is no apparent reason for requiring filter banks with a perfect reconstruction property.

Finally, about the assumption that the computation of coefficients y"-'L within small boxes (prior
to the flooding step) can be carried out with high enough precision: it is not enough to assume high
rate quantization in this context to justify the approximation — with high densities and distributed
processing, also comes the need to iterate the filter bank many times, and hence to quantize at inter-
mediate steps of the computation. Analyzing this issue exactly involves modeling quantization noise,
studying the effects of finite precision on filter implementations [41, Chapter 6], the development of
integer-to-integer transforms [22], and the lifting scheme for implementing wavelets [13].

'In the context of a different problem (Distributed Classification), D’Costa and Sayeed [15] observed a similar behavior,
whereby nodes need to communicate intensively within local coherence regions, but only need to exchange low-rate feature
vectors on a global scale.
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FIGURE 9.8 Spring—mass model for an elementary (small) oscillation. A small mass is tied to one end of a
spring, which at the other end is fixed. Motion is one-dimensional. The mass is displaced from its rest position
by a distance x, and the spring exerts a force on that mass proportional to this distance.

FIGURE 9.9 Multiple springs and masses. In this setup, displacing one of the elemental masses from its rest
position, besides setting that mass in motion as in the simpler model of Figure 9.8, also has the effect of inducing
motion on neighboring masses. Therefore, the oscillations of individual masses are clearly not independent, but
coupled through the springs that bind them.

9.4 PHYSICALLY CONSTRAINED NONBANDLIMITED IMAGES

There are many types of images for which the bandlimited model assumed in the previous section
does not apply, and one example on which we focus in this section is the case of wave fields, as
argued in Section 9.2.3. In this section we consider the problem of distributed compression of wave
field signals.

9.4.1 WAVE FIELD MODELS

What is a wave field? Perhaps the simplest explanation can be given in terms of the spring—mass
model for an oscillator [34, Chapter 1]. This model is illustrated in Figure 9.8.

In the simple physical system of Figure 9.8, when energy is supplied in the form of displacing
the elemental mass from its rest position, the spring produces another force that attempts to bring the
mass back to rest. This force sets the mass in motion, and results in a certain pressure on the mass.
Clearly, the motion will be an oscillation in the horizontal direction: the spring pulls the mass back,
then pushes it away, then pulls it back again, and so on, until all the energy supplied by the initial
displacement is dissipated (or forever, if there is no dissipation at all).

The next step is to extend this model to a one-dimensional vibration. And for this purpose,
consider a chain of masses all interconnected by springs, as illustrated in Figure 9.9.

In the simple system of Figure 9.9, motion is still constrained to be one-dimensional. But from
here, it is not hard to visualize two- and three-dimensional arrangements of elementary masses
coupled by springs, and therefore we have all we need to provide some intuition as to what is a wave
field: the scalar field of pressures acting on each individual mass, resulting from a given excitation.
Many physical phenomena can be modeled using the simple construction of very small masses
coupled by springs. The physics of acoustic wave propagation [34],2 and the physics of seismic wave

2 Only in the regime of small vibrations. For sharp discontinuities in pressure fields such as would arise, for example, in the
shock wave of an explosion, the model is not applicable.
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propagation [7], are well-known examples in which this model offers very accurate description of
such phenomena.

At least intuitively, from the spring—mass model, it seems clear that pressure fields are highly
constrained both in time and in space:

» Pressures (forces) acting on individual mass elements are determined by pressures (forces)
acting on neighboring mass elements, and by forces that offer resistance to their motion.

« Some mass elements undergo forced oscillations provided by an external excitation: this is
where waves draw their energy from.

o The motion of mass elements at edge locations in the membrane is constrained by some
boundary conditions (such as having smaller, possibly zero velocity) different from those at
locations away from this boundary.

All these constraints are captured in the form of a differential equation that pressure fields must satisfy
at every point of space and time, known as the wave equation. An example of a two-dimensional
wave field obtained by numerically solving one particular form of the wave equation was illustrated
in Figure 9.4.

9.4.2 SAMPLING AND INTERPOLATION

For illustration purposes, consider the setup shown in Figure 9.4: a 2D membrane with no dissipation
of energy in its interior and perfectly reflecting boundaries. If we apply an excitation s on this
membrane, the resulting field of pressures p is constrained by the forced form of the wave equation

2n O
Vp+c—2p+s=0 9.3)

where V2 is the Laplacian operator, § the spectrum of the source pressure excitation, p the spectrum of
the resulting pressure field, w the frequency variable, and c the speed of propagation in the membrane
(this equation is given in the frequency domain) [7]. Now, this equation holds for a source s arbitrarily
distributed in space, and for arbitrary boundary conditions of the membrane. If we now specialize
this equation to the case of a point source at the center, rectangular and perfectly reflecting boundary,
then this equation can be solved analytically, and we have that

DXLy, @) = $() - by (@) (9.4)

where iz(x,y) is defined by

4 Z cos(kyxo)cos(l,yo)cos(k,x)cos(ly,y)
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Equation (9.4) provides much insight into the structure of wave fields generated by point sources:

« The pressure signal observed at an arbitrary location (x, y) can be expressed as the convolution
of the source signal s(¢) with a space-dependent filter A, y)(¢). For obvious reasons, we refer
this function as the impulse response of the membrane, and its Fourier transform as the
frequency response.

e The filter A, y)(t) depends on a number of parameters: the location (x,y) of the field mea-
surement, the location (xo, yo) of the source signal, the membrane dimensions L, and Ly, and
the speed ¢ of wave propagation.
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for all m,n € Z. These special frequencies are denoted by w,, and are referred to as the
modes of the membrane [34].

With these results, now we can pose and answer the following sampling question: how many pressure
sensors must be placed on this membrane, so that based on samples in time collected by each sensor,
and in space collected by the different sensors, we gather enough information to reproduce the field
at an arbitrary location? And the surprising answer is that, under these very special assumptions,
only one sensor is enough. This is easy to see: in general, the pressure signals at arbitrary locations
(x,y) and (x',y’) are related by p(x',y', ) = p(x, y, @)y y)(@)/hx ) (w). This is immediate since,
from Equation (9.4), p(x, y, w)/ iz(x‘y)(a)) = §(w). Therefore, provided we neither put our sensor, nor
try to obtain the pressure signal, at locations for which the frequency response h has a zero (and
we can show this happens over a set of locations of measure zero), the temporal samples at a single
location provide enough information to reconstruct the pressure measurement at any other arbitrary
location. Thus, in this case, the measurements of a single sensor are enough to interpolate the field
at an arbitrary location [37].

We should highlight that not requiring a prefilter not only is a key difference with previous
work on sampling for nonbandlimited signals, but it is also one that makes our interpolation kernel
particularly appropriate for use in a sensor network. This is because, whereas classical A/D devices
can certainly include a prefilter in their circuitry, when a signal is acquired by a distributed device
in which none of its components have access to the full signal field (such as the sensor network),
filtering before sampling becomes a much harder, perhaps impossible task.

9.4.3 COMPRESSION

For the highly restrictive model set up above, we see that the broadcast problem admits a trivial
solution: each sensor can reconstruct the entire image based only on its own measurements in time,
and on knowledge of the membrane’s impulse response hx y)(t) at all locations (x,y). Of course, in
reality waves will dissipate energy as they travel in a medium, boundaries will reflect only a fraction
of the energy of a wave back, there will be inhomogeneities both in the medium and at the boundaries,
boundaries will not be perfect rectangles, and measurements will be corrupted by noise. So, it is very
clear that in a realistic setting, one should not expect a single sensor to provide enough information
to reconstruct an entire wave field. However, and this was the whole point of this example, one
should expect that the structure of this data field (in this case, the PDE model that describes the
constraints imposed by the physics of wave propagation) will play a significant role in our ability to
solve broadcast problems.

9.5 LITERATURE REVIEW

Wave propagation problems have been studied for a long time in physics and engineering, and they
are reasonably well understood. Some textbooks we found particularly useful are [7,32,34]. The
standard mathematical tool for dealing with these problems are differential equations with boundary
value constraints, and Hilbert space methods for their solution. And in this area, textbooks we relied
on heavily are [9,10,27].

In the context of distributed signal processing and communications problems, a fair amount of
work has been done on the topics of distributed data compression [1,5,19,21,31,38,42,45,46,48],
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distributed transmission and beamforming [3,8,29,39,44,54], time synchronization [17,28,33,53],
and distributed inference [14,25,40]. Related distributed control problems have been considered
in [11,36].

Issues related to data models appropriate for sensor readings were discussed in [5,47]. Related
parameter estimation problems were considered in [43].

In the context of classical (meaning, not distributed) signal processing problems, questions
involving sound fields and light fields have received some attention in the past. A number of ref-
erences on data compression for light fields is available from http://www.stanford.edu/"chuoling/
lightfield.html. In the context of sound fields, the impulse response Ay y)(¢) has been referred to
as the plenacoustic function [35]. Spatial sampling and reconstruction of this function has been
considered in [2], and spectral properties of this function were studied in [16], under a far-field
assumption. A closely related signal processing problem to those considered in this paper is the prob-
lem of wave field synthesis: in this case, the goal is to generate a prespecified wave field from a finite
number of fixed pointsources. Various groups, primarily in Germany and in the Netherlands, have
studied this problem. A number of references on various aspects of this problem are available from
http://www.Int.de/LMS/.

Sampling theory has a long and rich history, nicely surveyed in [49]. Some recent contributions
to this problem can be found in [50-52].

9.6 CONCLUSION

In this chapter we have considered a new form of image data compression problems, in which we
introduce communication constraints among image capture elements. The area is new, and there is
plenty of opportunity for studying interesting problems at the intersection of traditional disciplines
such as signal processing, communications, control, information theory, and distributed algorithms.
Our goal in this presentation was to highlight the fundamental differences between classical and
distributed image coding problems, as well as promising research directions.
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10.1 INTRODUCTION

Data hiding is the general process by which a discrete information stream, the mark, is merged within
media content by imposing imperceptible changes on the original host signal. Other requirements,
other than transparency, can be needed according to the specific application that is taken into account.

In the recent years, there has been an always growing interest in data hiding within multimedia
owing to its potential for improved multimedia transmission, signal captioning, transaction tracking
in media commerce, copy control, authentication, time stamps, copy protection through the devel-
opment of digital watermarking technology, and so forth. In particular, the increasing diffusion of
digital image and video transmission applications, which, owing to the limited transmission rates
currently available, require the use of compression techniques, has driven toward the application of
data hiding for improved image and video compression as well as for error concealment in images
and videos. In fact, data-hiding principles can be used to discard the perceptually redundant infor-
mation and then to properly embed part of the information to transmit in the host data, thus obtaining
improved data-coding schemes that lead to significant bit saving. Possible applications are image-
in-image, video-in-video, and audio-in-video embedding. On the other hand, data-hiding algorithms
can be used to embed redundant information in a coded bit stream in order to improve its resilience
with respect to channel noise. In fact, compressed digital video streaming, based on predictive cod-
ing, is very susceptible to channel noise, since errors can propagate through the decoded sequence
generating at the receiver display a content with annoying visual artifacts. However, by embedding
redundant information about the transmitted data into coded bit stream, the effect of the potential
channel errors can be counteracted by the decoder by using the side information.

255
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The chapter is organized as follows. Some data-hiding techniques for improved image and video
compression are described in Section 10.2. How data hiding can be used to improve error concealment
performance in image and video coding is described in Section 10.3. Conclusions are drawn in Section
10.4, and eventually in Section 10.5 further readings are suggested.

10.2 DATA HIDING FOR IMAGE AND VIDEO COMPRESSION

The goals of data hiding and perceptual coding can be viewed as being somewhat contradictory.

Perceptual coding refers to the lossy compression of multimedia signals using perceptual models.
These approaches discard the information that cannot be perceived by the human perceptual system.
These modifications are imposed on the signal in such a way as to reduce the number of information
bits required for transmission and storage of the content.

On the other hand, any data-hiding method aims at embedding information into a host in a trans-
parent way. In order to obtain imperceptibility, a data-hiding method must exploit the characteristics
of the human perceptual system to properly select the media features where to embed the mark in
such a way that a human observer does not have an altered perception of the marked media with
respect to the original one.

Therefore, imperceptible data hiding and perceptual coding hinder each other: the former uses the
irrelevant information to mask the presence of the hidden data, whereas the latter attempts to remove
redundant and irrelevant information from a signal, thus decreasing the overall possible compression
ratio.

When using an ideal perceptual lossless compression algorithm, all the information that cannot
be perceived by a human observer is removed. In this situation, no room for imperceptible data hiding
is available, thus making transparent data hiding incompatible with ideal perceptual coding.

However, actual compression algorithms are far from being ideal. This implies that data hid-
ing can be performed in those parts of the host data that, although imperceptible, have not been
eliminated. Several methods, in which it is assumed that each process hinders, not helps, the objec-
tive of the other, have been developed to find an appropriate compromise between data hiding and
compression.

Some authors have taken a different perspective, trying to identify how data hiding can be used
to design more powerful compression schemes. They rely on the nonideality of perceptual coding
schemes in order to perform the embedding of large volume of data. Besides the bit saving in the
transmission/storage process, this use of data hiding can give other side benefits. For example, when
dealing with a color video, its chrominance components can be embedded into the luminance ones in
order to both reduce the amount of bits to transmit and to provide the opportunity to view the video
in a progressive way from a monochrome to a color version. Moreover, the hiding of an audio stream
into the corresponding video stream facilitates the task of maintaining synchronization between the
two data streams under different attacks. In video streaming applications, a video, at spatial resolution
smaller than that of the host video, can be embedded into the host, thus obtaining an enhanced picture-
in-picture (PiP) system that uses a unique data stream instead of the two used in conventional PiP
systems.

When using data hiding for enhanced image/video coding, the capacity requirement, that is, the
capability of the host data to mask an amount of data as large as possible, is crucial to obtain a
significant bit saving. Robustness may not be of primary concern given that data embedding is per-
formed in the already coded bit stream, as well as simultaneously to compression. On the contrary,
whether or not data hiding is performed before coding, the hidden data must survive to compression.

In Section 10.2.1, we will describe some approaches that have been used for hiding image in image
[3,4,8,14,31-33,48]; and in Section 10.2.2, the algorithms that have been employed for embedding
data in video [22,23,37,49].
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FIGURE 10.1 Block diagram of the data-hiding-based improved compression scheme described in [37,48,49].

10.2.1 DATA IN IMAGE

In [48] a data-hiding algorithm for improved image coding, based on projection, quantization, and
perturbation in the discrete cosine transform (DCT) domain, is presented. The proposed coding
scheme is depicted in Figure 10.1. Specifically, an image [ is split into two parts having the same
size: a host image I'¥) and a residual image I®. The residual image is first compressed, in order
to reduce the payload, and then embedded into a preprocessed version of the host image. However,
in the embedding stage, it is necessary to compromise between the payload size and the host image
capacity. This role is played by the “quality control unit” that controls the amount of the bits that
can be embedded according to the host image capacity and that gives as output the bits that cannot
be embedded in the host part. The marked image is then JPEG compressed. More in detail, the
implemented splitting method employs a one-dimensional wavelet transform applied to the input
image. The so-obtained low-pass image is used as the host image I¥) and the high-pass image
constitutes the residual image I®. In order to increase the data-hiding capability of the approach,
the residual image is coded using a modified embedded zerotree wavelet coder [30] before being
embedded. Moreover, the overall data-hiding method has been made robust to JPEG compression, at
a designed quality level, by introducing a preprocessing stage where the host image is JPEG coded
and decoded with the assigned quality level. The so-obtained image IISH) is then used as host image
for the data embedding. The first step of the embedding procedure consists of partitioning II(,H) into
n x n pixel blocks, which are then projected onto the DCT domain. Then, given a generic transformed
block k, its coefficients are arranged into a vector XiH) which is projected along a random direction
Z;. generated according to a user-defined random key, thus obtaining

pe = (X Zy) (10.1)

where (-, -) denotes the inner product operator. The projection py is then quantized using a frequency-
masking-based threshold Tj. The quantized value p, is then perturbed as follows:

- P+ Ti/4 forbg =1

10.2
D —Tr/4 forby =0 ( )

having indicated with by the bit to be embedded in the kth block. The new vector with the embedded
data can be obtained by requiring that the perturbation is along the direction Z, that is

<) o
X, =X+ (o — B (10.3)

The inverse DCT is then performed on X,((H), thus obtaining the marked block coefficients, which,
thanks to the performed frequency masking, appear indistinguishable from the original ones although
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carrying the requested information. These operations are iterated for each block of the image. The host
image with the embedded data is finally JPEG-compressed at the desired quality. The inserted bits are
recovered by performing inverse operations with respect to the ones made in the embedding stage.
Let )A(,iH) be the vector containing the DCT coefficients of the kth block of the received embedded

image. The extracted bit 21{ is obtained by projecting )A(,((H) onto the random direction Z; as follows:

- it (X, 2 /T — LK, Z0) /Te)) > 0
by = ) (10.4)
0 otherwise

where | -] indicates the operator that gives the largest integer smaller than or equal to a given number.
It is worth noting that more than one bit can be embedded into an image block. In fact, for example,
it is possible to embed two bits by perturbing along two orthogonal directions chl) and Z,(cz). Since
the projections are orthogonal, the perturbations along the two directions do not affect each other.
Therefore, given that we are considering an image of size N x N, segmented into blocks of size n x n,
and that m bit are embedded per block, the hidden bit rate is m/n? bits/pixel. In [48] experiments
conducted on the image Lena of size 256 x 256, 8 bits/pixel are shown. The splitting has been
performed using the 9-7 biorthogonal wavelet filters. The preprocessing consists in JPEG compression
with quality factor 75% on the host image and subsequent decoding. The data-hiding compression
method allows obtaining an image representation using 57,657 bits, thus leading to a bit saving of
33.8% with respect to plain JPEG with quality factor 75%, which is represented by 87,155 bits, still
maintaining approximately the same perceptual appearance. The method has been also applied by
the same authors to hiding data in video as described in Section 10.2.2.

In [3,4] a progressive data-hiding-based compression scheme, properly designed in order to trade
off between the goals of data hiding and perceptual coding, is proposed. Specifically, the compression
scheme is designed in order to embed the image color information in the image gray-scale component,
without impairing the perceptual appearance of the embedded image. This method improves the
compression efficiency with respect to JPEG and SPIHT [30] compression methods. Moreover, it
gives the opportunity, at the receiving side, of viewing the image progressively from a monochrome
version, at different detail levels, to a color one according to the user’s needs. In Figure 10.2, a block
diagram representation of the approach is provided. First, the given image X is represented in the YIQ
color coordinate system, where Y is the luminance and I and Q are the chrominance components,
which jointly represent hue and saturation of the color. Then, the chrominances are represented by
their subsampled versions and hidden into the luminance component in such a way that the perceptual
appearance of the host is not impaired. The embedding is performed in the wavelet domain because

Q » Two level | QarL
DWT
X spitinto || Twolevel | '2uL
Z Y, l,Q DWT
Color | components Yo
image >
Y Multiresolution —>> Adaptive Yeomp
—— like wave-_l_et . Embedding | . compression SR
decomposition

FIGURE 10.2 Compressive data-hiding scheme [3,4] for improved compression of color images.
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of the spatial and frequency localization it provides, which well suits the behavior of the human
visual system (HVS).

The embedding regions are determined by projecting the luminance image onto the wavelet
domain and by choosing those subbands which can transparently hide the chrominance components.
After embedding the color information, an adaptive scheme is used to achieve further compres-
sion. More in detail, the choice of the YIQ color space has been done since it nearly provides as
much energy compaction as a theoretically optimal decomposition performed using the Karhunen—
Loeve transform. The bandwidths of the chrominance components are much smaller than that of
the luminance. This implies that / and Q can be represented by their subsampled versions without
any perceptual quality loss of the reconstructed image. Specifically, a two-level pyramidal discrete
wavelet transform (DWT) is performed on both I and Q, thus obtaining the subbands I>;; and Qo 1,
that is the low-pass chrominance replicas at the coarsest resolution, which are used to represent the
color information. Then, as shown in Figure 10.3, an unconventional two-level multiresolution-like
wavelet decomposition is performed on the luminance component. The first level of the multiresolu-
tion decomposition is obtained by performing a DWT onto Y. In particular, an eight-tap Daubachies
filter is used. This leads to the subbands Y;; and Y;y, Y1, and Ygyy, which take into account the
image at coarser resolution and the “horizontal,” “vertical,” and “diagonal” details of the image
also at coarser resolution, respectively. The subbands Y; 5 and Yy are chosen to host the chromi-
nance information. The rational behind this choice relies on the observation that, in order to obtain
a good trade-off between robustness and transparency, many watermarking techniques use “middle
frequency” coefficients. This makes the subbands Yy and Yy, suitable to host the data, whereas the
subband Yy is not. Then the subbands Y7y and Yy;, are further wavelet-decomposed, thus leading
to the subbands Y, g with a € {II,hl,lh,hh} and B € {HL,LH}. This represents the unconven-
tional part of the scheme because usually the Y;; band is further decomposed instead of its details.
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FIGURE 10.3 Multiresolution-like wavelet decomposition and data-embedding scheme in [3,4].
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In particular, Yy g7 and Yy g represent the low-pass subbands, at coarser resolution, obtained from
the high-frequency subbands Yy and Yy, respectively. It is expected that their energy contribution
is relatively small compared to the energy of the remaining subbands of the set Y, g. Therefore, they
can be zeroed and the subsampled chrominance components I5;; and Q»;7;, can be embedded in place
of the subbands Y gz and Y}, 1 (see Figure 10.3). However, before the embedding, the energies of
D11 and Q> 1, have to be normalized to the values of the corresponding host subbands as not to impair
the perceptual appearance of the reconstructed image, thus obtaining Ié 77 and Q2LL’ respectively. It
should be noted that the normalization values have to be transmitted to the decoder since they are
necessary to properly reconstruct the color information. To this end, they are embedded in the bit
stream’s header. Let Y, gL) and Y SZ be the subbands which host I7;, and Q1 obtained by calculat-
ing the inverse discrete wavelet transform (IDWT) on the subbands specified by Equations (10.5)
and (10.6):

IDWT

{boee. Yines Yorme. Y} = Y ;;L) (10.5)
IDWT

{Qore, Yinrw Yuow, Yiniu} = Yg}; (10.6)

Therefore, the luminance and the embedded chrominance components are represented, in a percep-
tually lossless manner, by the subbands

Yemb = IYLL, Yo, Yisps Yzi}} (10.7)

The embedding strategy leads to no perceptual degradation of the image luminance component and
to a very low mean square error as experimentally verified in [4]. The final step of the algorithm
consists in the adaptive compression stage that codes each of the Yem, subbands separately in order to
guarantee the desired bit rate, related to the maximum distortion allowed, for each subband. Given the
desired global bit rate by, and the bit rates by, byy, by, bry for the subbands Yrr, Y, Y, ;;L), Yg&,
respectively, the following relation must hold:

bt = br +buy + by + by (10.8)

Moreover, the bit rate by is the first to be designed, since it plays a significant role in the decoded
image appearance. The remaining bit rates byy, by, and by g are automatically assigned by the coder
in such a way that a higher bit rate is assured to the subbands having higher energy, according to the
following formulas:

& EuL
b = L byy b, = 2L by (10.9)
Enn Eun

where &, (y € {LH, HL, HH}) are the energies of the different subbands. After having chosen by and
by L, according to the user’s needs, the bit rates for each subband are then obtained through Equations
(10.8) and (10.9). Finally, each subband is compressed, at the rates previously evaluated, using the
SPIHT coder. At the receiving side, the color image is reconstructed, from the compressed bit stream,
performing dual operations of the ones done during the coding stage. First, the single subbands are
decoded, thus obtaining an estimation (denoted by ™) Yemb of Yemp. Then, IZLL and Q2LL are extracted
from Y,(fL) and Y£2 (see Equations (10.5) and (10.6)) and the components T and Q are obtained by
applying a two-level inverse DWT. After having zeroed /Y\y ar and Yy r g, the subbands ?HL and ?LH
are reconstructed by performing one-level inverse DWT. Finally, an estimation of the luminance Y
is achieved by applying a one-level inverse DWT to the subbands Y L, Y HH » Y 'HL, and Y, TH-
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FIGURE 10.4 For each row from left to right: original image (24 bits/pixel), compressed image using the
proposed approach, compressed image using SPIHT, compressed image using the JPEG method. First row:
Lena; compression at 0.15 bits/pixel (for JPEG the maximum allowed compression rate is 0.25 bits/pixel).
Second row: Baboon; compression at 0.30 bits/pixel. Third row: GoldHill; compression at 0.30 bits/pixel.

Experimental results obtained using the compressive data-hiding approach for the compression
of 24-bit color images at 0.15, 0.30, and 0.45 bpp are shown in Figure 10.4. A more comprehensive
simulation results set is given in [4]. For comparison purposes, the same testimages are compressed, at
the same ratios, using JPEG and SPIHT. The experimental results point out that the compressive data-
hiding approach performs better than the other methods, especially at low bit rates. The performance
comparison has been performed perceptually as well as using the normalized color distance (NCD)
metric [26]. As a further characteristic, the compressive data-hiding approach gives the opportunity
of viewing the image progressively from a monochrome version at different details, to a full detailed
color image.

In [14,31,33], the authors present some methods allowing to embed high volumes of data in
images still satisfying the imperceptibility constraint. The embedding methods are based on the
selection, driven by perceptual criteria, of the regions where to embed the mark. To accomplish
this task, two approaches are proposed: entropy thresholding (ET) and selectively embedding in
coefficients (SEC). The embedding is performed by choosing a scalar quantizer in a set as described
in [9]. The methods are detailed in [31] for uncoded and in [14] for coded hidden data. Moreover,
they are presented in a unique framework in [33]. Specifically, the ET method consists in partitioning
the image into blocks of 8 x 8 pixels, which are then DCT transformed. Let ¢, i,j € {0,1,...,7},
be the DCT transform coefficients of the generic block. For each block, the energy is computed as
follows:

7 7
E=Y"%"|c;l? (10.10)

i=0 j=0
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with (i,j) # (0,0). The block under analysis is selected for the embedding if its energy E given
by Equation (10.10) is greater than a threshold value ¢. In order to make the method robust against
JPEG compression up to a predefined quality factor QF, the coefficients of the selected blocks are
divided by the corresponding values of the quantization matrix MSF, with i,j € {0,1,...,7}, thus
obtaining ¢;; = c¢;; /Mi?F. The so-obtained coefficients ¢;; are then scanned according to a zig-zag
strategy, collected in an one-dimensional vector with elements ¢ = {c¢}. Then the first n coefficients
of the vector ¢, with the exception of the DC coefficient, are used to host the data. The embedding
is performed by quantizing ¢; by means of a quantizer Qp(-) chosen between two, Qo(-) and Q1(-),
according to the bit b € {0, 1} to embed [9]. Thus, the embedded coefficient Zik is obtained as follows:

d 10.11
k Ck otherwise ( )

; {Qb@k) ifl<k<n
For each block, the embedded coefficients are then scanned to form an 8 x 8 matrix, multiplied
by the used quantization matrix and inverse DCT transformed. It is worth pointing out that JPEG
compression can lower the global block energy; therefore, itis necessary to verify that the block energy
exceeds the threshold both before and after the embedding in order to avoid errors at the receiving
side. If the current block does not pass the test no embedding is performed in it, and the next block
is examined for potential data insertion. When the SEC method is employed, the embedding regions
selection is performed at a coefficient level rather than at a block level as for ET. After having obtained
the vector € as for the ET approach, the first n coefficients and the DC coefficients are selected. Then,
they are quantized to the nearest integer value, whose magnitude is indicated with . The embedding
is then performed using the proper scalar quantizer according to the bit to embed as follows:

Op(@) ifl<k<nandrg >t
di = 1t ifr =1 (10.12)

Ck otherwise

Since the SEC method relies on a pixel-by-pixel analysis, it introduces smaller perceptual degrada-
tion than the ET approach for the same amount of data to embed. The uncoded methods have been
designed to be robust against JPEG compression attack. Although limiting the embedding capacity, to
face other attacks, some coding strategies can be implemented. In [14,33], the use of Reed Solomon
(RS) codes [41] for the ET method and of repeat-accumulate (RA) [11] coding for the SEC scheme
are introduced, thus making the embedding method robust against JPEG attacks, additive white
Gaussian noise (AWGN) attacks, wavelet compression attacks, and image resizing. At the decoder
side, the location of the embedded data is estimated and hard-decision decoding is performed for
both the ET and the SEC method when JPEG attacks are carried out. Soft decision provides better
performances with respect to hard decision when the attack statistics are known. It can be effectively
employed for RA-coded SEC scheme under AWGN attacks. Specifically, the RA decoder uses the
sum—product algorithm [15]. For those applications where the embedding of large volume of data is
of main concern, the capacity of the host image is first evaluated according to the aforementioned
criteria, then the image to be embedded is JPEG compressed at a bit rate such that it fits in the host
image. The experimental results reported in [33], some of which are reported in Table 10.1, show that
both the methods allow hiding a large volume of data without perceptually impairing the host image.

They refer to the bit amount that can be hidden into the 512 x 512 Lena image using the
uncoded embedding methods described previously (ET, SEC) at different quality factors QF and
threshold values ¢. From the experimental results it is possible to verify that, for a defined value of the
threshold, higher QFs correspond to higher embedding capacity. In fact, higher compression factors
(lower QFs) correspond to a more severe quantization. This implies that, considering for example the
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TABLE 10.1
Experimental Results for the Image Lena
QF=25 QF=50 QF=75
t=0 t=1  t=2 t=0 t=0
ET SEC ET SEC ET SEC ET SEC

Bits 6240 11044 4913 2595 15652 18786 34880 31306

Source: From K. Solanki, N. Jacobsen, U. Madhow, B.S. Manjunath, and S. Chandrasekaran,
IEEE Trans. Image Process, 13, 1627-1639, 2004. With Permission.

ET method, the global block energy is likely to decrease after quantization and can assume values
lower than the selected threshold. As a result, the block cannot be used in the embedding stage thus
reducing the global image capability to host data. The same motivations can be used to explain the
similar behavior when the SEC method, where the embedding is performed at a coefficient level
rather than at a block level, is employed. Moreover, for a predefined QF, when the threshold value
increases the embedding capacity decreases. In [33] broader results sets, which refer to the coded
version of the methods, are presented. However, uncoded schemes are used when the embedding
capacity is of primary concern and robustness only against the JPEG compression attack is required.
It is worth pointing out that the system, in its uncoded version, is designed to be robust against
a predefined level of JPEG attack. This implies that even if the attack is milder the quality of the
recovered embedded image is given by the foreseen level of attack.

An attempt to overcome this problem is presented in [32], where an image-in-image hiding
method that leads to perceptual as well as mean square error improvements, when the level of JPEG
attack decreases, is proposed. The first step of the embedding strategy consists in splitting the image
to embed W into a digital part Wp and an analog part Wa. Specifically, Wp is obtained by JPEG
compressing W, whereas the analog part Wy is the residual error between W and Wp. The host image
is segmented into 8 x 8 blocks, which are then DCT-transformed. For each host block, few low-
frequency coefficients, with the exclusion of the DC coefficient, are collected in the vector A = {E,’?}
and reserved for W5 embedding. The other low- and middle-frequency coefficients, collected in the
vector &P = {Z',?}, are employed to host Wp. The embedding of the digital part is performed using
the RA-coded SEC approach described in [33]. The embedding of the analog part is performed by
first quantizing the host coefficient, E,/;\, with a uniform quantizer of step A. Then, the analog residual
m (belonging to Wy ), which has been scaled to lie in the interval (0, A), is embedded into the host
coefficient to produce the embedded coefficient dy as follows:

- {A(LEkA/AJ)+m if [6¢/A] s even (10.13)

- A(lEp/Al+ 1) —m if [6)/A] is odd

Then, for each block, the embedded coefficients are scanned to form an 8 x 8 matrix and inverse DCT
transformed. The decoding of the analog and of the digital parts is performed separately. Specifically,
the digital part is obtained using the iteratively sum—product algorithm for RA decoding. The analog
part is estimated by means of an MMSE decoder, obtained in the hypothesis of a uniform quantization
attack, that the residual data have a uniform distribution probability, and that the reconstruction points
of the attacker are known to the decoder but not to the encoder. Experimentations have been conducted
using 512 x 512 host images and both 128 x 128 and 256 x 256 images to embed. JPEG attacks at
different quality factors have been performed. The experimental results highlight an improvement of
the perceived quality of the extracted image as well as of its mean square error as the JPEG attacks
became milder.
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10.2.2 DATA IN VIDEO

The data-embedding method sketched by the block diagram in Figure 10.1, specialized to data
embedding in image in Section 10.2.1, can be straightforwardly applied to video sequences [37,49]
as input media. The host and the residual media can be chosen according to the specific application.
For example, when dealing with MPEG-2-coded video sequences, the intra-frames (I-frames) can
represent the host media, whereas the bidirectionally predicted frames (B-frames) represent the
residual media. The predicted frames (P-frames) can be used either as the host part or the residual
part depending on the compression scheme. In [37,49], experiments on raw videos are reported.
As an example, a gray-scale video of 311 frames having size 120 x 160 is embedded into a video
having the same length and having size 240 x 360. Both the video have a temporal resolution of
30 frames/sec. With reference to the general scheme of Figure 10.1, the embedding is done as
described in Section 10.2.1. Specifically, the compression stage of Figure 10.1, acting on the residual
media, performs MPEG-2 compression at a bit rate of 294 bytes per frame. The single frames of
the host video are segmented into blocks of size 8 x 8 and 2 bits per block are embedded. After
the embedding, no visible degradations of the host video sequence are reported by the authors. The
same approach has been used to embed speech streams in a video. The video that has been used
in the experiments consists of 250 frames of size 360 x 240 and four speech streams have been
considered as residual media. The speech streams are sampled at 8 kHz and represented with 8 bits
per sample. A code excited linear prediction (CELP) voice compression method has been used to
perform compression on the residual media at 2400 bits per second. The host media, after the speech
streams embedding, has been compressed using motion JPEG: at compression ratio 3:1 the bit error
rate (BER) was 0.1%, and at compression ratio 7:1 the BER was 1%. When independent Gaussian
noise at PSNR of 30 dB is added to the host media with the embedded residual media a BER equal
to 0.2% was obtained, whereas at PSNR of 28.1 dB the BER was 1.2%.

In [23], a source and channel coding for hiding large volume of data, video and speech, in
video is presented. Although in [23], both the cases were considered, where the host data was not
available to the receiver and the case where it was taken into account, in this summary only the
first situation is considered. The method can be briefly summarized as follows. The host data is first
orthogonally transformed, and then a set of transform coefficients is properly chosen. A prediction
is then performed on these coefficients, which are then grouped into vectors and perturbed in order
to host the data to embed. A source coding by vector quantization (VQ) [13] as well as channel-
optimized vector quantization (COVQ) [12], which better performs on noisy channels, are carried
out on the data to embed before the perturbation of the transform coefficients. In order to make the
embedding imperceptible, the perturbations are constrained by the maximum mean square error that
can be introduced into the host.

In more detail, with reference to Figure 10.5, the data to embed is source-coded by VQ or COVQ,
thus obtaining a sequence of symbols belonging to a Q-ary alphabet {s1, 52, . . ., sp} having dimension
k. Following the notation introduced in [23], let X = (x1,x2,...,xy) be the host data sequence,
C = (c1,¢2,...,cy) the transform coefficients obtained by means of an orthogonal transform, C=
(¢1,¢2, ... ,Cn) the perturbed transform coefficients, and X = (X1,X2,...,Xy) the inverse transform
coefficients. The transparency constraint is expressed in terms of the mean square error as follows:

1 Y 1 Y
ﬁlei—3i|2= NZ|Ci_Z‘i|2 <P (10.14)
i—1 i—1

where the identity holds since an orthogonal transform is used and P specifies the maximum
mean square error for the considered applications. However, according to the amount of data to
hide, a smaller set of M < N host coefficients can be chosen for data embedding. The coefficients
where to embed the data can be selected a priori in the transform domain in order to guarantee
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FIGURE 10.5 Data-hiding scheme [23] for embedding large volume of data in video.

the imperceptibility constraint. Also, they can be selected according to a pseudo-random-generated
encryption key, which introduces an additional level of security other than those introduced by source
and channel coding. Moreover, the use of an encryption key counteracts the burst errors that can occur
when, for example, attacks like compression are performed. Once the host coefficients are chosen,
they are collected in the ensemble A = {ay, ay, ..., ay}, whereas all the remaining coefficients are
put in the ensemble B = {b1, b, ..., by_p}. For each element a; of the ensemble A, a deterministic
predicted version g; is obtained from the elements belonging to the ensemble B:
ai=f,;B), i=12,....M (10.15)
where f;, is the predictor of the coefficient a; on the base of the coefficients in B. The coefficients a;
are grouped into vectors ffj, j=1,2,...,M/k, of dimension k, which are then perturbed as follows:
‘N’j = ‘A/j + afper(si) (10.16)
with « being the parameter that determines the embedding strength. The ensemble of vectors fpe;(s;),
i=1,2,...,0, constitutes a noise-resilient channel codebook having size Q and dimension k. The
perturbation is made in such a way that the perturbed host vector coincides with one of the symbols

{s1,52,...,50}. The transparency constraint (10.14) is then expressed for each of the perturbed vectors
as follows:

1 R N :

zllvj—ij <PC=A—/[P, j=12,....M/k (10.17)
where || - || represents the Euclidean norm, which implies that the perturbed vectors all lie within a

sphere of radius +/kP.. Eventually, the elements of the vectors vi,j=1,2,...,M/k, are ungrouped
and inserted back into their original locations in the transform domain. The inverse transform allows
obtaining the embedded data X. At the receiving side, the generic received perturbed vector can be
expressed as w; =V; + n;, with n; being the additive noise, which takes into account the alterations
introduced by the transmission—compression stages. The decoding procedure is carried out by first
performing an estimation ffj’- of v; using the received coefficients belonging to the set B and con-
taminated by noise. Then, the k-dimensional space, where QIJ’- is partitioned into Q different regions,
each representing one of the symbols {s1,s2,...,50}, by centering the decision boundaries around
ffjf (see Figure 10.5). If the perturbed vector V;, which represent the symbol s;, is received as w;
owing to the noise, the decoding will be correct if w; is in the decision region pertaining to s;. It is
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worth pointing out that, from a methodological point of view, the method presented in [23] embraces
the one described in [37] based on quantization of the host data and subsequent perturbation, and it
allows obtaining a higher embedding capacity than that can be obtained by using [37]. The procedure
presented in [23] and summarized here can be used to hide large volume of data in video. Specif-
ically, each frame of the video is transformed using a two-level wavelet decomposition performed
using orthogonal Daubechies filters of length 6. Middle subbands are chosen for data embedding in
order to compromise between robustness to compression and imperceptibility. The used prediction
function is the function zero, i.e., the chosen coefficients are zeroed out. In fact, since reasonable
wavelet domain coefficients predictors are not available, the zeroing out method seems to be the
only feasible one. Then the embedding procedure follows as already specified. Experimental results
pertaining the embedding of video-in-video using the aforementioned approach have been presented
in [23]. Specifically, a video at spatial resolution 88 x 72 and temporal resolution 7.5 frames/sec is
embedded into 176 x 144 QCIF video at 30 frames/sec. The chrominance components of both the
videos are subsampled by a factor of 2 along the vertical as well as the horizontal direction. The video
to embed is partitioned into blocks of 2 x 2 pixels, and the four pixels from the luminance component
together with the corresponding two pixels of the two chrominance components are collected in a
vector of six elements. For each frame of the video to embed 1584 vectors are thus considered. In
one implementation proposed in [23], only the luminance component of the host video is used for the
embedding. The subband 2HH is composed by 1584 coefficients, which are grouped into 396 vectors
of dimension 4. Since each frame to embed is composed by 1584 vectors, if all the coefficients of
the chosen host subband are used, four frames of the host video are necessary to embed the data.
The source codebook is of size 256. Vector quantization and COVQ at three different noise levels
are considered. The channel codebook is also of size 256 and it has been derived from the Dy4 lattice
[6]. The experimentations have been performed using as host video “Mother and Daughter” and as
video to embed “Hall Monitor”. After the embedding, the host video is compressed using H.263
at 30 frames/sec. The PSNRs for the extracted video vs. the host video bit rate after H.263 com-
pression at 30 frames/sec for the described scenario, reported in [23], are given in Figure 10.6. The
experimentations highlight that, in the presence of noise, COVQ gives better performance than VQ.
In another implementation, besides the luminance, even the chrominances are used to host the data.
Specifically, referring to the host video, four luminance wavelet coefficients from the 2HH subband
and two other coefficients from the chrominance subbands are collected into vectors of dimension 6.
As in the other application, four frames of the host video are necessary to host a frame of the video
to embed. The experiments have been performed embedding the video “Coastguard” into the video
“Akiyo”. The source codebook is of size 72.

Both standard VQ as well as COVQ have been implemented. The channel codebook is also of
size 72 and it has been derived from the Eg lattice [6]. The experimental results, extracted from [23],
are given in Figure 10.7. As in the other application, the experimentations point out that in presence
of noise, COVQ gives better performance than VQ. The aforementioned embedding procedure has
also been employed to hide speech in video [22,23]. Specifically, several scenarios for hiding speech,
sampled at 8 kHz and represented by 16 bits/sample, in a QCIF video having temporal resolution of
30 frames/sec are presented. In order to improve robustness to video coding, temporal redundancy is
introduced by embedding the same information into successive frames. The embedded video is then
H.263-coded. The speech embedding in video has been performed both using only the luminance 2HH
subband and the luminance and chrominances 2HH subbands. Vector quantization using codebooks
of different size and channel codes extracted from the lattices Dy, Eg, K12, Eg, A6, Go4 [6] have
been used. A performance comparison among these implementations is provided in [22,23]. In
summary, the experimentations have pointed out that the extracted video and speech from the host
data are of good perceived quality even for high compression ratios. As a further application of the
methodology described in [23], we can mention the embedding of color signature image into host
image [8].
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10.3 DATA HIDING FOR ERROR CONCEALMENT

In the past few years, the development of error-resilient image and video-coding algorithms, which
counteract the effect of noisy channels, has received an increasing attention [38].

Error concealment makes use of inherent characteristics of the visual data, like spatial or tem-
poral correlation, and attempts to obtain a close approximation of the original signal that is least
objectionable to human perception. An error concealment system has to cope with three problems:
first of all, error detection, which is the localization of errors due to damaged/lost data blocks at the
decoder, has to be accomplished; when errors are detected, a resynchronization step is required in
order to prevent the propagation of errors to other blocks; finally, the recovery or reconstruction of
damaged/lost blocks allows to finalize the error concealment. The recovery at the decoder generally
consists of two steps: first, the decoder estimates some features of lost information (like the edge
orientation to help spatial interpolation, or the motion vectors for temporal interpolation). Second,
the decoder reconstructs lost information from the estimated features and the features of neighboring
blocks using a spatial, transform-domain, or temporal interpolation.

Recently, data hiding has been proposed to improve the performance of error concealment algo-
rithms by conveying to the decoder some side information that can be exploited for one of more of the
three steps of the error concealment process, i.e., error detection, resynchronization, and data recov-
ery. The improvement is possible since, thanks to data hiding, the decoder will have the availability of
a higher amount of information about the lost data, or a more precise information, since performing
features extraction at the encoder is more effective than doing it at the decoder. Another advantage
is the fact that if the hidden information concerns the estimate of some features of lost data, the
computational burden of this estimation is shifted from the decoder to the encoder, that usually has
more resources and often can perform the task off-line.

Data hiding allows an image or video-coding system to remain fully compliant: in fact, a decoder
with a data-hiding detector can extract and exploit the supplementary information, whereas a standard
decoder will simply ignore that information. A drawback of data hiding is that, in general, it could
introduce an overhead to the bit rate or a visual quality degradation: so, the design of the algorithm
has to take care of it to avoid the potential negative impact on the bit rate or video quality.

In the literature, several data-hiding algorithms for error detection and concealment in image and
video transmission have been proposed. It is not the scope of this section to make a complete review
of them; on the contrary, the aim is to give an introductory description of how data hiding can be
exploited to provide to the decoder some side information useful for error concealment.

A data-hiding algorithm for error concealment purposes can be described according to a set of
characteristics: a first classification can be done according to the type of content data hiding is applied
to, that is an image or a video bit stream. Moreover, for the video data, we have to distinguish data
hiding into intraframes or into interframes. In the literature, it is possible to find algorithms working
on images in JPEG or in JPEG2000 format, and video content coded in MPEG2, MPEG4, H.263,
H.263+, or H.264 standard.

A second classification can be done according to the type of embedding rule used to conceal the
side information to be sent to the decoder and the host features where embedding is accomplished.
Concerning the embedding rule, in this application case issues of data hiding like security and
robustness to attacks are not of concern, whereas the speed of the algorithm is important. These
reasons pushed to the choice of simple embedding rules, like the even—odd embedding: the host
feature is modified in such a way that it takes an odd value if the bit to be embedded is a “1”, and an
even value if the bit is a 0. An exception to this general choice can be found in [34,35], where, as will
be described later in more detail, a modification of half-pixel motion estimation scheme is proposed
to embed two bits. Concerning the host features where the side information is hidden, in most of the
schemes proposed so far, the choice has been to modify the quantized DCT coefficients, since most
of the image and video-coding schemes rely on this mathematical transformation; otherwise, the
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motion vectors (MV) are modified, or some other transform coefficients (like the integer transform
in the case of H.264/AVC standard).

A third classification can be done according to the data to be concealed, and their use at the
decoder. As already described, an error concealment scheme has to cope with the issues of error
detection, resynchronization, and reconstruction of damaged/lost blocks. In the first works on data
hiding for error concealment, proposed data-hiding algorithms were only able to detect the errors in
the received bit stream. Next, the application of data hiding was extended to cope with the following
problems: the resynchronization of the coded stream, the recovery of the lost motion vectors, and
the reconstructions of pixels belonging to the lost blocks. This classification is the one chosen for
the description in more detail of the algorithms presented in literature, which is carried out in the
following subsections. For lack of space, the analysis does not include the description of those
algorithms working only with the problem of error detection.

10.3.1 ERROR CONCEALMENT FOR RESYNCHRONIZATION

When errors modify the image or video stream, a resynchronization step is required in order to
prevent the propagation of errors to other blocks; also in this case, data-hiding methods can carry to
the decoder some synchronization bits that are used at the decoder to understand where the error has
happened. In the following, some proposed methods based on this approach are analyzed.

Robie and Mersereau [27-29] propose a data-hiding algorithm against errors in MPEG-2 video
standard, applied to I-frames as well as to P- and B-frames. The authors noted that the biggest cause
of errors in MPEG-2 decoder is the loss of synchronization, and that, after resynchronization is
obtained, the loss of differentially encoded DCT-DC values (I-frames) and MV (P-/B-frames) cre-
ates very noticeable artifacts. According to this analysis, the authors decided that the most important
information to be protected are: the number of bits for each macroblock (MB); final DCT-DC coef-
ficients for I-frames; final motion vectors for P- and B-frames. The encoder, thus, for a given slice,
collects into a string of bits /5 the following data: the number of bits for each MB; the final DCT-DC
coefficients (in the case the slice belongs to an I-frame), or the final motion vectors (in the case the
slice belongs to a B- or a P-frame), and the number of byte alignment bits at the conclusion of the
slice. This information is embedded into the next slice, by properly modifying the least significant
bit (LSB) of quantized DCT-AC coefficients. The embedding process is the following: given a DCT
8 x 8 block (image data for I-frame, error information for P- or B-frames), its coefficients are quan-
tized; next, the quantized coefficients X(k), provided that they are higher than a given threshold, are
modified into X’, according to this embedding rule:

Xk fLSBX(k) == Is(k)
X' (k)| = .
IX(k)|+1 if LSB(X(k))! = Is(k)

Finally, the coefficients are Huffman and run-length encoded, followed by their packetization into a
standard MPEG-2 video stream. At the decoder, if an error is recorded in a slice, the data remaining
in the slice up to the next start of slice header are stored until the entire frame is decoded. Next the
data hidden into the next slide are recovered and used: the size of the MBs can locate the beginning
of the next MB to be decoded; DCT-DC or motion vector values are computed using the final values
sent and the differential values working “backwards”. If, because of multiple errors, the data are not
available, then the decoder will attempt to conceal errors by using an early resynchronization (ER)
scheme. A set of test has been carried out to compare the proposed method (Stegano) against a simple
temporal error concealment (Temp), where the information from the previous frame is taken without
correction for motion, and against an ER scheme (Resynch), with the presence of uniform distributed
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error with Pe = 10~%. The PSNR of three different video sequences was computed: for the sequence
Flower, Stegano scored a PSNR of 24.99 dB (10.28 for Temp, and 22.27 for Resynch); for Cheer
a PSNR of 18.98 dB (13.34 for Temp, and 18.82 for Resynch); and for Tennis 28.07 dB (15.19 for
Temp, and 24.13 for Resynch) were obtained.

10.3.2 ERROR CONCEALMENT FOR THE RECOVERY OF MV VALUES IN LOST BLOCKS

The reconstruction of the motion vectors belonging to the lost blocks can be improved through data-
hiding methods carrying to the decoder some parity bits, which are used with the correctly received
MVs of spatially and temporally neighboring blocks. In the following, some proposed methods based
on this approach are analyzed.

Song and Liu [34,35], propose a data-embedding technique for fractional-pixel-based video
coding algorithms such as H.263 and MPEG-2. The authors modify the standard motion estimation
procedure at fractional-pel precision, in such a way that two bits can be embedded in a motion vector
for a inter-mode MB. These bits are used to embed a side information, which is used to protect MVs
and coding modes of MBs in one frame, into the MVs of the next frame. In an H.263 encoder, for
every intermode-coded MB, an integer-pixel MV is found. Then half-pixel-based motion estimation
refinement is obtained by looking for the MV with minimal sum of absolute difference (SAD) among
eight half-pixel locations around the integer position previously determined, and the integer position
itself. The standard scheme is modified to embed two bits data as follows: after the integer-pel motion
estimation, the eight possible MV candidated half-pixel positions are classified into four sets, where
each set corresponds to a couple of bits. Now, the new MV position is not looked from the all eight
half-pel locations and integer-pel, but from the positions belonging to the set specified by the two
bits to be embedded. Thanks to this embedding method, for a QCIF video 176 x 144 at most 198
bits per frame can be hidden (there are 99 MBs 16 x 16 in one frame), even if we have to consider
that some MBs in a frame are not coded or are INTRA-mode coded. Moreover, data embedding
increases the variance of motion estimation error by four times so that the same error as integer-pixel
resolution without data hiding is obtained. At the decoder, to recover the information hidden into an
intermode-coded MB, its MV are decoded first; the two embedded bits are extracted by looking at
the couple of bits corresponding to the position set that this MV belongs to. The authors decided that
important information to be protected in video coding are the MVs and coding modes (Inter, Skip,
Intra) for each MB. In an interframe k, the differentially Huffman-coded MV (DHCMYV) for each
MB are collected. A one bit prefix is added to each DHCMYV to indicate whether or not this MB has
MV. If an MB does not have MV, one more bit is used to specify its coding mode (Skip or Intra-
mode). The DHCMVs of the 11 MBs composing each Group of Blocks (GOB) are concatenated to
a bit-string, and the nine bit-strings (for a QCIF video there are nine GOB) are arranged row by row.
Because the lengths of these bit-strings are different, shorter rows are padded with 0’s. Then the rows
of bit-strings are modulo-2 addition coded, obtaining a parity bit-sequence that will be embedded
in the MVs of inter-mode coded MBs in the following frame k + 1, with the method described. Let
us note that if the number of bits to be hidden is more than the available number, the information
bits are dropped because of consistency requirement. At the decoder side, if one GOB in frame k is
corrupted, the parity code of DHCMVs in frame k can be extracted from MVs in frame k 4 1 after it
is decoded. Then the DHCMVs of the corrupted GOB can be recovered by modulo-2 addition using
the extracted parity code and the correctly received DHCMVs of the other GOBs of the frame k.
However, the residual data of the corrupted GOB cannot be recovered, so that the video decoding
process will try to estimate the other missing data. It has to be noted that if more than one GOBs are
corrupted in one frame, the proposed MV recovery using embedding cannot be employed because of
the limited embedding capacity. Experimental tests have been carried out using the base-mode H.263
on QCIF sequences Car phone, Foreman, and Miss America, coded at 10 frames/sec and bit-rate
48 kb/sec and a memoryless lossy channel where each GOB has lossy probability pgop 0.01, 0.05,



Data Hiding for Image and Video Coding 271

and 0.10. In most situations, all the parity bits were totally embedded in the next frame. For video
coding without data embedding, the MVs of the corrupted GOB are simply replaced by the MVs
of MBs above the damaged GOB for error concealment. Experimental result demonstrate that the
proposed scheme is more effective than conventional concealment schemes when the probability of
GOB error is lower than 10%. The modifications introduced by the embedding algorithm slightly
degrade the video quality: the PSNR of the video sequence without the embedding algorithm is about
1 dB higher than the video with embedding.

Yin et al. [46] propose to use data-hiding for improving the performance of error concealment
for the video stream of MPEG sequences over Internet, by protecting the MV in P-frames. The
authors note that error-resilient tools available in MPEG (such as resynchronization, data partitioning,
reversible VLC coding, intra-refresh) are designed to combat random bit errors, but are not effective
to packet loss that can happen during transmission over Internet. Data hiding can thus help to improve
the performance of error resilience in such a conditions. The algorithm has been designed to work
with MPEG-1 coded video, transmitted over Internet where packet losses can happen, each packet
containing one row of MBs with a resynchronization mark. Error correction capability are achieved
transmitting to the decoder through a data-hiding algorithm some parity bits as in [34,35]; however,
Song et al. insert parity bits across GOB in the same frame, limiting the effectiveness of data hiding
only to the cases where one GOB in a frame is lost, making it not suitable for Internet transmission.
Here, frame-wise parity bits for MV across a pre-set group of interframes (all the P-frames in
the same Group of Pictures [GOP]) are computed, and embedded to the successive intraframe or
interframe through a method named protect motion vector by data embedding (PMVDE). The bits
of the differentially Huffman-coded MVs of each P-frame are arranged row by row. If in an MB
there are not MVs, a bit “0” is assigned to it; moreover, one bit is used to indicate an MB as intra
or inter, shorter rows are then padded with zeros. Then the modulo-2 sum of the rows of coded
motion vectors is generated. These parity bits are embedded in some quantized DCT coefficients of
the following I-frame, chosen according to an unspecified human visual model. Also the embedding
rule has not been specified into the paper. At the decoder, the embedded parity bits can be extracted,
so that one parity bit will be used to correct one bit error along each bit plane. More in detail, the
error concealment method works as described: first of all, the position of lost packet will be detected
by checking the packet numbers at the decoder. For I-frame, a multidirectional interpolation (MDI)
is performed. For P-frames, of all slices in the same position in each P-frame in a GOP, if only one
slice is lost, the MVs of that slice can be recovered exactly from the quantized DCT coefficients
of the corresponding slice in the following I-frame (or P-frame), assuming it is received correctly.
Otherwise, median filter(MF) can be used to interpolate lost motion vectors from neighboring motion
vectors. So, this method will work if no more than one slice in the same position in the GOP is lost.
Experiments have been carried out on video sequences MPEG-1 coded, size QSIF (176 x 112) at
10 frames/sec, and GOP of type IPPPP. The tests demonstrate that the proposed method PMVDE
increases negligibly the bit rate, and may slightly worsen the video quality for I-frame and produce
drift errors for P-frames. Experiments show that the method is effective for packet loss up to 25-30%.

10.3.3 ERROR CONCEALMENT FORTHE RECOVERY OF PIXEL VALUES IN LOST BLOCKS

The reconstruction of intensity values of pixels belonging to lost blocks is usually carried out through
temporal and spatial interpolation. The aim of data hiding, in this case, is to provide some side
information helping to improve the quality of the interpolation process. In the following, some
proposed methods based on this approach are analyzed.

In [44,45], two data-hiding methods for error concealment of images are proposed. The authors
assume that damaged image areas can be correctly detected and that corrupted region is block-based.
Both the proposed methods work by dividing the host image into 8 x 8 blocks, to be compliant with
standard codecs. Each block A has associated a companion block Ac into which the features of block
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A is embedded. At the decoder, if block A is lost, the features in companion block and the neighboring
blocks of the lost one are used to recover A. In [44], the side information transmitted to the decoder
concerning a block A is its so-called Q-signature, constituted by some quantized DWT coefficients of
A. In particular, two bits are used for each of the two quantized low-frequency DWT coefficients, and
six bits for the position of each of the selected midfrequency DWT coefficient. In this case, the side
information gives the position, whereas the value is estimated by the neighborhood blocks. In [45], for
error concealment at the decoder, a known multidirectional interpolation (MDI) method is exploited,
attempting to derive local geometric information of lost or damaged data from surrounding pixels,
and use this information for content-dependent interpolation. The MDI method is divided into two
steps: first, local geometrical structure, such as edge directions, of damaged block are estimated from
surrounding correctly received blocks; second, damaged block along edges by surrounding correctly
received blocks is interpolated. In the proposed method, the first step is modified, in such a way that
the encoder itself extracts edge directions from the original content block instead of estimating them
at the decoder from the surrounding blocks. The feature extraction is the following: first, a content
block is denoted as a smooth block, if there is no edge point in it, or as an edge block: one bit is used
to code the type of block (smooth/edge). For an edge block, the main edge orientation is quantized to
one of m equally spaced directions in the range 0 to 180, and b =log, m bits will be used to denote
the edge direction index. Thus one bit is required to indicate a smooth block, and 1 + b for an edge
block. This information is embedded into the quantized DCT coefficients of its companion block,
by using an odd—even embedding rule (a coefficient value is forced to be even/odd to embed a 0/1).
Only low-frequency DCT coefficients are modified, skipping the DC coefficient and the first two
lowest AC coefficients. At decoder, if a lost block is detected, its block type and edge features are
extracted from the companion block, then bilinear interpolation is performed to reconstruct the lost
block. Some tests, carried out to the image Lenna, compressed JPEG with quality factor 75% are
presented. Experimental results show that the proposed algorithm slightly outperforms the original
error concealment method, estimating direction from neighboring blocks: PSNR improves of 0.4 dB.
The main advantage consists in a lower computational burden at the decoder (about -30%). The limit
of the method consists of the fact that if a lost block has a complex geometry, results are not good:
in fact, due to the limited payload, only one edge direction is transmitted at the decoder through data
hiding, even if the block has more than one edge.

Zeng [47] proposes to use data hiding to transmit some high-level side information, as opposed to
simply some redundant information, to the decoder to improve the performances of an adaptive error
concealment system. The adaptive system aims to exploit the advantages of different EC strategies
by choosing between a spatial and a temporal error concealment scheme. However, it is difficult for
the decoder to decide which strategy to use for a specific case. On the contrary, the performance
of different EC strategies can be easily evaluated by the encoder. Thus, the proposed algorithm
determines the EC mode information (spatial or temporal EC) at the encoder side, which is then
concealed into the compressed bit stream and can be later extracted by the decoder to help the
EC operation. Other advantages of this approach are the fact that the side information computed
by the encoder is more accurate than what can be determined at the decoder side, since usually
more information is available at the encoder side. The system works according to this procedure:
the encoder computes the error concealed MBs using both spatial and temporal error concealment
separately. Using the original video frame as reference, it is identified as the method reconstructing
a better MB. This one bit information, referred to as EC mode, is then embedded into the next GOB.
At the decoder, when an MB or a GOB is lost, this EC mode information can be extracted from the
neighboring and correctly received GOBs, so that the appropriate EC algorithm (spatial or temporal)
will be applied. The embedding rule is an even—odd one, in the sense that one bit is hidden into a
8 x 8 block by forcing the sum of the quantized AC levels to be odd or even according to the value
of the bit. The EC mode bits of the even GOBs are embedded into the coded 8 x 8 blocks of the odd
GOBs, and vice versa. In the case that there are less coded 8 x 8 blocks in a frame than the required
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bits, the side information is concealed sequentially until all coded 8 x 8 blocks have been used, and
temporal EC will be used for the lost MBs unprotected by the data-hiding scheme. Some tests have
been done considering a worse-case scenario where a packet loss rate of 50% is measured. The bit
overhead and the visual quality degradation introduced by the data-hiding process were negligible.
It is seen that the side information, even if consisting of just one bit, helps to significantly improve
the EC performance, when compared with the scheme estimating the type of EC to be used directly
at the decoder: the PSNR gain is up to 4 to 5 dB for some frames.

In [25], a data-hiding-based error concealment (DH-EC) algorithm for H.264/AVC video trans-
mission is proposed. H.264/AVC [42] is the newest video coding standard of the ITU-T Video Coding
Experts Group and the ISO/IEC Moving Picture Experts Group, achieving a significant improvement
in rate-distortion efficiency with respect to existing standards. In the standardization of H.264/AVC
for the development of the reference software, it has been assumed that bit errors are detected by
the lower layer entities, and bit-erroneous packets have been considered as being discarded by the
receiver, so that any transmission error results in a packet loss. Therefore, the error resiliency of the
H.264 test model decoder consists in addressing the reaction of the decoder to slice losses. Error
concealment is a nonnormative feature in the H.264 test model. Two well-known concealment algo-
rithms, weighted pixel value averaging for intrapictures and boundary-matching-based motion vector
recovery for interpictures, were tailored for H.264 as described in [40]. Weighted pixel value averag-
ing (defined in the following test model error concealment [TM-EC]) operates by concealing a lost
block from the pixel values of spatially adjacent MBs. Each pixel value in an MB to be concealed is
formed as a weighted sum of the closest boundary pixels of the selected adjacent MBs. The weight,
which is associated with each boundary pixel, is proportional to the inverse of the distance between
the pixel to be concealed and the boundary pixel. In [25], an error concealment technique based on
the use of data hiding is proposed to protect the intraframes of an H.264 video stream; the method,
named Data-Hiding-based Error Concealment (DH-EC), has been compared against TM-EC. First of
all, the authors analyzed where the TM-EC fails. As already described, TM-EC is based on a spatial
interpolation method applied to the MB of the lost slice, whose size is 16 pixel high by 16N wide
(where N is the number of the MBs inside each slice). When an inner pixel in the slice is reconstructed
by means of interpolation, owing to the excessive spatial distance between the pixel itself and the
neighboring MBs, an unsatisfying result will be obtained. This fact drove the authors to the idea to
use data hiding for carrying to the decoder some additional information useful to increase the quality
of interpolation for the inner pixels of the MB: in particular, it was decided to make available at the
decoder the values of some inner pixels to be used together with the pixels of neighboring MBs to
better reconstruct all the lost pixels through a bilinear interpolation process. In particular, six inner
pixels in every MB of the slice to be reconstructed were chosen (see Figure 10.8). The transmitted
side information allows to improve the result of the interpolation process, since the distance between
interpolating pixels has been reduced from 16 (i.e., the height of a slice) in the case of TM-EC to
five in the case of the DH-EC method, resulting in a better visual quality of the reconstructed frame.
To reduce the amount of side information to be transmitted, for each of the six chosen pixels, the
value is converted in an 8-bit binary format and only the first five most significant bits (MSB) are
saved in a buffer. This process is repeated for every MB composing the intraframe. At the end, the
buffer will contain the five MSB of each inner pixel in a sequential order, so that it will be possible at
the decoder side to identify the position of each pixel value in the image according to the order into
the buffer. The content of this buffer is then hidden into the coded video stream allowing to supply the
decoder with a raw estimation of the original values of these particular inner pixels. Concerning the
embedding rule, the side information concerning the slice n is hidden in the following slide n + 1. In
this way, the proposed method can protect all the slices of a frame except the last one. The particular
features chosen for embedding the bits stored in the buffer are some quantized AC coefficients of
the integer transform of the 16 blocks of size 4 x 4 composing the MB of the slice n 4 1. The AC
coefficients to be modified are the first seven in the double-scan order used in H.264 standard. The
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FIGURE 10.8 The pixels of the slice that are transmitted to the decoder through the Data-Hiding method.

information bits are embedded by modifying the value of the chosen coefficients (provided that the
value is not zero) according to an even/odd rule, so that if the bit b to be embeded is “0” the AC
coefficient value is set to be even whereas if the bit is “1” the AC coefficient is set to be odd. This is
achieved in the following way: if b is “0” and the AC coefficient is even, then no modification will be
applied; if b is “0” and AC coefficient is odd, then its value will be modified, by adding or subtracting
1. If b is “1” and the AC coefficient is odd, then no modification will be applied, whereas if b is
“1” and the AC coefficient is even, then its value will be modified, again by adding or subtracting 1.
At the decoder, the embedded information has to be recovered from the bit stream to be used in the
bilinear interpolation method allowing to reconstruct the damaged slice. The first step in decoding
phase is the entropy decoding of the bit stream, which provides the transformed and quantized AC
coefficients. To recover the values of the interpolating pixels, the inverse method previously explained
will be applied. Each AC coefficient, modified during embedding, is scanned with the double-scan
procedure. If the AC coefficient value is even then the embedded bit b will be “0”, whereas if the
AC coefficient value is odd b will be “1”. Every nonzero AC coefficient in the selected positions is
checked, to recover the whole binary buffer. At the end of this process, the buffer will contain the
binary values of the pixels to be used in the bilinear interpolation process. The position of the bits
in the buffer gives us also the spatial position of these pixels inside the MB. However, six pixels
are not enough to apply the bilinear interpolation algorithm to reconstruct with good results the lost
MB. For a 16 x 16 MB, 16 pixels are required: as illustrated in Figure 10.9, six pixels are the one
recovered with the data-hiding method (highlighted with the letter B in the figure); eight edge pixels
are obtained by duplicating the neighboring pixels belonging to the MB above and to the MB below
the current one (highlighted with the letter A in the figure); finally, two edge pixels on the right side
are the duplicate of the two left-side hidden pixels belonging to the MB on the right of the current
one. In this way, the maximum distance between two interpolating pixels is reduced to five.
Experimental results concern video sequences coded according to the H.264 standard at a bit
rate of about 100 kb/sec. In Figure 10.10, a frame of the Foreman sequence is shown; in particular,
the frame on the upper left position is a received frame with two lost slices (each of 11 MB); in
the upper center position, there is the same frame after the conventional TM-EC method has been
applied. Finally, on the upper right position the frame after the proposed DH-EC algorithm has been
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FIGURE 10.10 A frame of the Foreman sequence: the frame with some lost slices (left); the same frame after
the TM-EC method has been applied (center); the frame after the DH-EC algorithm has been applied (right).

applied is presented. In the lower row, the same frames are shown, in the case where three slices,
each composed by 6 MB, were lost. As it appears, the visual quality of the frames where the proposed
Error Concealment algorithm is used is clearly increased.

10.3.4 REeCOVERY OF PixeL VALUES IN LOST BLOCKS THROUGH SELF-EMBEDDING METHODS

One particular class of methods for the reconstruction of lost blocks is given by the self-embedding
methods. Basically, in all these algorithms a low-quality version of the frame or image to be
protected is embedded into itself by means of a data-hiding method. In decoding, if some parts
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of the image/frame have been lost, the concealed low-quality version can be extracted and used for
error concealment. In general, these algorithms exhibit as a critical problem the capacity, since to
reconstruct a coarse version of the original image useful for the reconstruction of lost blocks, a large
number of bits has to be concealed. Moreover, most of these methods are also computationally expen-
sive, so that their use appears very difficult for video applications. Notwithstanding these drawbacks,
it is worth to describe the trends of research on these algorithms.

In [43], a method is proposed to embed a low-quality version of the image, given by a subset
of DCT coefficients, into the LSB of its blockwise DCT. The steps composing the algorithm is
summarized here. First, the bits for embedding are generated: the image is 8 x 8 DCT transformed,
and all the blocks are classified as smooth, busy, or very busy blocks depending on their activity.
The blocks are then quantized with a quantization step depending on their type, and some DCT
coefficients, whose number also depends on the block type, are selected for embedding. Next, the
host image is processed to select the features where the embedding bits will then be casted: the image
is again 8 x 8 DCT transformed, and quantized with a fine step; the blocks are again classified as
smooth, busy, and very busy blocks depending on their activity. Bits that represent the low version of
a given block are embedded into a host block of the same type, by modifying the LSB of some DCT
coefficients (once more, their number and position depends on the block type). Finally, some side
information to be used for reconstruction is generated; however, it is not clear how this information
will be made available to the decoder.

In [1,5], a low version of the frame is self-embedded by using a modified version of Cox’s [7]
method into the DCT of the frame itself. First, a one-level DWT is computed; the low-pass band is
dithered to obtain a binary image with size 1/4 of the original size, named final marker. Each pixel
of the marker is repeated four times, and the result is multiplied with a pseudo-noise image to obtain
the watermark. The watermark is then added to the midfrequencies DCT coefficients of the original
frame. At the decoder, the marked DCT coefficients are extracted and multiplied by the pseudo-noise
image. The groups of four pixels are averaged to obtain a binary image, which is finally low-pass
filtered to obtain a gray image, representing a low version of the original frame. This image can be
used to reconstruct lost blocks of the received frame.

Liu and Li [16] propose to embed the DCT-DC coefficient of each 8 x 8 block into one of its
neighboring blocks using a multidimensional lattice encoding method. At the decoder, the extracted
DC coefficients are used to reconstruct the lost data. In particular, it can be used as the intensity
value of all the pixels of the lost block, or it can help to improve a spatial interpolation method to
reconstruct a lost block through the adjacent ones. In this last case, the performance improves by
about 0.3 dB with respect to the interpolation without the use of the side information.

Lu [17] proposes a hiding technique where an authentication information is used for error detec-
tion, then a recovery information, which is an approximate version of its original data, is used for
error concealment. The authentication information is a semi-fragile watermark, created as a set of
relationships between the magnitude of some parent—child pairs of DWT coefficients. The recovery
information is an image reconstructed from the frequency subbands at the third level of a DWT of
the image. In particular, for each DWT coefficient to be concealed only five bits are hidden. The
information is embedded by properly modifying the relationships between some parent—child pairs
of DWT coefficients in the first and second level of decomposition and some sibling relationships,
that is between two DWT coefficients at the same location and scale, but at different orientations.

In [39], an error concealment method through data hiding for JPEG2000 coded images is pro-
posed. JPEG 2000 can separate an image into a region of interest (ROI) and a region of background
(ROB). The method conceals some information about the ROI into the ROB, and embeds a fragile
watermark into the ROI for error detection. At the decoder, if an error is detected into the ROI, hidden
data are extracted from the ROB and used for the reconstruction. In particular, ROI and ROB are
transformed into the wavelet domain through a shape-adaptive wavelet transform; DWT coefficients
of ROI are coded with a rate-distortion optimized coder, and this bit stream, truncated at a fixed point,
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is embedded into the DWT coefficients of ROB by using a proper quantization rule. At the decoder,
the concealed bit stream can be extracted and used to reconstruct the lost part of ROI.

Munadi et al. [24] propose to use a JPEG2000 codec to perform a multilayer self-embedding:
a JPEG2000 bit stream packs the image data in layers, where the most significant layer (MSL)
contains the bits pertaining to the most significant contribution to the image quality, and the least
significant layer (LSL) contains the least important bits. Given a GOP consisting of I-P-P-P-P-frames,
the JPEG200 codec is applied to each frame. The MSL of the intraframe is extracted; these bits are
embedded into the LSL of the prediction error of current frame. Next, the MSL of the first P-frame
is hidden in the LSL of the second P-frame and so on. Error concealment is achieved by recovering
the lost information of a frame using the data embedded into the LSL of the following frame.

10.4 FINAL COMMENTS

The increasing diffusion of digital image and video transmission applications, which, due to the
limited transmission rates currently available, require the use of compression techniques, has driven
toward the application of data hiding for improved image and video compression as well as for error
concealment in images and videos.

In this chapter, some data-hiding algorithms designed to embed large volume of data in the
host media while satisfying the transparency constraint have been described. The embedding of
image-in-image, based on quantization and projection in the DCT domain, robust to JPEG attack has
been presented in [48]. Its extension for video-in-video applications has been presented in [37,49].
In [3.,4], a progressive data-hiding-based compression scheme that performs the embedding, in the
DWT domain, of the chrominance components of a color image into its luminance using perceptual
criteria has been detailed. In [14,31,33], image-in-image embedding schemes based on the choice
of scalar quantizers and making use of channel coding to obtain better resilience to attacks, such as
JPEG, JPEG2000, AWGN, and resizing, have been detailed. These approaches, although limiting
the perceived distortion while hiding large amount of data, do not allow recovering the hidden data if
the attack is more severe than that the embedding scheme was designed for. Moreover, if the attack
is less severe, the quality of the recovered data corresponds to the one obtained when considering
the foreseen (more severe) level of attack. These drawbacks have been removed in the approach
presented in [32] that heavily relies on [33], but that leads to recovered data whose quality varies
accordingly to the level of the attack. In [22,23], a prediction—estimation-based scheme, operating
in the DWT domain and making use of source and channel coding for hiding video and speech in
video, has been proposed. The method has been tested to be robust against H.263 compression at
different video bit rates. It is worth pointing out that this approach can be thought to somehow include
the method presented in [37] as a special case and it provides higher capacity than [37]. Moreover,
the use of an encryption-key-based shuffling and grouping of coefficients makes very difficult to the
unauthorized retrieval of the data. On the other side, obtaining good predictors across the wavelet
subbands is a very difficult problem to cope with. The general principle presented in [22,23] has also
been employed in [8] for the embedding of color image in larger host images.

Data hiding has also been proposed to improve the performance of error concealment algorithms
by conveying to the decoder some side information that can be exploited for the error concealment
process, with particular reference to error detection, resynchronization, and data recovery, while
allowing the image or video coding system to remain fully compliant. Here, data-hiding algorithms
for error concealment purposes have been classified according to a set of characteristics: the type of
content data hiding is applied to; the type of embedding rule used to conceal the side information,
and the host features where embedding is accomplished; the data to be concealed, and their use at the
decoder. In particular, the most important algorithms proposed so far have been analyzed, grouping
them according to the last of the above characteristics, i.e., the use of concealed data at the decoder.
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The analysis carried out demonstrate that data hiding can be useful for error concealment, since it
improves the available information to the decoder. However, it must be taken into account that the
payload at disposal is rather low, so that an interested researcher will have to carefully design the
data-hiding method according to the particular aspect of error concealment it is interested in, e.g.,
a higher protection of motion vectors, or a better resynchronization step, or a better interpolation
process.

10.5 FURTHER READINGS

In Section 10.2, some algorithms designed to hide huge quantities of data into a host signal have
been discussed without addressing the watermarking capacity estimation. However, the analytical
evaluation of the watermarking capacity is an important issue because it provides theoretical bounds
to the amount of bits that can be reliably embedded into host data. For example, in [2], a procedure
to evaluate the image capacity for nonadditive embedding technique and non-Gaussian host data
is provided. In this section, far from being exhaustive, we give some hints about some interesting
readings published up to date.

In the last few years, information theoretical models for data hiding have been developed. These
models can be used to provide estimations of the maximum-achievable host data-embedding capacity,
under some assumptions about the host statistics, the information available to the encoder, decoder,
attacker, and the distortion level for the data hider and the attacker. Data hiding was first formulated
in [18] as a “game” between two cooperative players, the hider and the decoder, and an opponent, the
attacker. Then, extension of this work has been provided in [20], where closed formula for the capacity
are expressed in case of host data having both Gaussian and Bernoulli distribution. For non-Gaussian
distributions, upper bounds are also given. In [21], a source that emits a sequence of independent and
identically distributed Gaussian random vectors is considered. The capacity evaluation for this source,
which can be represented by means of parallel Gaussian channels, has been derived. Relying on the
theoretical issues developed in [20,21], in [19], closed-form expressions of the capacity, obtained
making some assumptions about the source statistics, are given for compressed and uncompressed
host images. In [10], the coding capacity of the watermarking game for Gaussian covertext and
almost sure squared-error distortion constraint has been evaluated. Some assumptions made in [20]
have been dropped in [36], thus obtaining a more general game model.
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11.1  INTRODUCTION

This chapter discusses the problem of compressing binary images. A binary image is one where each
pixel takes on one of two colors, conventionally black and white. Binary images are widely used
in facsimile communication and in digital printing. This chapter reviews traditional compression
methods, newer standards, and some of the recent research.

11.2 BINARY IMAGES

Binary images are a special case of digital images. A digital image is a rectangular array of pixels.
Each picture element, or pixel, represents image intensity in one or more colors. For a color image,
each pixel is a vector of numbers. Most color images have three colors, some have four, and some have
many, even hundreds of colors. For gray-scale images, each pixel is a single color. Conventionally,
the single color is taken to correspond to intensity. Values range from black to white with gray values
in between. Typically, each number is quantized to b bits, where b = 8 is typical.

For a binary image, on the other hand, each pixel is quantized to a single bit. Each pixel is either
black or white, but not any gray values in between.

Binary images arise in several applications, most notably in facsimile communication and in
digital printing. Facsimile machines digitize the input documents, creating one or more binary images,
and transmit the images over conventional phone lines. It is important that the binary images be
compressed, to save telephone costs and time. However, it is notable that the compression algorithms
used are quite inefficient by today’s standards.

The other big application for binary images is in digital printing. Printers work by putting dots
of ink on a page. Each dot is a spot of ink. The dot sizes are quantized in pixels just as digital images
are. A printer can either put ink at a pixel or not; most printers have no ability to put partial dots on
individual pixels. Thus, each color printed can be thought of as a binary image.
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For example, most printers are CMYK printers. CMYK stands for cyan, magenta, yellow, and
black. The printer can put a dot of each color at each pixel location or not. Thus, the printer prints a
binary cyan image, a binary magenta image, a binary yellow image, and a binary black image.

The resolution of binary images is measured in pixels per centimeter or pixels per inch. Most
often, the resolution in the horizontal and vertical dimensions are identical, but there are exceptions.
Some printers have a greater resolution in one direction than the other.

Curiously, facsimile machines use nonsquare pixels. Each pixel is approximately 0.12 mm x
0.13 mm. A standard letter sized or A4 document has about 2 million pixels.

11.3 GROUPS 3 AND 4 FACSIMILE ALGORITHMS

The first facsimile machine was invented in 1843 (by Alexander Bain) and was demonstrated in 1851
(by Frederick Blakewell). It improved slowly over the next hundred years. The modern telephone-
based facsimile machine was developed in the 1970s and became immensely popular in the 1980s.
Somewhere along the way, the shortened form “fax” entered the lexicon.

The CCITT, now ITU-T, published the Group 3 fax standard in 1980. The standard is cur-
rently known as ITU-T Recommendation T.4 [9]. The Group 4 fax standard is now known as
Recommendation T.6 [7]. A simple description of the Group 3 fax standard can be found in [6].

The Group 3 fax standard defines two modes, MH and MR. Both modes are relatively simple by
today’s standards. They were designed at a time when computer equipment was much more primitive
and expensive. Nevertheless, the Group 3 algorithms are still widely used. They strike an acceptable
balance between compression performance and susceptibility to transmission errors.

The modified Huffman (MH) code uses runlength coding to compress the bitstream. The pixels
are scanned in raster order from top left to bottom right. Each row is compressed separately from
every other row.

Starting at the left edge, the number of consecutive 0’s (typically white pixels) are counted, then
the number of 1’s (black pixels), then the number of 0’s, etc. These numbers, 79, 71, T2,..., are
encoded with a variable length code (e.g., a Huffman-like code). If a row starts with a 1, then the
initial run of 0’s has length 0.

Typically, there are longer runs of 0’s than there are of 1’s (most business documents are more
white than black). The standard exploits this by using two different codes, one for white runs and one
for black runs. Selected MH codes are given in Table 11.1. Note that runs longer than 63 require the
use of “make-up” codes. The make-up code specifies how many times 64 goes into the runlength. Then
the remainder is specified with a code from Table 11.1. For example, a runlength of 131 =128 43
would be represented by a make-up code for 128 and the code for 3. (Runlengths of 0 are relatively
unimportant. They occur when a runlength is exactly equal to a multiple of 64 or when the line begins
with a black pixel. In this case, the initial run of 0’s has length 0.)

One important thing to note is that white runs compress only if the run is longer than 4; any
white runs shorter than 4 expand when encoded. Black runs longer than 2 compress, but black runs
of length 1 expand.

For example, a hypothetical row might look like 0010001000111001000. The runs are 2, 1, 3, 1,
3, 3,2, 1, and 3. The row would be encoded as 0111-010-1000-010-1000-10-0111-010-1000
(where the “dots” are not transmitted, but are here to help the reader to parse the code).

The MR, or “Modified READ (Relative Element Address Designate)” algorithm encodes dif-
ferences between one row and the previous row. Since two-dimensional information is used, the
compression ratio for MR is higher than that for MH. However, MR is more susceptible to channel
errors. A channel error not only affects the current row, but also the rows following which depend
on this row. Accordingly, the standard specifies that every K (typically K =2 or 4) rows, an original
row must be encoded and sent (e.g., by MH). This limits the damage caused by a channel error to
K rows.
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TABLE 11.1

Selected MH Codes

Run White Code Length Black Code Length
0 00110101 8 0000110111 10
1 000111 6 010 3
2 0111 4 11 2
3 1000 4 10 2
4 1011 4 011 3
5 1100 4 0011 4
6 1110 4 0010 4
7 1111 4 00011 5
8 10011 5 000101 6
16 101010 6 0000010111 10

32 00011011 8 000001101010 12

63 00110100 8 000001100111 12

Neither MH nor MR compresses halftoned images well. Halftoned images have too many short
runs (the halftoning process deliberately creates short runs to fool the eye into seeing shades of gray).
In fact, halftoned images often expand with Group 3 fax.

The Group 4 fax algorithm achieves greater compression than MR or MH, especially on halftoned
images. The Group 4 fax algorithm, however, is rarely used for telephone facsimile transmission. It
was designed for noise-free transmission and breaks down when channel noise is present.

The Group 4 algorithm is known as Modified Modified READ (MMR). It is like MR, except
that original lines are not encoded every K lines. MMR achieves better compression than MR, but is
much more sensitive to channel noise.

In summary, MH and MR are widely used in telephone facsimile machines. While neither is state
of the art in binary image compression, they are good enough and are reasonably resistant to channel
errors. On typical business documents, MH achieves a compression ratio of about 7-10, MR of about
15, and MMR about 15-20.

11.4 JBIG AND JBIG2

In the 1990s, two new binary image compression standards were developed: JBIG (Joint Bi-level
Image Group) and JBIG2. JBIG is a lossless compression standard and achieves much better
compression than Group 3, especially on halftoned images [8]. JBIG2 is both lossless and lossy [10].

In this section, we outline both new standards: how they work and discuss their applications —
or lack thereof.

11.4.1 JBIG

JBIG (ITU-T Recommendation T.82 ISO/IEC 11544) is a lossless compression algorithm, like MH
and MR, but it works on a different principle than either of those and achieves much better compression
ratios. The central idea of JBIG is that patterns of pixels tend to repeat. For each pattern, JBIG keeps
track of how often a target pixel is a 1 vs. how often it is a 0. From these counts, probabilities of the
pixel being a 1 can be estimated, and these probabilities can drive an arithmetic coder.

Arithmetic coders are entropy coders that do not parse the input into separate substrings. Rather,
arithmetic coders encode whole strings at once. There are many variations of arithmetic coders. They
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go by curious acronyms including the Q coder, the QM coder, and the MQ coder. The QM coder is
used in JBIG. We will not discuss the operation of these coders here, but the MQ coder (only slightly
different from the QM coder) is discussed in Chapter 3. Various arithmetic coders are discussed in
[1,5,11,12,14,15,17].

JBIG uses contexts, collections of previously encoded pixels to predict the next pixel to be
encoded.

In both contexts, the “A” pixel is adaptive and can be moved to different locations, depending on
the type of document being compressed. The 2-line context, Figure 11.1, can be slightly faster than
the 3-line context, Figure 11.2, but the 3-line context achieves better compression.

Probabilities in JBIG are estimated using a complicated finite-state model. Rather than describe
it (and the accompanying arithmetic coder), we will describe a simple table-based method. The table
method is easier to understand (and achieves slightly better compression, but uses more memory)
[2,13].

The user picks a context, either the 2- or 3-line context and a location for the “A” pixel. Each
combination of the ten pixels defines an index into a table. The table needs 1024 rows. In each row,
keep track of the number of times previously the unknown pixel is a 1, n1, and the number of times
it is a 0, ng. The total number of times this context has been seen is n =ny + n;. Note that these
numbers vary with each 10-bit combination since some combinations may be more frequent than
others.

Denote the unknown pixel as Z and the context as C. Probabilities can be estimated as follows:

n+ A

P(Z =1|C)=
( © n+2A

(11.1)

where A is a small constant, typically 0.5. The idea is that A allows the process to start, i.e., one
obtains a reasonable probability estimate even when ng =n; =0. As n gets large, the bias caused
by A becomes negligible. This probability is used in the arithmetic coder to encode Z. Then one of
ng or np is incremented (i.e., nz :=nz + 1), so that the next time this context is used the probability
estimate reflects this bit.

One simple change to this model usually results in a compression improvement: exponential
weighting. Give increased weight to the more recent observations. Let o be a weighting constant.

FIGURE 11.1 JBIG 2-line context. The “X” and “A” pixels are used to estimate the “?” pixel.

FIGURE 11.2 JBIG 3-line context. The “X” and “A” pixels are used to predict the unknown pixel, “?”.
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Typical values are in the range 0.95 <« <0.99. Then,

ng := (1 —2Z2)+ ang (11.2)
n =27+ any (11.3)
n = ng+n (11.4)

= 1+an (11.5)

where Z is 0 or 1. Exponential weighting has two main advantages. The probabilities can adapt faster
in the beginning and the probabilities can track changes in the image, i.e., the estimates can change
as the image changes.

When exponential weighting is employed, the role of A needs to be carefully considered. Since
n is now upper bounded (by 1/(1 — «)), the bias caused by A does not approach 0. There are two
solutions. The first is to initialize ng and n; to A and replace (11.1) by n; /n. This causes the bias to
approach 0. The second solution is to reduce A, make it closer to 0, but keep (11.1) as is. This reduces,
but does not eliminate the bias. However, our experiments indicate that a small bias is advantageous
and results in better compression [13].

Overall, the JBIG model is much more sophisticated than either the MH or MR models. JBIG
keeps track of patterns, not runlengths or simple changes from one line to the next. Accordingly,
JBIG achieves better compression, typically achieving compression ratios of about 20 on business
documents.

JBIG has three serious drawbacks, however. The first is that MH and MR were widely deployed
by the time JBIG was developed. It is hard to displace an existing standard that is “good enough.”

The second drawback is that JBIG is very sensitive to channel errors. The arithmetic coder can
suffer catastrophic failure in the presence of channel errors (all decoded bits after the error can be
erroneous). Also, the whole notion of context model and adaptive probabilities are sensitive to errors.
When an error occurs, subsequent bits will use incorrect context values and incorrect counts of 0’s
and 1’s. Both lead to further errors.

The third drawback is that JBIG is covered by approximately a dozen patents, owned by several
different companies. This patent situation scared away many potential early adopters.

In summary, JBIG uses a context model, a finite-state machine for probability estimation, and an
arithmetic coder. It achieves excellent compression, but is little used in practice.

11.4.2 JBIG2

In the late 1990s, the JBIG group developed a new standard for binary image compression. This
standard is known as JBIG2 (ISO/IEC/ITU-T 14492 FCD). JBIG2 has been described as being both
lossy and lossless. This is somewhat misleading. Like other multimedia compression standards,
JBIG?2 specifies the format of the bitstream for a compressed binary image. It defines the individual
fields in the bitstream, how they are parsed, and how a JBIG2 compliant decoder will interpret them.

JBIG?2 does not, however, define how the encoder creates the bitstream. The encoder has consid-
erable flexibility in this regard. The encoder can create a bitstream that, when decoded, recreates the
original image exactly. Or, the encoder can create a bitstream that results in an approximation to the
original image. In this way, JBIG2 is both lossless and lossy. Both modes can be used in the same
image: some parts encoded losslessly and other lossy.

In this section, we describe JBIG2 mostly from the point of view of the encoder. Much of the
discussion is taken from the standard [10] and an excellent review article [4].

The first thing a JBIG2 encoder does is segment the image into three types of regions: text,
halftones, and generic. The idea is that each region has different statistics and compresses best with
an encoder specifically designed for that region.
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Text regions are just that: regions containing text. JBIG2 does not specify or even care what
language in which the text is written, or even whether the text is written left to right or right to left.
The JBIG2 does, however, assume the text can be segmented further into individual letters. A letter
is simply a bitmap of black and white dots (we assume black letters against a white background).

A halftone region is a representation of a gray-scale image. The gray-scale image is printed
with a high-resolution pattern of black and white dots. The idea is that high-frequency dot patterns
(alternating quickly between black and white) fool the eye into seeing gray levels.

A generic region is anything else. Note that a JBIG2 encoder may choose to label halftones as
generic rather than as halftone. The reason for this is that in some cases the generic coder (described
below) is more appropriate for halftones than is the halftone encoder.

Once the image is segmented in regions, the encoder must decide which of four encoders to use.
These are the text encoder, the halftone encoder, the generic encoder, and the generic region refinement
encoder.

The text encoder works by first segmenting the text region into individual “letters.” Each letter is a
pixel bitmap of black and white dots. (The encoder makes no effort to associate semantic information
to the letters; the letters are simply bitmaps of 1’s and 0’s.) The encoder encodes each unique letter
using Huffman or arithmetic coding and transmits it. The decoder builds a dictionary of these letters.
For instance, the word “abracadabra” contains five different letters, “a,” “b,” “c,” “d,” and “r.” Each
of these bitmaps is encoded and transmitted. See Figure 11.3 for an example.

The encoder then pattern matches the letters in the document against those in the dictionary. The
index of the best match and the coordinates of the letter on the page are transmitted. For instance, if
the letter at (x, y) matches the ith letter in the dictionary, the triple (x, y, i) is encoded and transmitted.
The decoder simply copies the ith letter to location (x, y).

This “build a dictionary and copy” is reminiscent of the way Lempel-Ziv (e.g., gzip) works on
ordinary text [19]. The encoder and decoder keep track of previous symbols. The encoder tells the
decoder which previously encoded symbols to copy into the current location. Since JBIG2 works on
bitmaps and the locations are not necessarily regular, its compression is not nearly as good as gzip
on ASCII text, but the idea is similar.

The JBIG2 text encoder can perform lossy compression by allowing imperfect matches. For
instance, in “abracadabra,” there are five “a”s. If the document is still in electronic form (e.g., as
part of the output routine of a word processor), then the bitmaps for each “a” will be identical. The
matches against the dictionary “a” will be perfect. However, if the document is a scanned from a
paper copy, it is unlikely the matches will be perfect. The encoder then has three choices: (1) A partial
match may be deemed sufficiently close and one dictionary “a” may be used for all of the “a”s in
the document. (2) Multiple “a”’s may be sent to the dictionary and used for matching. This allows
perfect matches, but increases the bitrate two ways: more bitmaps are transmitted and the dictionary
indices must be larger. (3) The encoder can improve image quality by using the refinement encoder
(discussed below).

There is nothing in the standard that specifies how much loss (bitmap mismatch) is tolerable. This
is entirely up to the encoder. More loss means more compression; less loss means less compression.

that at the

FIGURE 11.3 Excerpt from CCITT]1, the first image in the CCITT test suite, showing the variation in bitmaps
for the same letters. To a person, the letters are the same, but an encoder may have difficulty seeing that due to
the noise in the scanning process.
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Halftones are encoded similarly to text. The halftoned image is segmented into blocks. The blocks
are designed to match the dither cell size in a dithered image. If the image was halftoned by a more
complicated method, such as error diffusion or blue noise dithering, the blocks should match the scale
of the original image pixels. For instance, if a 640 x 480 image is rendered to a size of 2560 x 1920
pixels (binary dots), each block would be 4 x 4. For each block, the encoder determines (guesses,
if necessary) the gray level that generates that block. One block for each gray level is encoded and
transmitted. The decoder builds a dictionary of these blocks.

The encoder interprets the gray levels as a gray-scale image and losslessly compresses and
transmits the image. The decoder decodes the image and, for each pixel in the image, copies the
corresponding halftone block from the dictionary to that location on the page.

The halftone encoder works best for ordered dithered images, especially if the encoder knows the
original dither cell. However, modern halftoning algorithms often use large cells and more compli-
cated algorithms. It becomes much more difficult for the encoder to properly segment the halftoned
image and invert the halftoning process to determine the original gray-scale image. In these cases, it
may be better to encode the halftoned image with the generic coder.

The generic coder works similarly to JBIG. It uses a context to estimate the probability that
the current pixel is a 1 and uses this probability to drive an arithmetic coder. Some of its details are
slightly different from JBIG, but the overall scheme is very similar. The principal improvement is
that the JBIG2 generic coder can use a larger context, one with 16 pixels. See Figure 11.4.

The refinement coder is used to improve the performance of the lossy text coder. It combines the
text and generic coders. The encoder sends a bitmap that may be only a partial match. This bitmap
is used as part of the context in a generic-like coder. Since the bitmap is close to the actual pattern,
the context does a good job of predicting the pixels in the binary image.

In summary, JBIG2 breaks new ground in binary image compression. It is the first standard that
allows — and even encourages — lossy compression. The text coder can be very efficient, espe-
cially on a clean, noise-free, image. The combination of dictionary encoding followed by a generic
refinement is novel. In lossless compression, JBIG2 is slightly better than JBIG2. In lossy compres-
sion, however, JBIG2 can be excellent, achieving compression ratios much greater than that can be
achieved by lossless compression.

JBIG2 suffers much the same criticisms as JBIG, though. It is overly sensitive to channel errors,
it is covered by numerous patents, and it has not been able to displace existing technology. In this
case, the existing technology is not binary compression at all, but other document formats, such as
Adobe’s pdf. Documents are routinely transmitted in pdf format and printed at the destination. This
is the market for which JBIG2 was developed, but pdf is cheaper (free), flexible, and faster (a pdf
is smaller than a JBIG2 compression of the rendered document). Pdfs are also well suited for the
Internet.

The last criticism of JBIG2 is that it is great technology, but that lossy compression of binary
images is not much in demand. Most users want high-quality reproductions and are willing to tradeoff
communications resources to achieve that.

FIGURE 11.4 JBIG2 3-line context. The “X” and “A” pixels are used to predict the unknown pixel, “?.”
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11.5 CONTEXT WEIGHTING APPLIED TO BINARY COMPRESSION

In this section, we describe recent research in binary image compression. The research uses context
weighting, described firstin Section 11.5.1. The application to binary image compression is described
next in Section 11.5.2.

11.5.1 A Quick INTRODUCTION TO CONTEXT WEIGHTING

As shown in Section 11.4, modern binary image compression methods use context models. Unfor-
tunately, the user must decide which context model to use. The choice, unfortunately, is not trivial.
Different context models do well on different types of images. Also, small images do better with
small contexts; larger images tend to do better with bigger contexts.

One solution to this dilemma is to weight two or more contexts and try to get the best perfor-
mance features of each. The original context weighting idea considered the universal compression
of one-dimensional strings (e.g., text) [16]. However, the idea can be applied to two-dimensional
compression as well.

We will explain the context weighting idea, then describe its extension to binary image com-
pression. Let X = X1, X, ..., X, be a one-dimensional sequence of random variables. Let P(X}) be
the probability of the sequence. Then, then number of bits necessary to encode the sequence, L(X7{),
obeys

LX) = —log P(X) (11.6)
= —ZlogP(Xi|X{_1)P(X1) (11.7)
=2

On average, the number of bits required is determined by the entropy

ELGD) = [ POg- log P ] (11.8)
— H(X™) (11.9)

Any of several various arithmetic coding algorithms can encode the data at rates very close to the
entropy. Arithmetic coders can work on-line; all they need are the conditional probabilities,

_ P

PX, X" =
R P

(11.10)

See also the discussion in Chapter 3.
Now, consider two different probability models, P;(-) and P»( - ), and let Py (X}) and P»(X") be
the sequence probabilities under each model. Let

Pi(XT) + P2(XT)

Pay(XY) = 5

(11.11)

be the averaged probability. Then the performance of the average model obeys the following:

Pi(X") 4+ P2 (X"
—log Poy(X") = —log (M) (11.12)
< min (- log P1(X"), —log Py (X)) + 1 (11.13)
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Thus, we obtain the fundamental result of context weighting: the performance of the average model
is within 1 bit of that of the better of the two individual models.

This result holds even though one may not know in advance which of the two models is going
to outperform the other. What makes this result especially important is that the computation can be
performed on-line. It does not require waiting for all the data before computing the probabilities and
doing the compression. To see this, consider the following.

First, define the conditional average probability,

Pay(X7)

P (X, Xh = 221 (11.14)
av (X 1 PaV(X'ilil)
PI(X") + Po(X"
= li_}” 2 j,)_l (11.15)
PiX7 )+ P2X7)
Then,
n .
Poy(X}) = [ [ PavXilX | HPu(X1) (11.16)
i=2
n .
—log Puy(X}) = — 3 log Py (Xi|Xi ™) — log Pay(X1) (11.17)
i=2

This last equation shows that the overall number of bits required can be built up as a sum of the
conditional bits required for each symbol given in the previous ones. Note that it must be emphasized
that the averaging is done on sequence probabilities, i.e., P(X{), not on conditional probabilities,
ie., P(X,|X '1’_1). The universality result above does not hold when the conditional probabilities are
averaged.

Context weighting can be applied recursively, yielding what is known as context tree weighting.
Each probability model can be a weighted average of other probability models.

For an example of how context weighting can be applied, consider a simple one-dimensional
model. Let P; be a model where P(X,, =k) is estimated by the number of times k is seen pre-
viously divided by the number of previous symbols, i.e., the empirical probability of k. Let
Py(X,, = k)= P(X,, = k| X,,—1 =J), where the conditional probability is the empirical probability of k
given the previous symbol is j. So, the first probability model assumes that symbols are independent
and the second assumes that symbols obey a simple Markov model. The user can average these two
models and, without knowing in advance which one is better, can achieve a performance almost equal
to the better of the two.

This idea can be applied recursively. Now, let P; be a weighted average of two models: a first-
order Markov model and a second-order Markov model. Then, P} can be averaged with P to yield an
overall performance within at most 2 bits of the best of the three models. This recursive continuation
of context weighting is known as context tree weighting.

Note that the averaging in the above example can be done in two ways: all three models can be
averaged at once, yielding an overall performance within log, 3 =1.58 bits of the best of the three.
Or, the two Markov models can be averaged, then that average averaged with the independent model.
This latter implementation is within 2 bits of the best, but can be simpler to implement. In practice,
if the number of symbols is large, the difference in performance between the two implementations
is negligible.

In many applications, the sequence is Markov or can be modeled as Markov and the conditional
probabilities can be simplified:

PX;IXi™Y ~ POXGIXIT)) (11.18)

This assumption helps simplify implementations, since only a finite amount of memory is needed.
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In summary, in this section we showed how averaging over multiple probability models can result
in coding lengths equal to the best model plus a small (fixed) amount. In actual practice, the flexibility
offered by weighting often leads to better performance than any individual model. We show this in
the application to binary image compression discussed next.

11.5.2 APPLICATION TO BINARY IMAGE COMPRESSION

In Section 11.4, we described the JBIG compression algorithms and showed how JBIG uses context
models to achieve excellent compression. Let Pi( - ) denote the probability estimates under one
context model and P;( - ) be the probability under another context model. Then, by (11.13), the
“average” model can do almost as well (within 1 bit) as the better of the two context models.

One implementation of this idea is described in [18] and can be described as follows: Context 1,
denoted Cy, is a 3-line context model and Context 2, C3, is a 5-line context. C; works very well on
digitized text and error diffused images; C> works well on many kinds of dithered images. Figure 11.5
and Figure 11.6 show both contexts. Note both contexts use 12 previously encoded pixels.

Rather than simply averaging the two contexts, one obtains somewhat better performance by a
slightly more complicated scheme. Consider the six common pixels. They can take on one of 2° = 64
values and serve to identify which of 64 sets of tables to use. Within each table, three probabilities
are estimated. The first is simply the probability of the unknown pixel given these previous six, the
second is the probability of the unknown pixel given the 12 pixels in context 1, and the third is the
probability of the unknown pixel given the 12 pixels in context 2. For each combination of the 6
common pixels, these three sequence probabilities are averaged.

This hybrid scheme has two main advantages. First, any unusual patterns, i.e., those patterns that
occur too few times for a 12-bit context to perform well, are estimated with a 6-bit context. Thus,
the probabilities are reasonably accurate. Second, using the 6-bit index first allows certain patterns

FIGURE 11.5 Context 1. The X’s denote previously encoded pixels used to estimate the current pixel,
denoted “?.” The six shaded pixels are identical in Context 2.

FIGURE 11.6 Context 2. The X’s denote previously encoded pixels use to estimate the current pixel,
denoted “?.” The six shaded pixels are identical in Context 1.
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TABLE 11.2

Compression Ratios for Various Documents (Higher Numbers Are Better)

Image Type JBIG 6 Bits 3 Line 5 Line Context Weight
Error diffusion 1.817 1.465 1.878 1.564 1.887
Ordered dither 3.666 2.335 2.919 4435 4535
CCITT test 19.64 17.47 18.99 18.15 19.90
Compound (1) 8.705 6.794 8.999 9.522 10.38
Compound (2) 7712 6.691 7.844 8.082 8.875

Note: The “6 bits” numbers are for the 6 bit context alone. The “3 line” and “5 line” columns refer to contexts,
Cy, and C,, respectively. Finally, the “Context weight” column refers to the hybrid scheme that weights all three
context models.

to be modeled by C; and others to be modeled by C». For instance, a composite document with both
text and images might combine the best of both contexts: the text is modeled by C; and the images
by C». The hybrid scheme can achieve good performance without having to segment the image into
text and image regions.

For example, the compression ratios for various documents are presented in Table 11.2. The
numbers are taken from Xiao and Boncelet [18]. “Error Diffusion” and “Ordered Dither” refer
to documents created by halftoning images with error diffusion and clustered dot ordered dither,
respectively. The “CCITT Test” images are the eight original documents used in testing the original
CCITT fax algorithms. The two rows labeled “Compound” refer to two different sets of compound
documents, containing both text and images.

As can be seen in the table, the context weighting scheme outperforms the others. The “6 bit”
context is simply not detailed enough to compete with the larger, 12 bit, contexts on these documents
(there are lots of pixels). However, averaging it in results in a negligible reduction in compression
ratio.

Individually, the various context models perform differently on the various document types. As
mentioned earlier, C; performs better on text and error-diffused images, while C, does better on
halftoned images. In all cases, context weighting gives the best overall performance.

Also, context weighting frees the user from having to determine which context to use and largely
eliminates any reason to segment the document.

The hybrid scheme discussed in this section works by averaging over two large contexts. Addi-
tional flexibility is exploited by indexing off the six common pixels. This allows some patterns to
be modeled by C; and some by C», resulting in an overall performance superior to either context
alone. It is possible that further research will improve performance by adding additional contexts or
by adding additional pixels to the existing contexts.

11.5.3 New COMPRESSION ALGORITHMS

In this section, we briefly discuss some of the remaining research directions in binary image
compression.

All lossless image compression, binary, gray-scale, and color, will likely benefit from the
development of two-dimensional versions of Lempel-Ziv coding (e.g., gzip) or Burrows—Wheeler
coding (e.g., bzip2) [3]. These algorithms give outstanding compression on one-dimensional data
streams, such as text, but truly two-dimensional versions are lacking.
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Related to the above comment, new algorithms for converting a two-dimensional object to a one-
dimensional stream would be handy. Usually, a simple raster scan is used. However, more complicated
scans, such as the Peano—Hilbert scan or a quadtree scan, might be superior at keeping pixels that
are closely together in two dimensions close together in the scanned stream. Some work in this area
has been done, but possibly new scans can still be developed, perhaps by introducing a controlled
amount of redundancy.

Lossless binary image compression is directly related to lossless image compression. Since a
binary image is a special case of a gray-scale image, any gray-scale compressor can be applied to
a binary image. Conversely, a binary image compressor can compress gray-scale images 1 bit plane
at a time. (Sometimes the bitplanes are Gray encoded first.) The standard advice is that lossless
binary image compressors are competitive with the best gray-scale image compressors up to about
6 bits/pixel. This advice, though, needs to be better tested. Perhaps recent advances in binary image
compression might lead to better lossless image compressors.

11.6 CONCLUSIONS

This chapter surveyed the important binary image compression standards, Group 3, Group 4, JBIG,
and JBIG2. The main ideas behind each were briefly described. Over time, the algorithms have
become more complex. The first algorithm, MH, uses runlength coding. The second and third, MR
and MMR, use a simple two-dimensional model, encoding differences in one row from the previous
row. The next standard, JBIG, uses complex context based probability models driving an arithmetic
coder. The last standard, JBIG2, introduces the concept of lossy coding of binary images. It does this
by segmenting the image into regions and encoding each region with specific algorithms designed for
that region type. We then discussed one recent research direction, that of using context weighting to
improve compression performance and eliminate a weak spot of JBIG, which the user must specify
the proper context to use. Lastly, we discussed some potential research directions.

With each increase in complexity has come an increase in performance, with each new algorithm
outperforming the previous ones. However, this increasing performance has come at a price: the new
algorithms are more sensitive to channel errors. It is somewhat disappointing that the most important
binary image application, telephone-based facsimile transmission, still uses technology developed
25 years ago. Perhaps some future research will produce an algorithm with both high compression
and resistance to channel errors.
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12.1 INTRODUCTION

With video being a ubiquitous part of modern multimedia communications, new functionalities
in addition to the compression as provided by conventional video coding standards like H.261,
MPEG-1, H.262, MPEG-2, H.263, and H.264 are required for new applications. Applications like
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content-based storage and retrieval have to allow access to video data based on object descriptions,
where objects are described by texture, shape, and motion. Studio and television postproduction
applications require editing of video content with objects represented by texture and shape. For
collaborative scene visualization like augmented reality, we need to place video objects into the scene.
Mobile multimedia applications require content-based interactivity and content-based scalability in
order to allocate limited bit rate or limited terminal resources to fit the individual needs. Security
applications benefit from content-based scalability as well. All these applications share one common
requirement: video content has to be easily accessible on an object basis. MPEG-4 Visual enables
this functionality. The main part of this chapter describes MPEG-4 shape coding, the content-based
interactivity enabling tool.

Given the application requirements, video objects have to be described not only by texture,
but also by shape. The importance of shape for video objects has been realized early on by the
broadcasting and movie industries employing the so-called chroma-keying technique, which uses
a predefined color in the video signal to define the background. Coding algorithms like object-
based analysis-synthesis coding (OBASC) [30] use shape as a parameter in addition to texture and
motion for describing moving video objects. Second-generation image coding segments an image
into regions and describes each region by texture and shape [28]. The purpose of using shape was to
achieve better subjective picture quality, increased coding efficiency as well as an object-based video
representation.

MPEG-4 Visual is the first international standard allowing the transmission of arbitrarily shaped
video objects (VO) [21]. Each frame of a VO is called video object plane (VOP) consisting of
shape and texture information as well as optional motion information. Following an object-based
approach, MPEG-4 Visual transmits texture, motion, and shape information of one VO within one
bitstream. The bitstreams of several VOs and accompanying composition information can be mul-
tiplexed such that the decoder receives all the information to decode the VOs and arrange them
into a video scene; the composition of multiple video objects is illustrated in Figure 12.1. Alter-
natively, objects may be transmitted in different streams according to a scene description [11,44].
This results in a new dimension of interactivity and flexibility for standardized video and multimedia
applications.

Two types of VOs are distinguished. For opaque objects, binary shape information is transmitted.
Transparent objects are described by gray-scale a-maps defining the outline as well as the transparency
variation of an object.

Composition

FIGURE 12.1 Content-based scalability requires individual objects to be transmitted and composited at the
decoder. Depending on resources, only some of the objects might be composited to the scene and presented at
the terminal.
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FIGURE 12.2 Processing steps for shape coding considering binary and gray-scale o-maps.

12.1.1 SHAPE CODING OVERVIEW

Figure 12.2 shows the processing steps related to shape coding. They apply to object-based coding
systems that transmit shape information only, as well as to systems that transmit texture for the
objects. The optional shape preprocessing may remove noise from the shape signal and simplify the
shapes such that it can be coded more efficiently. Preprocessing usually depends on the shape coding
algorithm employed.

For transparent objects, the preprocessed shape information is separated into a binary shape
defining the pels belonging to the object and a gray-scale information defining the transparency of
each pel of the object. For binary shapes and gray-scale shape information the binary shape coder
codes the shape using lossless or lossy shape coding algorithms. In the case of transparent objects,
an o-map coder codes the transparency information for the coded binary shape. The bitstreams get
multiplexed, transmitted, and decoded at the decoder. The optional postprocessing algorithm provides
error concealment and boundary smoothing.

The receiver decodes the VOs and composes them into a scene as defined by the composition
information [11,44]. Typically, several VOs are overlayed on a background. For some applications,
a complete background image does not exist. Foreground VOs are used to cover these holes. Often
they exactly fit into holes of the background. In case of lossily coded shape, a pixel originally
defined as opaque may be changed to transparent, thereby resulting in undefined pixels in the scene.
Therefore, lossy shape coding of the background needs to be coordinated with lossy shape coding
of the foreground VOs. If objects in a scene are not coded at the same temporal rate and a full
rectangular background does not exist, then it is very likely that undefined pixels in the scene will
occur. Postprocessing in the decoder may extend objects to avoid these holes.

12.1.2 ReLATED WORK

There are three classes of binary shape coders. A bitmap-based coder encodes for each pel whether
it belongs to the object or not. A contour-based coder encodes the outline of the object. In order to
retrieve the bitmap of the object shape, the contour is filled with the object label. In the case where
there is also texture transmitted with the shape information, an implicit shape coder, often referred
to as chroma keying [7], can be used, where the shape information is derived from the texture using
a predefined color for defining the outside of an object. Similar to texture coding, binary shapes can
be coded in a lossless or lossy fashion.

12.1.2.1 Implicit Shape Coding

This class of coding defines a specific pixel value or a range of pixel values as the background of
the image. The remaining pels are part of the object. An implicit shape coder is also specified in
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GIF89a [9]. For each image, one number can be used to define the value of the transparent pels. All
pels of this value are not displayed. Today, GIF89a is used in web applications to describe arbitrarily
shaped image and video objects.

12.1.2.2 Bitmap-Based Shape Coding

Such coding schemes are used in the fax standards G4 [4] and JBIG [19]. The modified read (MR)
code used in the fax G4 standard scans each line of the document and encodes the location of changing
pels where the scanline changes its color. In this line-by-line scheme, the position of each changing
pel on the current line is coded with respect to either the position of a corresponding changing pel
in the reference line, which lies immediately above the present line, or with respect to the preceding
changing pel in the current line [31].

12.1.2.3 Contour-Based Shape Coding

Algorithms for contour-based coding and the related contour representations have been published
extensively. Different applications nurtured this research: for lossless and lossy encoding of object
boundaries, chain coders [12,14] and polygon approximations [15,18,34,42] were developed. For
recognition purposes, shape representations like Fourier descriptors were developed to allow trans-
lation, rotation, and scale-invariant shape representations [55].

A chain code follows the contour of an object and encodes the direction in which the next boundary
pel is located. Algorithms differ by whether they consider a pel having four or eight neighbors for
rectangular grids or six neighbors for hexagonal grids. Some algorithms define the object boundary
between pels [41]. Freeman [14] originally proposed the use of chain coding for boundary quantization
and encoding, which has attracted considerable attention over the last 30 years [23,27,32,38,39]. The
curve is quantized using the grid intersection scheme [14] and the quantized curve is represented using
a string of increments. Since the planar curve is assumed to be continuous, the increments between
grid points are limited to the eight grid neighbors, and hence an increment can be represented by
3 bits. For lossless encoding of boundary shapes, an average 1.2 to 1.4 bits/boundary pel are required
[12]. There have been many extensions to this basic scheme such as the generalized chain codes [39],
where the coding efficiency has been improved by using links of different length and different angular
resolution. In [23], a scheme is presented which utilizes patterns in a chain code string to increase
the coding efficiency and in [38], differential chain codes are presented, which employ the statistical
dependency between successive links. There has also been interest in the theoretical performance
of chain codes. In [27], the performance of different quantization schemes is compared, whereas in
[32], the rate—distortion characteristics of certain chain codes are studied. Some chain codes also
include simplifications of the contour in order to increase coding efficiency [33,37]. This is similar
to filtering the object shape with morphological filters and then coding with a chain code [35]. The
entropy coder may code a combination of several directions with just one code word.

A polygon-based shape representation was developed for OBASC [17,18]. As a quality measure,
the maximum Euclidean distance dp,x between the original and the approximated contour is used.
During subjective evaluations of CIF (352 x 288 pels) video sequences, it was found that allowing
a peak distance of d; . =1.4 pel is sufficient to allow proper representations of objects in low
bit-rate applications. Hence the lossy polygon approximation was developed. Vertices of the spline
approximation do not need to be located on the object boundary [24,26].

This polygon representation can be also used for coding shapes in inter mode. For temporal
prediction, the texture motion vectors are applied to the vertices of the previously coded shape defining
the predicted shape for the current shape. Then, all vertices within the allowable approximation error
d* .. define the new polygon approximation. It is refined as described above such that the entire

max
polygon is within the allowable error d}},, .
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In [22], B-spline curves are used to approximate a boundary. An optimization procedure is
formulated for finding the optimal locations of the control points by minimizing the mean-squared
error between the boundary and the approximation. In [24], a polygon/spline representation is
described which provides optimality in the operational rate distortion sense.

Fourier descriptors describing the contour of an object were developed for applications in
recognition, where shape is an important key. Fourier descriptors allow translation, rotation, and
scale-invariant representation [36]. In the first step, the coordinates of the contour are sampled clock-
wise in the xy-plane. This list of 2D coordinates (x;,y;) is then transformed into an ordered list
(i, (¥ix1 —yi/xiy1 —x;)) with 0 <i <i+ 1 being the contour point number and (y;+1 — yi/Xi+1 — Xi)
being the change in direction of the contour. Since the samples are periodic over the object boundary
perimeter, they can be expanded into a Fourier series. In order to preserve the main characteristics
of a shape, only the large Fourier coefficients have to be maintained. Fourier descriptors are not very
efficient in reconstructing polygon-like shapes with only a few coefficients. This is one of the reasons,
why they never became very competitive in coding efficiency.

12.1.2.4 MPEG-4 Shape Coding

The MPEG committee investigated implicit, bitmap-based, and contour-based shape coding tech-
niques. Implicit shape coding requires high-quality texture coding in order to derive a high-quality
shape. Since humans tend to be more sensitive to shape distortions than to texture distortions, this
coupling of shape and texture distortion is not acceptable for many applications. Therefore, while
many different approaches for shape coding were evaluated during the development of MPEG-4,
proposals for polygon-based contour coding and binary context-adaptive arithmetic coding were the
lead contenders. Ultimately, MPEG-4 adopted the binary context-adaptive arithmetic coding, which
is elaborated further in the next section.

The publication of the MPEG-4 standard and its work on shape coding [3,26,33] inspired the
invention of many shape coding algorithms that are able to outperform MPEG-4 shape coding in terms
of coding efficiency while being more computationally demanding. Mainly due to rate distortion
optimization, the vertex-based method described in [24] provides an average rate reduction of 7.8%
with respect to the content-based arithmetic coder in MPEG-4. The skeleton-based method proposed
in [54] gives bit rates 8 to 18% smaller than the MPEG-4 shape coder. In [1], digital straight lines are
identified on the contour. These lines are then used to align a template for defining the context of an
adaptive arithmetic encoder with the line. Although this algorithm only codes shapes in intra-mode,
it requires 33% less bits than the MPEG-4 shape coder in inter-mode as described in Section 12.2.

12.1.3 CHAPTER ORGANIZATION

This chapter provides an overview of the algorithms for shape coding in MPEG-4. In Section 12.2,
binary and gray-scale shape coding techniques are first described. Then, in Section 12.3, a variety
of issues related to the encoding, modeling, and postprocessing of shape are discussed. Section 12.4
presents a few promising application that rely on shape coding, and finally, Section 12.5 presents
concluding remarks.

12.2 MPEG-4 SHAPE CODING TOOLS

This section will discuss the coding techniques for 2D shapes using MPEG-4 tools. First, we briefly
introduce the general representation for the 2D shape of an object, including binary and gray-scale
shape. Then, we describe techniques for coding each of these representations.
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FIGURE 12.3 Comparison of scene composed with background image and foreground object with constant and
gray-scale transparency. Top-left: background image; top-right: foreground object; bottom-left: scene composed
with constant transparency; bottom-right: scene composed with gray-scale transparency, where the ¢-map of the
foreground object is a horizontal ramp starting with 12, (0, y) = 0 on the left side and ending at m;(320, y) = 255
on the right side.

12.2.1 SHAPE REPRESENTATION

The 2D shape of an object is defined by means of an a-map M of size XY pels:
Mg ={m(x,y) 0 <x=X,0<y=<Y}, 0=m=255 (12.1)

The shape M defines for each pel x = (x,y)” whether it belongs to the object (my(x) > 0) or not
(my(x) =0). For an opaque object, the corresponding a-values are 255, and for transparent objects
they range from 1 to 255. Usually, the o-map has the same spatial and temporal resolution as the
luminance signal of the video sequence. In video-editing applications, the o-map is used to describe
object shape and object transparency. Let us assume that we have a background image s, (x), the
object represented by image s,(x), and the a-map M,(x). Overlaying the object on the background
is done according to

—(1 M, (x) M, (x) 122
S(X)—< ~ s )Sb(XH— 255 50(X) (12.2)

As shown in Figure 12.3, the amplitude of the @-map determines how visible the object becomes.
We will describe the coding of binary object shapes, i.e., mi(x) € {0,255} in the next subsection,
followed by description of the coding of gray-scale shape.

12.2.2 BINARY SHAPE CODING

The MPEG-4 shape coder is known as the context-based arithmetic encoder (CAE) [2,3,24]. It works
on macroblocks of size 16 x 16 pels that the MPEG-4 video encoder defines for a video object. In the
following paragraphs, shape encoding in intra-mode is described. Then, this technique is extended
to include an inter-mode. The evaluation criteria for lossy binary shape coding are presented last.
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12.2.2.1 Intra-Mode

The CAE codes pelwise information only for boundary blocks exploiting the spatial redundancy
of the binary shape information to be coded. Pels are coded in scan-line order and row by row. In
intra-mode, three different types of macroblocks are distinguished: transparent and opaque blocks
are signaled as macroblock type. The macroblocks on the object boundary containing transparent
as well as opaque pels belong to the third type. For these boundary macroblocks, a template of
10 pels is used to define the causal context for predicting the shape value of the current pel as
shown in Figure 12.4a. For encoding the state transition, a context-based arithmetic encoder is
used. The probability table of the arithmetic encoder for the 1024 contexts was derived from several
sequences. With 2 bytes allocated to describe the symbol probability for each context, the table size is
2048 bytes.

The template extends up to 2 pels to the left, to the right, and to the top of the pel to be coded.
Hence, for encoding the pels in the two top and left rows of a macroblock, parts of the template are
defined by the shape information of the already transmitted macroblocks on the top and on the left
side of the current macroblock. For the two rightmost columns, each undefined pel of the context is
set to the value of its closest neighbor inside the macroblock.

In order to increase coding efficiency as well as to allow lossy shape coding, a macroblock may be
subsampled by a factor of 2 or 4 resulting in a subblock of size 8 x 8 pels or 4 x 4 pels, respectively.
The subblock is encoded using the encoder as described above. The encoder transmits to the decoder
the subsampling factor such that the decoder decodes the shape data and then up-samples the decoded
subblock to the original macroblock size. Obviously, encoding the shape using a high subsampling
factor is more efficient but the decoded shape after up-sampling may or may not be the same as the
original shape. Hence, this subsampling is mostly used for lossy shape coding.

Depending on the up-sampling filter, the decoded shape can look somewhat blocky. During the
MPEG evaluation process, two filters have been found to perform very well: a simple pel replication
filter combined with a 3 x 3 median filter and slightly better performing adaptive nonlinear up-
sampling filter. MPEG-4 decided to adopt the adaptive filter with a context as shown in Figure 12.5
[21]. The value of an up-sampled pel is determined by thresholding a weighted sum of the pels of its
context.

The efficiency of the shape coder differs depending on the orientation of the shape data. Therefore,
the encoder can choose to code the block as described above or transpose the macroblock prior to
arithmetic coding.

Within the MPEG-4 standardization process, the quality of shape coding was controlled by a
threshold, AlphaTH, which defines the maximum number of erroneously coded pels in a macroblock
without considering effects like change in connectivity, impact on overall object shape, temporal shape

(@) (b)

Intra X X X Inter X X X X
X X X X X X X X X o
X X o X
Previous Current
Frame

FIGURE 12.4 Templates for defining the context of the pel to be coded (0), where (a) defines the intra-mode
context and (b) defines the inter-mode context. The alignment is done after motion compensating the
previous VOP.
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FIGURE 12.5 The up-sampled pels (x) lie between the locations of the transmitted pels (o) from the subsampled
macroblock shape information. Neighboring pels (bold o) defining the values of the pels to be up-sampled
(bold x).

variation or the look of the object including its texture. Therefore, lossy shape coding achieves better
results if these effects are considered.

12.2.2.2 Inter-Mode

In order to exploit temporal redundancy in the shape information, the coder described above is
extended by an inter-mode requiring motion compensation and a different template for defining the
context.

For motion compensation, a 2D integer pel motion vector is estimated using full search for each
macroblock in order to minimize the prediction error between the previous coded VOP shape M, _,
and the current shape M. The shape motion vectors are predictively encoded with respect to the
shape motion vectors of neighboring macroblocks. If no shape motion vector is available, texture
motion vectors are used as predictors. The shape motion vector of the current block is used to align
a new template designed for coding shape in inter-mode as shown in Figure 12.4b.

The template defines a context of 9 pels resulting in 512 contexts. The probability for one
symbol is described by 2 bytes giving a probability table size of 1024 bytes. Four pels of the context
are neighbors of the pel to be coded, 5 pels are located at the motion-compensated location in
the previous VOP. Assuming that the motion vector (d, dy)T points from the current VOPy to the
previous coded VOP, _,, the part of the template located in the previously coded shape is centered at
m,’(_1 (x —dy,y — dy) with (x, y)T being the location of the current pel to be coded.

In inter-mode, the same options as in intra-mode are available, such as subsampling and
transposing. For lossy shape coding, the encoder may also decide that the shape representation
achieved by simply carrying out motion compensation is sufficient thus saving bits by avoiding to
code the prediction error. The encoder can select one of the seven modes for the shape informa-
tion of each macroblock: transparent, opaque, intra, inter with or without shape motion vectors,
and inter with or without shape motion vectors and prediction error coding. These different options
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with optional subsampling and transposition allow for encoder implementations of different coding
efficiency and implementation complexity.

12.2.2.3 Evaluation Criteria for Coding Efficiency

In order to compare the performance of different shape coders, evaluation criteria have to be defined.
Within MPEG-4, there are two quality measures for objectively assessing the quality of coded shape
parameters. One is the maximum of the minimal Euclidean distance d}},,, (peak deviation) between
each coded contour point and the closest contour point on the original contour. This measure allows
for an easy interpretation of the shape quality. However, if lossy shape coding results in changing
the topology of an object due to opening, closing, or connecting holes, the peak deviation d;_, is
not a useful measure. Therefore, a second measure d,, was used, which is the number of erroneously
represented pels of the coded shape divided by the total number of pels belonging to the original
shape. Since different objects can have very different ratios of contour pels to interior pels, a given
value for d, only allows to compare with other d, of different approximations of the same video
object. d, by itself does not provide sufficient information about the shape quality. Hence, some
evaluations are done just providing the number of erroneously coded pels.

It was found that the objective measures truthfully reflect subjective quality when comparing
different bitmap-based shape coders or when comparing different contour-based shape coders. For
lossy shape coding, the bitmap-based shape coders create blocky object shapes whereas contour-
based shape coders create an object shape showing polygon edges. Since the two classes of shape

coders give different results, a comparison between these two classes has to be done subjectively.

12.2.3 GRAY-ScALE SHAPE CODING

Gray-scale o-maps allow 8 bits for each luminance pel to define the transparency of that pel. As shown
in Figure 12.3, transparency is an important tool for composing objects into scenes and special effects.
Two types of transparencies are distinguished: binary «-maps with objects of constant transparency
and arbitrary a-maps for objects with varying transparency.

12.2.3.1 Obijects with Constant Transparency

For a transparent object that does not have a varying transparency, the shape is encoded using the
binary shape coder and the 8-bit value of the e-map. In order to avoid aliasing, gray-scale o-maps
usually have lower transparency values at the boundary. Blending the c-map near the object boundary
can be supported by transmitting the coefficients of a 3 x 3 pel FIR filter that is applied to the a-map
within a stripe on the inner object boundary. The stripe can be up to 3 pels wide.

12.2.3.2 Obijects with Arbitrary Transparency

For arbitrary a-maps, shape coding is done in two steps [5,7]. In the first step, the outline of the object
is encoded as a binary shape. In the second step, the actual a-map is treated like the luminance of an
object with binary shape and coded using the MPEG-4 texture coding tools: motion compensation,
DCT, and padding. The passing extrapolates the object texture for the background pels of a boundary
block.

12.2.4 TexTURE CODING OF BOUNDARY BLOCKS

For motion-compensated prediction of the texture of the current VOP, the reference VOP is motion-
compensated using block motion compensation. In order to guarantee that every pel of the current
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VOP has a value to be predicted from, some or all of the boundary and transparent blocks of the
reference VOP have to be padded. Boundary blocks are padded using repetitive padding as follows.
First, boundary pels are replicated in the horizontal direction, and then they are replicated in the
vertical direction. If a value can be assigned to a pel by both padding directions, then an average
value is assigned to that pel. Since this repetitive padding puts a significant computational burden on
the decoder, a simpler mean padding is used in the second step. Transparent macroblocks bordering
boundary blocks are assigned to an average value determined by the pels of its neighboring padded
blocks.

In order to encode the texture of a boundary block, MPEG-4 treats the macroblock as a regular
macroblock and encodes each block using an 8 x 8 DCT. The texture is decoded using conventional
processing, then discards all information that falls outside of the decoded shape. In order to increase
coding efficiency, the encoder can choose the texture of pels outside of the object such that the bit rate
is minimized. This non-normative process is also called padding [25]. For intra-mode, a low-pass
extrapolation filter was developed, while for inter-mode, setting these pels to O was found to perform
well in terms of coding efficiency.

12.2.5 VIDEO CODER ARCHITECTURE

Figure 12.6a shows the block diagram of an object-based video coder [35]. In contrast to the block
diagram shown in the MPEG-4 standard, this diagram focuses on the object-based mode in order to
allow a better understanding of how shape coding influences the encoder and decoder. Image analysis
creates the bounding box for the current VOP s; and estimates texture and shape motion of the current
VOP with respect to the reference VOP s;_1. Shape motion vectors of transparent macroblocks are
set to 0. Parameter coding encodes the parameters predictively. The parameters get transmitted and
decoded, and the new reference VOP is stored in the VOP memory and also handed to the compositor
of the decoder for display.

The increased complexity due to the coding of arbitrarily shaped video objects becomes evident
in Figure 12.6b, which shows a detailed view of the parameter coding. The parameter coder first
encodes the shape of the boundary blocks using shape and texture motion vectors for prediction.
Then, shape motion vectors are coded. The shape motion coder knows which motion vectors to code
by analyzing the possibly lossily encoded shape parameters. For texture prediction, the reference
VOP is padded as described above. The prediction error is then padded using the original shape
parameters to determine the area to be padded. Using the original shape as a reference for padding
is again an encoder choice not implemented in the MPEG-4 Reference Software [20] (MoMuSys
version). Finally, the texture of each macroblock is encoded using DCT.

12.3 CODEC OPTIMIZATION

The shape coding tools described in the previous subsection provide the basic techniques that are
used to efficiently represent shape data. In order to use these tools most effectively, optimizations at
various points in the encoder and decoder must be considered. Several key issues are outlined below
and discussed further in this section.

Prior to encoding, preprocessing of shape data may be helpful to simplify the information to
be coded, while still providing an accurate representation of the object. During the encoding, rate
control is needed at the encoder to allocate bits to achieve a maximum quality subject to rate and
buffer constraints. Rate—distortion (R—D) models of the shape (and texture) data may be used to
alleviate some of the computations involved in making optimal coding decisions. Furthermore, error
control may be used to minimize data loss incurred during transmission and error propagation in the
reconstructed data.
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FIGURE 12.6 Block diagram of the video encoder (a) and the parameter coder (b) for coding of arbitrarily
shaped video objects.

In addition to the the above encoder issues, postprocessing techniques after decoding also play
an important role in reconstructing the object and scene data, and the scene. For one, if errors during
transmission have corrupted the reconstructed data, then some form of error concealment should be
applied. Also, given multiple objects in a scene, composition of these objects is also required.

12.3.1 PREPROCESSING

The decoder has no possibility to find out whether the encoder uses lossless or lossy shape coding and
what shape coding strategy the encoder uses or padding algorithm for coding is used. In its reference
implementation of a video coder, MPEG-4 chose to control lossy shape coding by using an AlphaTH
threshold. This threshold defines the maximum number of incorrectly coded pels within a boundary
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block and allows the topology of the shape to change. Often, isolated pels at the object boundary are
coded as part of the object. Using morphological filters to smooth object boundaries provide a much
more predictable quality of a lossily encoded shape [35].

12.3.2 RATE=DISTORTION MODELS

For texture coding, a variety of models have been developed that provide a relation between the rate
and distortion, e.g., [8,16]. These models are most useful for rate control of texture information. Given
some bit budget for an object or frame, one can determine a quantizer value that meets a specified
constraint on the rate. Additionally, such models can be used to analyze the source or sources to be
encoded in an effort to optimize the coding efficiency in a computationally efficient way.

In the case of shape coding, analogous models have been developed, mainly for use in the
analysis stage of an object-based encoder. The primary motivation to develop such models is to
avoid performing actual coding operations to obtain the R—D characteristics of the binary shape. In
the case of MPEG-4 shape coding, this involves down-sampling and arithmetic coding operations
to obtain the rate, and up-sampling and difference calculations to compute the distortion at various
scales. Figure 12.7 shows sample images for binary shapes at different resolutions and after up-
sampling. Accurate estimates of the R—D characteristics can play a key role in optimizing the bit

FIGURE 12.7 Sample test shapes from the Dancer, Coastguard, and Foreman sequences. The first row shows
the original shapes at full resolution. The second and third rows show the shapes down-sampled by factors 2
and 4 according to the MPEG-4 standard. The bottom row shows the up-sampled reconstructed shapes from
quarter-scale images (Dancer and Coastguard) and half-scale image (Foreman) according to the MPEG-4
standard.
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allocation for the binary shape among blocks and between shape and texture coding with much lower
complexity. Also, knowing the expected rate for shape can stabilize the buffer occupancy of a video
coder, especially for low bit-rate video coding [50].

In the following, we review several approaches that have been proposed for modeling the R—D
characteristics of binary shape and discuss the performance of each. Throughout this section, we aim
to model the characteristics of the MPEG-4 CAE-based shape coder described in Section 12.2. Also,
we assume shapes are coded in intra-mode only, unless otherwise specified.

For the purpose of this subsection, the modeling problem is formally stated as follows. Let (R, D)
denote the R—D values for a binary shape that is coded at resolution k. Using input parameters, 6;,
which represent features extracted from the shape data, and modeling function, f(-), we consider the
approximation,

R. D) = f(6)) (12.3)

The first attempt to solve this problem attempted to categorize all possible binary patterns over a
2 x 2neighborhood into N states [52]. This approach was referred to as state partitioning. As expected,
the rate is predicted well by this approach, but the distortion suffers from large prediction error. The
reason for this is because the rate could be accurately modeled from a fixed 2 x 2 neighborhood, such
that the 10-bit states used by CAE can be correctly collapsed into one of the available states. The
distortion, on the other hand, is not modeled so accurately because the actual up-sampling process
uses a 12-pel neighborhood and estimating distortion based on the 2 x 2 pixels is not sufficient.

An improved probabilistic approach for modeling the R—D characteristics of binary shape was
proposed in [53]. In this work, the shape model is based on the statistics (or moments) that one can
extract from the data. With this approach, the aim was to have a distribution whose samples resemble
the type of data that we are trying to code. At the same time, this model should be able to make
distinctions between different shapes at the same scale, and also between the same shape at different
scales.

In [10], a Markov random field (MRF) model that is able to represent the fine structures of an
image is presented. The model relies on three parameters: edge, line, and noise. It has been shown
in [53] that the moments of this model, which are considered sufficient statistics of the distribution,
exhibit favorable properties for modeling as outlined above.

To estimate the rate and distortion at various scales, a simple multilayer feed-forward network
has been proposed in [53], where the input to this network are the statistical moments of the MRF
model that are calculated from the original shape image, and the output is the estimated rate and
distortion of the shape data at different scales.

The plots in Figure 12.8 provide a comparison of the actual rates and output rates of the neural
network for each of the three scales. In these plots, the first 100 frames correspond to the training set
and the next 75 frames correspond to the testing set. We can see that that the neural network does
indeed provide close estimates to the actual rate and follows the trends quite well for both the training
and testing data. Similarly, the plots in Figure 12.9 provide a comparison of the actual distortions
and output distortions of the neural network for the reconstructed binary maps from half and quarter
scales. It should be noted that the absolute errors plotted in Figure 12.9 vary significantly in some
cases due to size or complexity of the shape boundary. If these errors were normalized to the object
size, the relative errors would be much closer.

While the results shown here demonstrate that MRF parameters can be used to model multiscale
rate—distortion characteristics of binary shape, and do so with information provided at the full resolu-
tion only, the above method has only been applied to intra-coded shapes. In [6], a linear R—D model
has been proposed based on parameters derived from the boundary blocks and a block-based shape
complexity for the video object. Besides being much simpler than a neural network-based prediction,
the linear model is applied to both intra- and inter-coded shape.



312 Document and Image Compression

16 T T T T T T T T
14 | Actual

Estimate ---- |

Rate (bits, x1000)

0 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180
Frame index
08 T T T T T T T T 035 T T T T T T T T
0.7 + Actual — 4 Actual |
S Estimate ---- = 0.3 Estimate ----
g 06 ] S 025
= o
% 09 x 02
g 04 g
8 43 S 0.15
Q N 9
& 02 5 0.1
0.1 0.05
0 1 ! 1 1 1 1 ! ! 0
0 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
Frame index Frame index

FIGURE 12.8 Comparison of actual rates and output rates of neural network from [53] at full-scale (top),
half-scale (bottom-left), and quarter-scale (bottom-right). The first four clips (corresponding to the first 100
frames) are part of the training set, while the following three clips (corresponding to the remaining 75 frames)
are part of the test set.
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FIGURE 12.9 Comparison of actual distortions and output distortions of neural network from [53]. Distortion
is measured between original and reconstructed binary map from half-scale (left) and quarter-scale (right). The
first four clips (corresponding to the first 100 frames) are part of the training set, while the following three clips
(corresponding to the remaining 75 frames) are part of the test set.

As stated in [6], the rate model is given by

R; = ain + b; (12.4)

where 7 is the number of boundary blocks, a; and b; are model parameters, and i denotes the resolution
scale. Linear regression is used to estimate the model parameters based on past data points.
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Similar to the rate model, the distortion model is given by

D; =cin+d; (12.5)

where ¢; and d; are model parameters, which are also calculated using linear regression on past
data points. However, it has been observed that more complex boundaries will always produce
more distortion, therefore a shape complexity measure based on a normalized perimeter has been
introduced:

l=1 P

S
where p; denotes the perimeter of each boundary block and S the number of nontransparent pixels
in the shape. This complexity measure is factored into the distortion model in a multiplicative way
such that the new distortion model becomes

K =

(12.6)

D; = cikn + d; 12.7)

Simulation results in [6] confirm the accuracy of the above approach for both intra- and inter-coded
shapes at various levels of resolution.

12.3.3 Rate CONTROL

In object-based coding, the problem of coding additional shape information becomes critical at lower
bit rates. At higher bit rates, the shape bits occupy a much smaller percentage of the overall rate. In
the following, we first describe a buffering policy to account for the additional shape information in
object-based coding. With object-based coding, there is also some flexibility in allocating rate among
texture and shape information, so we also discuss bit allocation among texture and shape. In both
cases, the bits used for shape are estimated from the R—D models described in Section 12.3.2. Finally,
we discuss how rate control decisions for different objects may impact the overall composition of a
scene.

12.3.3.1 Buffering Policy

In frame-based rate control, the bits used to encode a frame, 7., are added to the buffer. Let the buffer
occupancy at time ¢ be denoted by B(#). To help ensure that the buffer will not overflow, a frameskip
parameter, N, is set to zero and incremented until the following buffer condition is satisfied:

B(t) < yB; (12.8)

where By is the size of the buffer, and the value of y denotes a buffer margin having a typical value
of 0.8. In the above, the updated buffer level is given by

Bt)=Bt—1)+T. —Ta(N+1) (12.9)

where B(t — 7) denotes the buffer level of the previously coded frame and 7§y is the amount of bits
drained from the buffer at each coding time instant.

In object-based coding, the buffering policy must account for the high percentage of shape bits
at low bit rates. Let the estimated number of bits to code the shape for all objects in the next frame
be denoted by Tshape. Then, to ensure that there are a sufficient number of bits to code the texture in
the next frame, the buffer condition given by Eq. (12.8) is slightly modified as

B() + Tshape < ¥Bs (12.10)
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Another way to view the modified buffer condition is that the buffer margin is adaptively lowered
according to the estimated bits for shape. In this way, if a relatively large number of bits are estimated
for the shape, the rate control can account for these additional bits by skipping frames and allowing
the buffer to drain. This will allow a sufficient number of bits to code all the information in the next
frame, without compromising the spatial quality more than necessary.

12.3.3.2 Bit Allocation

Generally speaking, bit allocation aims to minimize distortion subject to rate and buffer constraints.
In an object-based coding framework, allocation of bits used for both shape and texture data could be
performed in a joint manner. However, since the distortion metrics for shape and texture are different,
it is not straightforward to derive a single cost function that accounts for both metrics. It should be
noted that binary shape distortion is usually defined as the ratio of error pixels to the total number of
nontransparent pixels, while texture distortion is defined according to mean-squared error between
original and reconstructed pixel values.

Let the total rate budget for an object be given by R = R; + R, where R; are the bits allocated for
texture (including motion) and R are the bits allocated for shape. Given this allocation, the optimal
texture and shape coding modes for each block in the object could be determined separately using,
for example, conventional Lagrangian multiplier techniques. If R—D models are used to estimate the
operating points for texture and shape at various quantizer values and conversion ratios, respectively,
then some of the computational burden could be alleviated. The problem is then reduced to one of
allocating the total bits for an object among R; and R;. This problem may also be posed at the frame
level in which the optimization is conducted for all objects in a scene.

The main difficulty with the above approach is allocating bits between shape and texture. To
overcome this problem, a practical approach has been proposed in [50], where rather than allocating
a specific number of bits to shape, the maximum distortion for shape is controlled through the
AlphaTH threshold instead. In this way, the shape will consume some portion of the total rate budget
for a frame subject to a maximum distortion constraint and the remaining bits would be allocated to
the texture. In [50], a method to dynamically adapt the AlphaTH threshold according to the buffer
fullness and quality of the texture encoding has been proposed.

12.3.4 ErRrROR CONTROL

It is largely recognized that intra-refresh can play a major role in improving error resilience in video
coding systems. This technique effectively minimizes error propagation by removing the temporal
relation between frames. Although the intra-refresh process decreases the coding efficiency, it will
significantly improve error resilience at the decoder, which increases the overall subjective impact in
the presence of errors in the transmission.

A key aspect to consider in applying intra-refresh schemes is to determine which components
of the video to refresh and when. For object-based video, both shape and texture data must be
considered. In [45], shape refreshment need (SRN) and texture refreshment need (TRN) metrics
have been proposed. The SRN is defined as a product of the shape error vulnerability and the
shape concealment difficulty, while the macroblock-based TRN is similarly defined as a product
of the texture error vulnerability and the texture concealment difficulty. In both cases, the error
vulnerability measures the statistical exposure of the shape/texture data to channel errors and the
concealment difficulty expresses how difficult the corrupted shape/texture data is to recover when
both spatial and temporal error concealment techniques are considered.

Based on the above refreshment need metrics, novel shape and texture intra-refreshment schemes
have been proposed in [46]. These schemes allow an encoder to adaptively determine when the shape
and texture of the various video objects in a scene should be refreshed in order to maximize the
decoded video quality for a certain total bit rate.
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12.3.5 PoOST-PROCESSING

Two specific needs for postprocessing shape data are considered in this subsection. First, given that
the shape data defines objects in a scene, composition and alpha-blending techniques are required to
generate a complete scene consisting of multiple objects. Second, considering that errors may occur
during transmission, methods for error concealment become necessary. Both of these operations are
performed at the receiver and will be discussed further below.

12.3.5.1 Composition and Alpha Blending

As mentioned earlier, composition issues may arise due to lossy coded shape or the coding of multiple
objects at different temporal rates. In [50], undefined pixels due to lossy shape coding were simply
assigned a gray value. Since maximum distortion in a block was controlled using AlphaTH, which
only took values in the range [0, 64], the impact on visual quality was not noticeable. With higher
levels of shape distortion, more sophisticated methods would be required to recover the pixel values
for the texture. In [29], object coding with different temporal rates was considered. In this work,
undefined pixels were assigned values from the reconstructed object with minimum distance to the
undefined pixel coordinate.

12.3.5.2 Error Concealment

Concealment techniques could be divided into two categories: temporal and spatial. Temporal con-
cealment techniques rely on shape information from previous time instants to do the concealment,
while spatial concealment techniques use information only from the current time instant. Several
techniques for spatial and temporal concealment are outlined below.

The earliest known attempt to address this concealment problem for shape was proposed in [13],
where the idea of extending conventional motion-compensated concealment techniques for texture
to shape was explored. In this way, when a given block of shape data is corrupted, the decoder
conceals it by copying a block of shape data from the previous time instant. This could be achieved
by simply copying the co-located block of shape data from the previous time instant. Alternatively,
a motion vector estimate may be obtained such that the corrupted block in the current time instant
is replaced by a displaced shape block from the previous time instant. Temporal concealment was
further investigated in [40] considering that the boundary of the shape data of a given video object
does not change significantly in time and thus these changes can be described by a global motion
model. Based on this assumption, the global motion parameters are estimated at the encoder and sent
along with the encoded bitstream to the decoder. With this method, the decoder would apply global
motion compensation using parameters derived at the encoder to restore the corrupted contour, then
fill in the concealed contour to recover the entire shape. An extension of this approach was proposed
in [48], which eliminates the need for an encoder to send additional information by performing the
estimation of global motion parameters at the decoder using available shape data. Additionally, this
approach improves performance by adding a motion refinement step to better deal with shapes that
have some local motion.

The above temporal concealment techniques are advantageous since there is access to past infor-
mation that can significantly enhance the recovery of shape data, especially in cases where the shape
does not change much. However, when the shape changes significantly over time or concealment is
applied to still or intra-coded shapes, spatial concealment techniques should be used instead.

Spatial shape concealment was first addressed in [43]. In this work, the shape was modeled with
a binary MRF and concealed based on maximum a posteriori (MAP) estimation. According to this
algorithm, each missing shape element in a missing block is estimated as a weighted median of the
neighboring shape elements that have been correctly decoded or concealed, where the weights are
assigned adaptively based on the likelihood of an edge in that direction. For each missing shape
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FIGURE 12.10 Performance comparison of error concealment techniques. Top-left: original shape image;
top-right: corrupted shape image with 25% of total blocks lost; bottom-left: shape image recovered using
method of Shirani et al. [43]; bottom-left: shape image recovered using method of Soares and Pereira [47].

block, this procedure is iteratively repeated until the algorithm converges. Additionally, if several
consecutive missing blocks have to be concealed, the procedure is recursively applied to all the
missing shape blocks. This method obviously has some computational burdens, but may also suffer
in concealing isolated blocks since only local statistics of the data are considered. In an attempt to
overcome these drawbacks, a method that interpolates the missing contours based on the available
surrounding contours using Bezier curves has been proposed in [47]. These cubic parametric curves
are fully determined by four points, which include two end points at the boundaries of a lost block
and two additional control points within the region of the lost block. A method for determining
the control points that ensure certain smoothness and continuity constraints has been presented.
Figure 12.10 compares the performance between the concealment method of Shirani et al. [43] and
that of Soares and Pereira [47]. Besides providing a lower complexity solution, the method by Soares
and Pereira provides an improved recovery of the shape data that is characterized by a more accurate
representation of the original shape and fewer artifacts.

12.4 APPLICATIONS

This section describes how shape coding and object-based video coding, in general, could be applied
for surveillance and interactive TV applications.

12.4.1 SURVEILLANCE

Here we describe a surveillance application system that utilizes object-based coding techniques to
achieve efficient storage of video content [49]. In this system, certain inaccuracies in the reconstructed
scene can be tolerated; however, subjective quality and semantics of the scene must be strictly main-
tained. As shown in Figure 12.11, the target of this system is the long-term archiving of surveillance
video, where several months of video content from multiple cameras would need to be stored.

One of the major advantages of object-based coding is that each object can vary in its temporal
quality. However, in terms of rate—distortion metrics, only minimal gains in coding efficiency could be
achieved [51] since the composition problem typically limits the amount of temporal frame skipping
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FIGURE 12.11 Application system for surveillance employing object-based coding for long-term archive of
video content.

FIGURE 12.12 Sample reconstructed frame of festA sequence. Left: frame-based reconstruction; right:
object-based reconstruction.

of the background object. Fortunately, in the surveillance system being discussed here, obtaining the
full background without any foreground objects is not a problem. Also, subjective video quality is
the main consideration.

In this system, a single background image is compressed using frame-based coding, and the
sequence of segmented foreground objects are compressed using object-based coding; the background
image is simply repeated for each reconstructed frame. Performing the object-based compression in
this way gives rise to differences in the background pixels, especially for outdoor scenes that, for
example, have swaying trees and objects due to wind conditions.

To demonstrate the effectiveness of this approach, the above object-based coding methodology
is applied to several surveillance test sequences. Sample reconstructed frames of one sequence using
frame- and object-based coding are shown in Figure 12.12. In this test sequence, wind is blowing
the striped curtain, tree branches, and hanging ornaments; all of which are coded and accurately
represented by the frame-based coding result. However, for the object-based coding result, these
moving background elements are not recorded and only the moving foreground object is coded at each
time instant. Semantically, however, these sample frames are equivalent. Table 12.1 summarizes the
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TABLE 12.1
Comparison of Storage Requirements (in KB)
for Frame-Based and Object-Based Coding

Sequence festA festB festC festD rain tree

Frame-based 178 173 35 116 78 43
Object-based 17 18 13 18 22 10
% Savings 90.5 89.6 629 845 71.8 76.7

Note: Background image for object-based coding results are
included (fest: 9KB; rain: 4KB; tree: 4KB).

storage requirements over a broader range of sequences; it is clear that object-based coding provides
favorable savings in the bits required to store the compressed video sequences.

12.4.2 INTERACTIVETV

With the increasing demand for access to information for handicapped people, TV has to become
accessible for the hearing impaired. Overlaying a person signing the spoken words over the video
will enable this functionality. Transmitting this person using object-based coding and overlaying this
object over the regular TV program enables the user to select whether this optional video object
should be presented in order to not diminish the presentation for the nonimpaired viewers.

MPEG-4 shape coding can also be used for transmitting shape information independent of the
video signal. This allows for transmitting a map of labels that can be used for interactive TV. If the
user moves a cursor with the remote control over the video and clicks, the action to be performed is
determined by the label of the map corresponding to the position of the cursor. This action can select
items for teleshopping or request background information on the object or person identified.

Object-based video can also be used for overlaying news reporters over live footage at the TV
receiver instead of at the broadcast studio. This is of special interest for Internet TV, where the same
news story might require reporters talking in different languages. In this scenario, the background
video is sent as an rectangular-shaped video object on one channel and the news reporter with the
desired language represented as an arbitrarily shaped video object is selected on the second channel.
The receiver composes these objects into one video.

Multipoint video conference systems would like to present the remote participants in an homo-
geneous environment to the local participant. This can be easily achieved when each participant is
represented as an arbitrarily shaped video object. Scene composition can arrange the video objects
on a common background and present the result to the local participant.

12.5 CONCLUDING REMARKS

This chapter has described the shape coding tools that have been adopted in the MPEG-4 coding
standard. The context-based arithmetic encoder uses a template to define the context for coding the
current pel of a binary shape bitmap. If objects have arbitrary transparency, then these values are
coded using MPEG-4 tools like DCT and motion compensation. The integration of a shape coder
with texture coding for object-based video coding requires use of texture extrapolation also known
as padding. Lossy shape coding may create pels with undefined texture requiring the use of similar
extrapolation techniques as well as concealment techniques. For video coding, binary shape coding
is enabled in the MPEG-4 core, main and enhanced coding efficiency profiles, while gray-scale shape
coding is only enabled in the main and enhanced coding efficiency profiles.
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Beyond the fundamental shape coding techniques, we have discussed several issues related to
encoder optimization, including R—D modeling of binary shape, rate control, and error control.
A linear R—D model has shown to be effective in predicting rate and distortion of shape at various
resolutions. Based on such models, we have reviewed buffering policies for maintaining a stable buffer
as well as bit allocation techniques to distribute the rate among shape and texture. Furthermore, error
control techniques that attempt to minimize error propagation in the decoder based on refreshment
need metrics have been described.

Postprocessing of shape data has also been covered in this chapter. In particular, an overview
of various error-concealment techniques for the recovery of lost data during transmission has been
described. Temporal concealment techniques are advantageous since there is access to past infor-
mation to improve recovery results; however, spatial concealment is still needed in cases where the
shape changes significantly over time or for concealment of still or intra-coded images.

Finally, two promising applications of shape coding have been presented, including the use of
object-based coding for long-term archiving of surveillance video resulting in bit savings between
60 and 90%, and interactive television.
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13.1 INTRODUCTION

Electronic documents are commonplace. From PDF files [27] to fax transmissions, including internal
raster representations, a number of electronic formats are used to convey text and pictorial informa-
tion. Documents are present in a wide spectrum of printing systems and are basically represented
in vectorial or raster forms. A document in a vector form is composed of a series of primitives, or
instructions such as “render this text at that position.” It often comes as a pair of object and instruction,
e.g., the text is the object and the instruction was to render it at a particular position. The same
happens to graphics. The document is imaged by “drawing” all “vectors” and applying instructions
to image a number of objects. Examples are PostScript [29] and PDF files [27], printer languages
such as PCL [13], graphics primitives in operating systems, and even ancient presentation protocols
such as NAPLPS [2]. In contrast, raster documents are composed of images of the information to be
rendered, e.g., a compressed image or a scan of a magazine page. The advantage of raster images is
that they are ready to image, as opposed to vector formats that need to be rasterized first.
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It is not much of a challenge to compress vectorized documents since each object can be com-
pressed individually and the whole file can be further compressed losslessly. The real challenge is to
compress rasterized compound documents. Compound documents are assumed here as images which
contain a mix of textual, graphical, or pictorial contents. A single compression algorithm that simul-
taneously meets the requirements for both text and image compression has been elusive. As a rule,
compression algorithms are developed with a particular image type, characteristic, and application in
mind and no single algorithm is best across all image types or applications. When compressing text,
it is important to preserve the edges and shapes of characters accurately to facilitate reading. The
human visual system, however, works differently for typical continuous-tone images, better mask-
ing high-frequency errors. Roughly speaking, text requires few bits per pixel but many pixels per
inch, while pictures require many bits per pixels but fewer pixels per inch. Document compression
is frequently linked to facsimile systems, in which large document bitmaps are compressed before
transmission over telephone lines. There is now a focus on new standards to provide color facsimile
services over the telephone network and the Internet [5].

Compound raster documents have always been compressed as a single image, either converting
the image to binary data, thus pretending the image is a black and white text, like in a regular fax,
or by applying regular image compression to the whole scanned color document, as in color fax.
When it comes to compound documents, different compression algorithms may be applied to each
of the regions of the document. This can be accomplished by segmenting the regions or by generat-
ing multiple image layers. Apart from the multilayer or multiregion methods described in the next
section, there are no viable and popular alternatives for compressing compound images, other than
the inefficient single-coder approaches.

13.2 RASTER IMAGING MODELS

A raster bitmap is commonly generated immediately prior to imaging. Hybrid raster images are
intermediate formats which can be easily rendered but allow for improved compression and editing.
The main problem is that a raster, rather than a vector form, does not distinguish the different objects
in a document. If one could separate the objects into different raster images, which somehow could
be combined later on, it would facilitate processing the image. There are several imaging models to
accomplish the separation of multiple raster by defining a method to recombine (render) multiple
raster images into a single bitmap.

13.2.1 Mixep RASTER CONTENT

The mixed raster content (MRC) imaging model [16—19] enables a multilayer multiresolution repre-
sentation of a compound document as illustrated in Figure 13.1. The basic three-layer MRC model
represents a color image as two color-image layers (foreground [FG] and background [BG]) and a
binary layer (Mask). The Mask layer describes how to reconstruct the final image from the FG/BG
layers, i.e., to use the corresponding pixel from the FG or BG layers when the mask pixel is 1 or 0,
respectively, in that position. Thus, the FG layer is essentially poured through the Mask plane onto
the BG layer as depicted in Figure 13.1a. In reality, the MRC imaging model employs a sequence
of image pairs: foreground layers and corresponding mask as illustrated in Figure 13.1b. With these,
starting from a basic background plane, one can pour onto it a plurality of foreground and mask pairs
as shown in Figure 13.1c. Actually, the MRC imaging model allows for one, two, three, or more
layers. For example, a page consisting of a picture could use the background layer only. A page
containing black-and-white text could use the Mask layer, with the FG and BG layers defaulted to
black and to white, respectively. Layers may contain different dimensions and have offsets associated
with them. If a plane contains only a small object, the effective plane can be made of a bounding box
around the object. The reduced image plane is then imaged onto the larger reference plane, starting
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FIGURE 13.1 (See color insert following page 336) Illustration of MRC imaging model. (a) The basic
three-layer model where the foreground color is poured through the mask onto the background layer. In using a
sequence of mask + FG pairs; (b) the three-layer model can be extended; (c) Less than three layers can be used
by using default colors for mask and FG layers.

N

FIGURE 13.2 A layer in the MRC model can use only part of the imaging area, i.e., a layer can be smaller
but properly positioned by indicating horizontal and vertical offset, along with the layer width and height. The
remaining parts of the image plane will be assigned a default color.

from the given offset (top, left) with given size (width, height) as illustrated in Figure 13.2. This
avoids representing large blank areas and improves compression. The portions of the imaging area
of a layer which are unimaged are assigned a default color.

In effect, there are N layer pairs of foreground images f; and masks my, 1 <k <N, along with
the background image fy. If all layers and images are properly scaled to have the same dimension in
pixels, then we start with filling the initial canvas pixels xo(i, j) with the background image fy(i, ).
In the MRC imaging method, the layer pairs are sequentially imaged as

X () = m(, ) fie(@, ) + (1 = mye (@, j)xa—1(. ) (13.1)

for 1 <k <N, where the mask pixels my(i,j) are binary, i.e., 1 or 0. We will describe later the
continuous mask model. The final image is then xy (i, j).

The rationale for MRC is that once the original single-resolution image is decomposed into layers,
each layer can be processed and compressed using different algorithms. The compression algorithm
and processing used for a given layer would be matched to the layer’s content.

13.2.2 REeGION CLASSIFICATION

MRC implies a superposition of frames wherein a selector or mask plane decides from where to
render a particular pixel, either from FG or BG planes. However, all the FG and BG layers must be
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FIGURE 13.3 (See color insert following page 336) An image is divided into regions, each region being
classified as belonging to one class, e.g., text, picture, background, etc. The final image is rendered by looking
up this map and retrieving the pixel (or block) data from the assigned layer.

encoded somehow and there is redundant data available to the decoder. Alternatively, one can select
which regions to assign to BG or FG, but, unlike MRC, not storing the image information that is not to
be imaged. In this case, only one plane of data is made available to the decoder. In effect, the encoder
prepares a map like the one depicted in Figure 13.3, which divides the image into several regions,
each region labeled as pertaining to a given layer. Typically, the image is divided into blocks and each
block is classified as, for example, text, picture, graphics, or background. Every class is generally
assigned to an image compression method. When rendering the final raster, for a given block, one
looks at the map as given in Figure 13.3 to find which coder (layer) contains the block information.
The block image information is decoded, the block is rendered, and we move on to the next block.

Many image compression methods that deal with compound images use this model [7,11,30].
Note that a method is not MRC-compatible just because it employs multiple layers. The important
distinction is data redundancy. The entire plane is represented in MRC. One can render it and print
it if desired. When there is pure region classification, every image region goes in only one layer, so
that layers are not entire images but data streams. For example, the renderer to form an image block
will look at the map and retrieve compressed data from either the JBIG or JPEG stream. Region
classification avoids redundancy and is more natural for efficient compression. However, it requires
modifying compressors to deal with segmented image data. MRC, on the other hand, employs stock
compression only.

13.2.3 OTHER IMAGING MODELS

13.2.3.1 Djvu

DjVu (pronounced as déja vu) [3,4] is a software and technology for exchanging documents over the
web. For that the target is very high compression ratios while preserving comfortable readability. In
the DjVu model, there are a number of objects to be imaged onto the background plane (Figure 13.4).
An object is a contiguous association of “on” pixels, like letters in a text. Each object is associated
with a color and position in the page. In other words, one first images the background and then
pastes color objects onto it. Note that it departs from the typical MRC model in which the “object”
is within the selector plane and colors are conveyed as bitmaps in the foreground plane. In the DjVu
model, the object itself is associated to the color. Note, also, that the DjVu package provides modes
for compatibility with MRC. Nevertheless, this imaging model is an interesting solution for a mixed
representation.
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5"

FIGURE 13.4 (See color insert following page 336) In the DjVu rendering model, objects are rendered, with
their assigned colors, onto a background plane. There is neither an explicit mask plane nor FG bitmaps.

13.2.3.2 Soft Masks for Blending

In the typical three-layer MRC model, the output pixel x(i,j) at position (i,j) will be imaged from
either the FG, i.e., x(i,j) =f(i,]), or the BG, i.e., x(i,j) = g(i, j). The mask layer pixel m(i, j) conveys
the information of which plane to use for rendering at that point. This is a hard decision between
planes. However, it is also possible to use continuous mask and blend the FG and BG planes, e.g.,

x(i,j) = m(i,j) f(@.)) + (1 = m(i. ) gG.J) (13.2)

for 0 <m(i,j) <1, i.e., the mask is continuous from 0 to 1 that controls the blending of the FG and
BG planes. In the traditional hard decision case, there is no blending and m(i,j) is either O or 1 but
nothing in between. The continuous mask option allows for much more flexibility.

For multiple layers the initial canvas pixels xo(i, j) are the background pixels fy(i, j) and

Xk () = m(i, ) fie(@ ) + (1 = my (i, ) X100, ) (13.3)

for 1 <k <N, where the mask pixels my(i,) are continuous from O to 1. The final image is xy (i, ).

13.2.3.3 Residual Additive Planes

Additional to selecting or blending planes, one can also use additive planes to correct for errors in
a linear way. For example, in the check compression standard [14], a MRC model plus an additive
plane are provided, i.e.,

x(i,j) = m(i, j) f(i.)) + (1 — m(i, /) (i, )) + r(i.)) (13.4)

where r(i, j) is the residual plane and m(i, j) can be either binary (as is MRC and the check compression
case) or continuous.

13.3 MRC FOR COMPRESSION

MRC is the international standard for compound image compression. It was originally approved for
use in group 3 color fax and is described in ITU-T Recommendation T.44 [19]. For the storage,
archiving, and general interchange of MRC-encoded image data, the TIFF-FX file format has been
proposed [16]. TIFF-FX (TIFF for Fax eXtended) represents the coded data generated by the suite
of ITU recommendations for facsimile, including single-compression methods MH, MR, MMR
[20,21], JBIG [22], JBIG2 [23] and JPEG [28], JPEG 2000 [17,31], as well as MRC. As IETF RFC
2301, TIFF-FX [16] is an Internet standard and it is also the document compression framework for
JPEG 2000 Part 6 [5,18,24]. MRC has been used in products such as Digipaper [15], DjVu [4], and
LuraDocument [1].

As we have discussed, the MRC model can potentially use a number of mask plus foreground
image pairs. Nevertheless, unless otherwise noted, we assume a basic three-layer MRC model, which
the reader can easily extend to encompass multiple layers. Once the original single-resolution image
is decomposed into layers, each layer can be processed and compressed using different algorithms
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FIGURE 13.5 Block diagram of plane decomposition, compression, and rendering processes for a basic three-
layer MRC representation.
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FIGURE 13.6 Interpretation of the multiplane approach as a means to modify the RD characteristics of coding
mixed images. A mixed image is decomposed and each plane undergoes a better tailored coder, thus achieving
better RD curves. The goal is to achieve a better overall RD curve than the one obtained by compressing the
image itself with a single coder.

as shown in Figure 13.5. The image processing operations can include a resolution change or color
mapping. The compression algorithm and resolution used for a given layer would be matched to
the layer’s content, allowing for improved compression while reducing distortion visibility. The
compressed layers are then packaged in a format such as TIFF-FX [16] or as a JPM data stream
[5,18] for delivery to the decoder. At the decoder, each plane is retrieved, decompressed, processed
(which might include scaling), and the image is finally rendered using the MRC imaging model.
The reason why a model such as MRC works is because one can use processing and compressors
tailored to each plane statistics. Thus, one can attain improved performance compressing each plane.
Hopefully, these gains are enough to offset the expenses in representing redundant data (remember
that every pixel position is represented in each of the FG—BG mask layers). The potential gain of the
MRC model for compression can be analyzed under the light of its rate—distortion (RD) characteristics
[9]. If the image in Figure 13.6 is compressed with a generic coder with fixed parameters except for
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a compression parameter, it will operate under a given RD curve. Another coder under the same
circumstances is said to outperform the first coder if its RD curve is shifted to the left (down), i.e.,
has lower rate for a given distortion or less distortion for a given rate. The rationale for MRC is to
split the image into multiple planes as shown in Figure 13.6 and to apply to each plane a coder (A,
B, and C) whose RD curves are better than those of the single plane coder. In this case, there is a
possibility that the equivalent coder will have better RD curves than the single plane coder, despite
the overhead associated with a multiplane representation.

13.3.1 OBJECT SEGMENTATION VERSUS REGION CLASSIFICATION

The degrees of freedom in MRC-based compression are the layer decomposition process (the seg-
menter module in Figure 13.5) and the compressors with their associated parameters for each plane.
The encoder and decoder would agree a priori on the compressors, which would be part of the standard
employing MRC as an architectural framework. Decomposition affects the operation of the encoder,
but not that of the decoder. There are two main approaches to decompose compound images which
are illustrated in Figure 13.7. They are based on object segmentation or on region classification. The
image in Figure 13.7a is associated with a BG plane in Figure 13.7b, which may contain the paper
background along with the continuous-tone picture. The object decomposition relies on identifying
text and graphics objects. The concept is that the text or graphics ink is poured through the mask
plane onto the BG plane. For this, the mask should have the contours of text elements, as illustrated
in Figure 13.7c, while the FG plane in Figure 13.7d contains solid colors of the objects. Thus, the

Text can be Text can be
segmented segmented
into regions into regions
or as objects or as objects

(d)

Text can be
segmented
into regions
or as objects

(b) (e) (f)

FIGURE 13.7 (See color insert following page 336) Two example segmentation strategies that yield the same
image. (a) Original image containing a picture and colored text; (b) BG plane with the canvas and the picture;
(c) mask plane containing the text shapes; (d) text associated colors are present at the FG plane; (e) another
mask that simply marks the text areas; and (f) the corresponding FG plane containing the colored text.
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mask image layer would contain text characters, line art, and filled regions, while the foreground
layer contains the colors of the shapes in the mask layer, i.e., the color of text letters and graphics.

In region classification, regions containing text and graphics are identified and represented in
a separate (foreground) plane. The whole region is represented in the FG plane including the spaces
in between letters. The mask is very uniform with large patches indicating the text and graphics
regions, while the BG plane contains the remaining regions, i.e., the document background itself,
complex graphics, and continuous-tone pictures. In Figure 13.7e, the mask is actually made of large
areas indicating where the text lies. The text itself is contained within the FG plane in Figure 13.7f.
In the MRC model, which contains redundant image representation, if compression ratio is the main
motivation, it is often more useful to employ object segmentation.

13.3.2 REDUNDANT DATA AND SEGMENTATION ANALYSIS

In an MRC model, image data is redundant. Even if the mask indicates that a particular image position
is to be represented, for example, using the FG data, there is some image data in the BG plane for that
position. That information is redundant and does not affect image reconstruction. We will later discuss
efficient means to replace redundant data with something that is more easily compressible. This is
referred here as plane filling, i.e., we plug holes into the data planes. Note that once the plane-filling
algorithms are selected, the only degree of freedom in an MRC decomposition is the segmentation
of the input compound image into a binary mask. As illustrated in Figure 13.8, the segmenter finds
a suitable mask from the compound image data. Using the mask layer and the input image, the FG
and BG layers are found in a deterministic way.

If the mask layer tells the decoder that some pixels are to be imaged from the BG plane, the
corresponding pixels from the FG plane are redundant. In effect they are a waste of information
which, nevertheless, has to be encoded. The opposite is true for the FG plane. Where the mask
indicates the pixels to be imaged from the FG plane, the corresponding BG pixels are redundant too.
Actually, any value we use for the redundant image region will be irrelevant for reconstruction. In

Data filling
Foreground
_—  » —_—Pp
MASK Mask
Decomposer
——» | (segmentation)

Data filling

[
I [

FIGURE 13.8 (See color insert following page 336) MRC plane decomposition diagram, consisting only of
the segmenter and plane-filling modules.
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Figure 13.8, the image block is analyzed by the segmenter which generates a mask with both colors,
i.e., assigns pixels to both BG and FG planes. The data-filling algorithms will identify where the
redundant regions are and replace their pixel values with some “smooth” data in a process that will
be explained later. In each plane there are useful regions (labeled U) and redundant or “don’t-care”
regions (labeled X).

In light of the above discussion, we refer the reader to Figure 13.9 wherein a mask plane is illus-
trated on the left. For simplicity we used an example of a simple oval shape, but it could be anything,
and is typically composed of a number of distinct objects. Let the “white” region be labeled A and
the “black” region be labeled B. We can also define the transition region 7, which encompasses a
neighborhood near the border between A and B regions. This transition region crosses over the real
border between regions and can be further subdivided into regions belonging to A (T4) and B (7). In
this case, the whole image I is made of subregions, i.e., [ =AUBU T4 U Tp. If the A region means
that the final pixels will be imaged from the FG plane, while B means one will use the BG plane,
then the A region will mean a useful (U) region for the FG plane but a “don’t-care” (X) region for
the BG plane, and vice versa: region B means U for BG and X for FG. The scheme is illustrated in
Figure 13.9, where either BG or FG is made of UUX U Ty U Ty.

Let us analyze the segmentation in a rate—distortion viewpoint [9]. If the original image is encoded
using a single coder S, which does not use MRC, Ry bits will be spent yielding a reconstruction
distortion Dg such that

Rs =R} +RE+ R + R and Ds=D§+DE+ Dy + D (13.5)

where the distortion model was chosen to be linear, i.e., overall distortion is the sum of local distor-
tions, while R4-B:T4.Ts and DA-B-Ta-Ts are the rate and distortions for each of the plane regions (see
Figure 13.9). If the image is split into the three planes (FG, BG, and mask) corresponding to the MRC
model, then the overall rate and distortion are given by

R=Ry+ > R} and D= ) > Dg (13.6)

W=FG,BG Q=A,B,Tx,Tg W=FG,BG Q=AB,TxTs

Note that the mask is encoded without distortion and that X pixels, i.e., region B in the FG plane and
region A in the BG plane, do not contribute to overall distortion. Thus

D = D5, + D + D + Di (13.7)
A Ta U T,
Tg
B
Mask Image FG BG
regions

FIGURE 13.9 An example mask dividing the image into regions A and B and the transition 7', which can be
further subdivided into its margins onto the AB regions as T4 and 7. Each plane then has some regions that can
be classified as useful (U), redundant (X), or transition (7"). The layer transition can also be further subdivided
(TU and Tx)
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If one requires the MRC scheme to outperform the single coder, it is necessary that either or both
R < Rg and D < Dg. It is sufficient to have

R<Rg and D < Dg (13.8)

In a simple coding scenario where the coder for the FG and BG planes is the same as the single coder,
we can make the following assumptions: R5 ;. =R, R4, =R%, DB, = D%, and D?; = D{. Further-
more, in general transform coding, the transform bases will likely extend across the region boundaries
(that is why we made the transition regions in the first place) so that it is unlikely that one can separate
the rate produced by either T4 or 7. Hence we define Rg = Rgf‘ + Rg” , RgG = R;AG + R;‘é; and

RL. = R;’}; + R;‘é;, so that
Ds — D =DI* + D — DIt + DI, (13.9)
Rs — R =RY — Ry — R — R — Rk — Rig = RY — Ro — R} — Rig (13.10)

where R, is the overhead rate due to the mask and redundant data in the continuous planes. Reduction
in rate and distortion are achieved iff

Df + Dpt. < DYt + D (13.11)
Ro + Rk + Rk < RY (13.12)

Therefore, following the analysis of this simple example, we see that transition regions are the
main regions where compression can be improved by using MRC. In more detail, improvement
comes when (1) distortion in the transition region is less than in the single coder and (2) the savings
in encoding the transition regions (in both BG and FG) planes compared to the single coder are
enough to offset the expenditure of bits to encode the overhead.

With text object segmentation, Equations (13.11) and (13.12) are usually satisfied. In general,
RY. <RI and RE; < RL. However, the decomposition has to be done in such a way that there will
be enough transitions in the image to allow enough savings. Furthermore, the regions chosen to
be transitions have to be such that they lead to large savings in bit rate in each plane in order to
compensate for the redundant information and the overhead.

In an MRC approach, the plane-filling preprocessor (see Figure 13.8) can very well replace pixels
in redundant regions with any computer-generated data which would reduce most of the distortion
and bit rate, i.e., to ensure that Equations (13.11) and (13.12) are satisfied. With text segmentation,
the transition in the mask occurs for edges in the original image. Hence, R§ and Dg are very high.
If, for example, the transition region in each plane is made very smooth, not only will the distortion
decrease but the bit rate can be kept very small. For smooth enough transitions and if we discard the
terms R} and R, then the trade-off of MRC can be summarized as

R, < RY (13.13)

In other words, MRC is advantageous if the amount of bits saved by not encoding the transition
regions is greater than the amount of overhead data (redundant and mask data). Of course, the main
assumption is that the transition in both planes can be made “smooth” enough to significantly save
in both R and D. Also, the input image has to contain a sufficient amount of those edges. An image
with large text regions is a typical case. If there are only pictorial images, however, it is harder
(but not impossible) to make a multiplane MRC outperform the single coder. In the limit, it may be
advantageous to place the pictorial image in a single MRC layer, in which case the MRC behaves as
a single coder.
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In reality, a typical coding scenario is usually more favorable to MRC than the above example.
This is because coders for FG and BG can be selected to outperform the single coder, while the mask
plane often compresses very well. For example, if the text is placed into the mask, techniques such
as JBIG, MMR, and JBIG-2 can compress text well. The FG would contain mainly text color and
can be largely compressed. The BG plane would contain the pictorial images and the paper texture,
which are features that do not contain high-resolution details. In that case, moderate subsampling can
be carried before compression. The different nature of the data in each plane allows for very efficient
compression with lower error visibility.

13.3.3 PLANE FILLING

In the previous section, we assumed that plane-filling algorithms can reasonably smooth transitions.
Without loss of generality, we can address any plane (FG or BG) individually by referring to its
X and U regions. We want to replace the data in the X region (and Ty in Figure 13.9) with any
data that would improve compression. The overall goal is to reduce both rate and distortion, i.e., to
minimize [8]

J=R+\D (13.14)

where X controls the rate—distortion trade-off. Assuming rate and distortion are additive per regions
(assuming they are independent), we have

J=RY + R + R") + (DY 4+ DX + D"V 4+ DT¥) (13.15)

where the superscript indicates the regions, and as we discussed R =R7v 4 R*, Note that since a
redundant (X) region is irrelevant for reconstruction, then DX = DTx =0. Also note that since the
replacement of redundant data does not affect the U region, the minimization of the above cost
function is equivalent to minimizing

J=RX+RT 4+ D™ (13.16)

i.e., it is equivalent to minimize rate in the X region and to make it RD-efficient at transitions.

True optimality is a very ambitious goal. The alternatives are too many to consider: layers can be
resized or further processed and there are too many compression options, ranging from the transform
type, through the wavelet type, to the choice of quantizers and entropy coders, etc. It is impractical to
optimize the redundant data without fixing all these compression parameters; however there is a good
compromise with a practical solution which aims to work well across a wide range of applications [8].

In order to minimize Equation (13.16), it seems to be reasonable to apply smooth (flat) data to the
redundant region. That would definitely reduce R¥ to its virtual minimum. The question is what to do
with the transitions, i.e., how to minimize RT + ADT. If we would do that blindly, the best intuitive
solution is to make the transition as smooth as possible. Smooth patterns tend to produce less bits
and cause less distortion in most popular image coders.

The problem is to generate smooth transitions. Figure 13.10 is an illustration of a 1D signal
(a) which is masked using the mask in (b) yielding the signal in (c), where the redundant area was
replaced by a constant value. If we simply filter the signal in Figure 13.10c, we obtain the signal in
(d). After applying the mask, assuming we do not touch the useful region, the reconstructed signal is
as shown in Figure 13.10e. Note that there still exist a discontinuity, which is caused by the symmetry
of the filtering process around the edge. A good solution is to use a segmented filtering [8], where
filter weights are exaggerated for pixels in the useful region of the layer. In 1D,

X bk, m) x(n + k)

y(n)
>y htk.m)

(13.17)
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FIGURE 13.10 1D example: (a) Signal; (b) mask; (c) masked layer; (d) filtered version of (c); and (e) masked
filtered layer.
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FIGURE 13.11 Segmented filtering for the 1D example for different M and for two windows.

where £ is a time-varying filter of 2L 4 1 taps. Its weights are dependent on the mask values m(n) as

1 if m(n+k) =0

hik,n) = {Mf(k) +1 ifmn+k) =1

(13.18)

where f(k) is a filter window such as Hamming to de-emphasize distant pixels within the useful
region. The result of applying the segmented filter is shown in Figure 13.11 for L = 16, by varying
M and for a rectangular (uniform) and for a Hamming window. Note how the discontinuity is largely
decreased. The case M =0 is equivalent to a straight averaging filter without any emphasis. This
filtering is very easy to implement. For uniform windows, like the averaging filter case, complexity
is virtually independent of window size, and very large filters are easily implemented.
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FIGURE 13.12 Top: an example block mask and respective labels for layer pixels. Bottom: two further stages
of the iterative spatial domain block-filling algorithm. Shaded pixels are the X pixels that are replaced at each
stage by the NSEW neighbor average, thus being relabeled as a U pixel.

This approach assumes a generic coder. If the coder is known, there are ways to further optimize
the data-filling process. One example is the method used by DjVu in which the wavelet transform
is known and a set of interactive projections are made in order to approach a stable and efficient
solution slowly.

Other solutions exist for JPEG and operate over small 8 x 8 blocks. As in the general method,
the preprocessor receives an input block and, by inspecting the binary mask, labels the input block
pixels as useful (U) or “don’t care” (X).

The spatial domain algorithm is relatively simple and inexpensive [8]. If there are 64 X-marked
pixels, the block is unused and we output a flat block whose pixels are the average of the previous
block (because of JPEG’s DC DPCM). If there are no X-marked pixels, the input block is output-
untouched. If there is a mix of U- and X-marked pixels, we follow a multipass algorithm. In each
pass, X pixels that have at least one U pixel as a horizontal or vertical neighbor (i.e., in the N4 or
NSEW neighborhood as indicated in Figure 13.12) are replaced by the average of those neighbors as
illustrated in Figure 13.12. In the next pass, those pixels that were replaced are marked U for the next
pass. Figure 13.12 illustrates two steps, while the process is continued until there are no X pixels left
in the block. The aim of the algorithm is to replace the unused parts of a block with data that will
produce a smooth block based on the existing data in the U-marked pixels. Its disadvantage is that
the X-marked pixels are just influenced by the bordering U pixels, i.e., an internal U pixel does not
affect data filling. This is acceptable for most applications.

There is a more expensive data-filling alternative involving the computation of the DCT [8,9]. This
method consists of the following steps: (1) initialize X pixels in any way, for example, as the average
of the U pixels; (2) transform, quantize, and inverse transform the block, obtaining a new set of pixels
in the block (call them X’ and U’ pixels); (3) replace X pixels by X’ pixels in the original block; and
(4) repeat the transformation and replacement process until convergence is reached. Convergence is
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FIGURE 13.13 Iterative DCT-domain block filling. Top: Block and mask; left: three steps in the DCT domain
algorithm; right: spatial domain method result.

achieved when X’ and X pixels are identical or close within a certain prescribed tolerance. It usually
happens after very few interactions. As an illustration, Figure 13.13 shows an example block, its
respective mask, and the resulting block using DCT domain algorithm. For comparison, a block
resulting from the spatial domain algorithm is also presented.

13.4 A SIMPLE MRC: JPEG+MMR+]JPEG

A simple scheme that can yield good results utilizes a three-layer model and simple, standard coders.
The most important step in an MRC representation is the segmentation which, along with plane
filling, define the MRC plane decomposition. For this simple case, there are efficient segmentation
algorithms and block-filling methods that enable efficient document compression. There are only the
mask, BG, and FG planes. The FG plane should contain the text and graphics colors. The BG plane
should contain the document background and pictorial data. The mask actually should contain the
text and graphics shapes (Figure 13.14 and Figure 13.15).
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favorite 12 this picture of us sboar

= pasted Into thiz letter using some

FIGURE 13.15 Zoomed portions of the MRC-decomposed layers. The fast variance-based block segmentation
method was used along with the spatial block-based data-filling algorithm. It is shown the reconstructed image
along with the BG-mask—FG layers.

The reason to use MRC for compression of compound images is because it is a standard. As a
standard it is intended to employ standard compressors as well. JPEG is the most widely adopted
compression method for color images and is well suited to compress both the FG and BG layers. For
simplicity, one can use MMR to compress the binary plane, although any other binary coder may
be applied. Because of the large number of variables involved, we need to keep the MRC model as
simple as possible and it does not include resizing the layers before compression.

13.4.1 CoMPUTING RATEAND DISTORTION PER BLOCK

JPEG is a block-based compression method. In the case of block-based compression we use block-
based segmentation as well. The image is divided into blocks of 8 x 8 pixels. For the nth 8 x 8
input pixel block {x,(i,j)}, the segmenter generates a binary mask block {m,(i,j)} with the same
dimensions. The data-filling processor generates the layer blocks {L,SFG)(i, )} and {L,SBG)(i, N} The
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FG/BG blocks are compressed and decompressed as {i;FG)(i, j)} and {if,BG)(i, J)}, from which the
block can be reconstructed as

(i) = ma(inj) LFD G, ) + (1 = mu(i, ) LED G, j) (13.19)
The distortion for this block is

Dy =" (i) — (i)’ (13.20)

7
The (estimated) rate for a given block is given as

R, =RE+RM +RY (13.21)

where Rf , RnM ,and Rg are the estimated rates for compressing {LE,BG)(i, N} {mu(, )}, and {L,gFG)(i, N}
respectively. The reason for estimating as opposed to computing the actual rates is because of the
interdependence among blocks. Even though the FG/BG layers are JPEG-compressed, the compres-
sion of the mask plane is not block-based. Binary coders generally rely on run-lengths, or line-by-line
differential positions, or even object properties. Hence, for the mask layer block, it is very difficult (if
not impossible) to accurately determine the amount of bits a single block will generate. Therefore, the
contribution of a single block to the overall rate is not direct and one has to estimate the compressed
rate for a given mask block. Furthermore, blocks in JPEG are not completely independent since
there is a differential encoding of the DC coefficients. Fortunately, the number of bits saved by using
block-to-block DC differential encoding in JPEG is not too significant compared to the overall bit
rate per block. As for the mask, one solution is to estimate the mask rate by counting the number of
horizontal transitions, to which one applies a fixed average penalty (e.g., 7 bits per transition). So,
for a block with N; transitions,

RM = N, * penalty (13.22)

13.4.2 OPTIMIZED THRESHOLDING AS SEGMENTATION

As we discussed, the mask and the input block define the other layers (for fixed filling algorithms
and without spatial scaling). Our goal is to find the best mapping from {x(i, j)} to {m(i, j)}, which will
optimize compression in a rate—distortion (RD) sense. We start by breaking the problem (image) into
8 x 8-pixel blocks {x,(i,j)} and finding the best mapping {x,(i,j)} to {m,(i,)}. Then, for each input
block, there are 264 possible mask blocks. In order to simplify the search algorithm we also impose
restrictions on the quantizer table used to JPEG-compress each block. Not only do we use the same
quantizer table {g(i, j)} for both FG and BG planes, but we also use a scaled version of JPEG’s default
table {g4(i,))} [28] as q(i,j) = Qqq(i,j). This simplification allows us to control rate and distortion as
a function of a single variable Q as opposed to 128 of them. For a given image block {x,(i, )}, using
a particular coding quantizer scale Q, the RD points for this block, i.e., R, and D,, will depend on
{xn(i,/))}, O and on the mask {m,(i,j)}. Here, we want to optimize the segmentation in an RD sense,
i.e., to minimize a block cost function

Jo = Ry + 1Dy, (13.23)

so that A indicates an operating point to control the RD trade-off for the given block. Hence, {m,(i, )}
is a function of A, Q, and of {x,(i, )} of course.

We want to find each block mask m,,(i, j). The simplest model for a compound image is based on
the histogram of the block pixels. Pictorial, background, and text-edge areas should have histograms
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which are dense, flat, and bimodal, respectively. One simple approach is to find the bimodal blocks and
to cluster the pixels around each of its modes. Irrespective of the method is used to perform clustering
or test bimodality, the pixels will be divided by some sort of threshold. In block thresholding, the
mask is found as

my(i,j) = ulty — xp(i,j) — 1) (13.24)

where ¢, is the block’s threshold and u(k) the discrete step function (=1 for £ > 0 and 0 otherwise).
In effect, pixels below the threshold are placed in the BG layer. Since there are 64 pixels in a block,
there are at most 64 different meaningful threshold values, whereby setting #, to be less than the
darkest pixel forces the mask block to be uniform, i.e., all samples imaged from one of the layers.
A 65th threshold value, 7, greater than the brightest pixel, can be ignored since it achieves the same
objective as the first. It has been shown that thresholding yields masks whose performance is among
the best possible among all 294 (R,., D)) pairs [10]. In other words, thresholding is RD-efficient.

The quest is to find the best threshold value ¢, in an RD sense, from which one finds the mask
using Equation (13.24). In a block, there are 64 pixels and therefore only up to 64 threshold values
need to be tested. If we sort the block pixels x,(i,j) into a sequence p(k), for each 1, = p(k), we
evaluate

Ji = Ru(k) + 2Dy (k) (13.25)

where the index k denotes measurements for the kth threshold tested. We recall that A was defined
as a control parameter and is used here as a Lagrange multiplier, and that the computation of R, and
D,, assumed a particular Q. Both A and Q are fixed for all image blocks. This is so, because it is well
known that, for optimality, blocks should operate at the same slope on their RD curves [12], and
because baseline JPEG does not allow for changing quantizer tables within an image. We test all p(k)
in a block and select the index k =k, for the minimum Ji. Then, m,(i, ) is found using Equation
(13.24) for t, = p(ko).

So, we optimize the sequence {f,}, block by block, for fixed external variables A and Q. Note
that the overall R and D are functions of both A and Q, i.e., R(A, Q) and D(A, Q). Given a budget R},
(or Dy), the goal is to minimize

IE\HB DA, Q) or rr)\ng RO, Q) (13.26)

R(ALO)=Ry D(,Q)<Dy

or, equivalently, we are interested in the lower convex hull (LCH) for abounded RD region. The search
of the 2D space can be very expensive. However, there are simplifying circumstances that may reduce
the search. It can be shown that an algorithm that will fulfill Equation (13.26) is as follows [10]:

Select a quantizer scale Q.

For every block, input x,(i, ) and find #, which minimizes J = R(,, Q).

Obtain mask m,, (i, j) for each block using Equation (13.24).

With resulting mask layer in hand, compress FG/BG layers using another scaling factor Q..
Verify overall rate R (or D).

If R (or D) is not within parameters, adjust Q. and go to step 4.

SNk LD =

Let C; denote the complexity (in terms of operations) of JPEG compressing a block. It takes
about 3C; to test one threshold. If, on average, k; thresholds need to be tested per block, the segmenter
complexity per block for the algorithm is C =3k;C;. For predominantly binary images k; is very
small (minimum 2) while for pictures it can be up to 64, i.e., 6C; < C < 192C;y.
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13.4.3 FAST THRESHOLDING

There is, however, a faster and yet efficient technique to obtain #, [10]. The largest complexity in the
RD-optimized algorithm comes from simulating compression of the FG/BG layer blocks in order to
compute an estimation of the overall RD point. We want to avoid those computations as well as the
block-filling operation. As we discussed, segmentation of bimodal blocks is essentially a method of
finding a suitable threshold that would divide the block into two nearly uniform regions. One can
modify the cost function to reflect this property. We also want to add a penalty for mask transitions.
For nonbimodal blocks, the cost should be lower for uniform masks than for nonuniform ones. Once
the block is thresholded into two sets, measures of variance or entropy should be good estimators of
how similar the set members are. We have chosen to use the variance measure not only because the
variance is simpler to compute than the entropy, but it also serves as a good rate estimator. Intuitively,
if a block has low variance, it should be compressed well with a small distortion.

For each block, we sort its pixels in p(k) just like in the RD case. However, we seek to minimize
the following cost function:

J =a1Vpg + Vg + a3N; (13.27)

where «; are the weighting factors, and Vpg and Vi the variances of pixels in the BG and FG layer
blocks. N; is the number of horizontal transitions of the mask block (the first column of the block
uses as reference the last column of the previous mask block, just like in the RD-optimized search
case). For a given threshold, a mask block {m,(i, )} is obtained and we define two sets:

Xp = {xa(i,)) [ mp(i,j) = 1}
Xp = {xa(i.)) | ma(i.j) = 0}

(13.28)

We define ny and np, as the number of pixels in the set Xy and X}, respectively, where obviously
ny + np = 64. Then, variances are computed as

Yx, Xulin)? <Z&%MJ»2
Ve = -

np np

(13.29)

.. )
PR EA N L DWEAN)
Vi = -
ng nf

which can be efficiently implemented. Since thresholds are sorted, as we increment k, we will be
effectively moving pixels from the set X;, to the set Xy. Thus, part of the computation does not
change in each step. First, we set the mask to be all zeros effectively placing the whole block in the
background, which is equivalent to set 7, to be the smallest of x,,(i, j). Then, we set k = 0 and initialize
the following variables:

sp=Y x(ij),  vp=Y_xa(Qj),  np=64 (13.30)
ij ij
sf=vp=n =N =0 (13.31)
We then compute
2 2
Ve = % <&) L (sl> (13.32)
np np ng ng
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FIGURE 13.16 Mask examples for image “compound1” and o3 = 200. From left to right: ¢y =y =1; oy =1
andar =5; a1 =5;and oy, =1

where, if ny or ny, are 0, the corresponding variance is set to 0. Next, we compute Equation (13.27).
As we increase the threshold to the next pixel in the sorted list, we increment k, and the mask changes
so that we need to recompute N;. Some n,, pixels that form a set X, are then moved from X, to X.
Hence, we have to compute s, = pr Xn(i,j) and vy = pr x,%(i, Jj)- Then, we update our variables as

sp=Sptsp, Y= vrv, =t (13.33)
Sp = Sp — Sp, Vp = Vp — Up, np=np —ny (13.34)

and recompute Vpg, Vg, and Ji.. We repeat the process until Xj, is empty. We test all 65 possibilities,
i.e., from X; empty to X, empty in order to make the algorithm symmetric. We select f, = p(k) for
miny (J) and we compute the final mask using Equation (13.24).

The overall computation (in terms of operations) is much more reasonable than the RD-optimized
counterpart. The overall processing has a computational complexity C not superior to simply com-
pressing the block with JPEG once, i.e., C =~ Cj.

As for the weights, without loss of generality, we can normalize one of them (e.g., a1 =1).
The choice of weights is empirical; however there are some few guidelines that we can use for our
advantage. We want to place the complex graphics and pictures in only one of the planes and that
can be done with ay # «. Also, variances are much larger numbers than the number of transitions
(given that pixels range from O to let us say 255). Thus, a3 should be a very large number. In our
experiments, the values of oy =5 and a3 = 200 were efficient for segmentation of images containing
sharp contrasting black-on-white text. Some masks are shown in Figure 13.16 for the cases where
a1 =ap=1,01 =1, and ap =5, and the case o] =5 and «» = 1. Although all cases segment the text
well, the placement of picture blocks differs. It might be advantageous for other reasons touse o1 =1,
ap =5 in order to place the picture along with the background. These values are recommended.

13.4.4 PERFORMANCE

We can compare the MRC performance using the images shown in Figure 13.17. The images range
from purely graphics (graphics) to purely pictorial (baby), with two other mixed images with graphics
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FIGURE 13.17 Test images: “graphics,” “compoundl,” “baby,” and “wine.” The contents range from purely
pictorial to purely graphics images.

(compound1) and pictorial (wine) dominance. Clearly, the more the graphics, the higher the advan-
tage over a single coder such as JPEG. For an image such as “baby,” our MRC approach has the
disadvantage of encoding the overhead of two planes and is expected to be outperformed by JPEG.
We compared the following compressors: (1) MRC with optimized thresholding segmentation and
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FIGURE 13.18 PSNR difference plots compared with the PSNR achieved by JPEG compression. The imag-
inary line at O is the JPEG reference performance. The solid line is for MRC compression using simple
JPEG+MMR+IJPEG and the optimized thresholding segmentation algorithm with Q, = 1; The broken line
is the same but with the fast variance-based thresholding algorithm. The dotted line is for compressing the
whole image using single plane JPEG 2000. Image name is noted for each plot set.

Q4 =1; (2) MRC with a variance-based thresholding and Q4 = 1; (3) single-plane JPEG 2000; and
(4) single-plane JPEG. For the MRC approach, we computed RD curves by varying Q., which are
shown in Figure 13.18. The distortion measure chosen was PSNR [12] and the plots present results
in differential PSNR compared with JPEG, i.e., how many dB improvement would there be if we
replace JPEG by the respective coder (MRC or JPEG 2000).

The PSNR difference against JPEG is extremely large for the graphics case since MRC quickly
approaches the lossless state. The image compound] is one of the best representatives of the target
compound images. In this case, the PSNR difference is a staggering 12 dB over JPEG and several dB
over JPEG 2000. The performance of the variance-based method is very close to that of the RD-based
one, except for pictorial images. As the image becomes purely pictorial, the losses are about or below
1 dB for the RD-based segmentation compared with JPEG. This small loss is a very positive sign:
even if by mistake a pictorial image is to be segmented, smart segmentation can minimize losses.
Apart from MRC approaches, JPEG 2000 serves as an upper bound in single-layer performance.
A comparison between JPEG 2000-based MRC and JPEG 2000 will be carried in the next section.
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FIGURE 13.19 Reconstructed images after compression at 0.45 bpp. Left: MRC compressed, optimized
thresholding segmentation method (PSNR = 37.49 dB). Right: JPEG (PSNR = 25.33 dB).

A sample of reconstructed images for comparison is shown in Figure 13.19. The superior quality
of the MRC-coded image over the JPEG-coded one is easily noticeable in both pictorial and text areas.
The images were compressed to 0.45 bpp before decompression, yielding a 12 dB difference in PSNR.

In another example, the image tested is shown in Figure 13.20. It is a typical compound color
image, with graphics, text, and pictures. After compression at a 70:1 ratio, using JPEG, JPEG 2000,
and MRC, the decompressed images are shown in Figure 13.21 and Figure 13.22. Figure 13.21 shows
pieces of the text region compressed with different methods, while Figure 13.22 shows the same for
a pictorial region. Note that MRC clearly yields better image quality at both regions for the given
compression ratio.

13.5 MRC WITHIN JPEG 2000

JPEG 2000 is a newer compression standard designed to upgrade the original JPEG [31]. Itis based on
wavelet transforms and contextual coding of bit planes, achieving a near state-of-the-art performance
by the time it was devised. The standard contains 12 parts, but only two of them are directly relevant to
us here: parts 1 and 6. In JPEG 2000 part 1, itis defined as the core decoder, i.e., the basic compression
algorithm that everyone needs to support. For example, part 2 contains extensions, while part 3 deals
with motion images, but part 6 is the one directly related to document compression since it defines a
compound image file format. In effect, JPEG 2000 part 6 defines an MRC format within JPEG 2000
[18-24]. While JPEG 2000 core files (implicitly part 1) are known as JP2, those for part 6 are known
as JPM files (M for multilayer). We will refer to JPM as a short for JPEG 2000 part 6 and to JP2 as
a short for the core coder in part 1.
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January 31, 2001

Dear Mom and Dad,

How are both of you doing? I thought [ would drop a line
to say hi. Fanny, little Danny, and I are doing well. As
you can see by the picture, little Danny isn’t quite so little!
Isn’t this letter really great! I took a picture of Danny
that was on a Kodak PhotoCD, and I merged it onto this
letter using my computer. I then printed the letter using

a color inkjet printer I just bought...

Danny’s wearing the gorgeous BL.UE sweater you gave
him last time you were visiting. It just brings out the
RED in his lips and cheeks. He definitely gets his good
looks from his mother!

Take care of yourselves and write soon.

Love,
Michael '

FIGURE 13.20 (See color insert following page 336) Another compound image for testing. Image size is
1400 x 1024 pixels.
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FIGURE 13.21 Enlarged portion of the text region of original and reconstructed images at a compression ratio
of 70:1. Top left: original; top right: JPEG baseline; bottom left: JPEG 2000; and bottom-right: MRC using
JPEG+MMR-+JPEG. Portion size is 256 x 256 pixels.

JPM files allows for multipage documents, where each page can be made of a number of layout
objects. Actually, JPM employs the concept of page collections wherein a number of individual pages
are referenced together. A page collection is in effect a list of pointers to individual pages or to other
page collections. An example is a book, where the main page collection points to the chapters’ page
collections which point to the sections’ page collections which point to the individual pages. The
ordering of pages in the document is defined by the topmost page collection and by those collections
pointed by it.

Each page is imaged following the soft mask multilayer model in Section 13.2.3. It allows for
planes with arbitrary size, resolution, and position, which are properly scaled and positioned before
imaging. It contains a background and N mask+image pairs known as layout objects. Each layout
object contains or assumes a mask and an image layer, e.g., if there is no image associated with the
mask, abase color is specified and used. Each layer can be compressed using one of a number of coders
including JP2, JPEG, JBIG-2, MMR, etc.

JPM inherits several benefits from the JPEG 2000 family such as the file format and the associated
metadata support (e.g., XML). However, since JPM can contain a multipage document, metadata
can be associated to a page or group of pages or even to the constituent MRC image layers. All
references can be self contained within the same JPM file or can be a remote object. Each MRC layer
would contain an URL, an offset, and a length. Note that pages or page collections can be referenced
remotely.
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A

FIGURE 13.22 Enlarged portion of a pictorial region of original and reconstructed images at a compression
ratio of 70:1. Top left: original; top right: JPEG baseline; bottom left: JPEG 2000; and bottom-right: MRC using
JPEG+MMR+IJPEG. Portion size is 256 x 256 pixels.

The description given here of JPEG 2000 part 6 multilayer support is very incomplete and can
be found in much more detail elsewhere.

A successful MRC compression can only be achieved by an efficient segmentation strategy,
as we have discussed. Since JPEG 2000 uses wavelet compression, which has no block structure,
one shall use a general segmentation. Recently, an efficient segmentation for JP2-based MRC has
been proposed [25], which is the follow-up of a block-based method [26]. DjVu [4] has a built-in
segmenter which has been tested in products, typically for very high-compression scenarios. There is
also multilayer products such as Digipaper [15] and LuraDocument [1] which employ general (non-
block-based) segmentation. The goals of a segmentation algorithm can be either to select objects
as to facilitate the image representation, or if compression is the main goal, then one may remove
sharp edges from the FG-BG planes and move them into the masks. A possible strategy is to find
background-contrasting, contiguous, uniform-color objects and move these object shapes onto layout
objects.

13.5.1 JP2-Basep JPM

Even though any of the many coders available can be used to compress each plane, we suggest
using solely JP2 for compression. This is possible because JP2 allows for the compression of either
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FIGURE 13.23 PSNR comparing JPEG 2000 and JPM for image compoundl with an ideal mask. For JPM,
we used JPEG 2000 to compress all three planes.

gray-level or binary images. In order to compress binary images with JP2, one may set the number
of wavelet levels to 0 and the bit depth to 1. This will essentially skip the wavelet transform and
compress the binary data with the context-driven arithmetic coder which is typically used to compress
the wavelet bit plane in JP2. Hence, the mask is lossless-compressed. One might see in the literature,
comments to the effect that the JP2 binary coder has inferior performance than other binary coders
such as MMR and JBIG-2. However, the difference is not constant and is very small. Furthermore,
the mask plane does not spend too many bits in MRC anyway, so that JP2 is a very adequate substitute
for any other binary coder in a JPM context.

We can use a three-plane decomposition: FG, BG, and the binary mask. The FG plane will have
the text colors and can be highly compressed with JP2. The BG plane contains the paper background
and pictures and is also compressed with JP2, but under moderate compression. The mask plane
is compressed without loss with JP2, as described above. Thus, only the JP2 compression engine
is needed to compress the JPM file. It is the same for decompression. As an example, if we use
the compound image and mask shown in Figure 13.14, we compressed the image using JP2-based
JPM, obtaining the RD curves shown in Figure 13.23. We also compared JPM with JP2 single-plane
compression. Note the large disparity between JP2 and JP2-JPM: a staggering PSNR difference,
beyond 10 dB. JPM is indeed an efficient compound image compression scheme.

13.6 CONCLUSIONS

In this chapter, we tried to provide an overview of predominant techniques for the compression of
raster compound documents. We emphasize the term “raster” since we did not discuss any techniques
for images in vector form. For raster images, the most important technique of all is the MRC model,
mostly because it became an international standard. There are a number of variations to the MRC
model as well as unrelated techniques, many of them attaining a very good performance. Nevertheless
the MRC model is the predominant technique not only because it is already a standard, but also because
it achieves very good RD performance.

The main backdraw of MRC (as well as any mixed mode compressor) is the need for reliable
segmentation. We have shown how to overcome this problem and implement efficient segmentation
for a simple JPEG-MMR-JPEG scheme. This method is block-based and would not work unless



Compressing Compound Documents 349

we use block-based compression for the FG-BG planes. There is ongoing work for MRC-
driven document segmentation for the general case. For the general case, the JPM profile for
JPEG 2000 provides an excellent vehicle for MRC compression (even allowing the JPEG-MMR-
JPEG case). In JPM, documents can be efficiently compressed using only a JP2 engine for all
planes.

Compound documents stress compression techniques. However, the tools we have at our dis-
posal make it quite manageable to compress complex documents to very low bit rates with excellent
quality. That enables a number of applications ranging from archival to web-based document
retrieval.

We caution the reader for the fact that this chapter is merely introductory. We encourage the reader
to seek the references for more detailed discussions and descriptions on MRC and on compound
document compression.
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14.1 INTRODUCTION

It is a fact that medical images are increasingly acquired in digital format. The major imaging modali-
ties include computed tomography (CT), magnetic resonance imaging (MRI), ultra sonography (US),
positron emission tomography (PET), single photon emission computerized tomography (SPECT),
nuclear medicine (NM), digital subtraction angiography (DSA), and digital flurography (DF). All
these techniques have made the view of cross-sections of the human body available, permitted to
navigate inside it and to design novel minimally invasive techniques to investigate many pathologies.
The numeric representation enables new functionalities for both data archiving and processing that
improve health care. The exploitation of image processing techniques in the field of medical imag-
ing represented a breakthrough allowing to manipulate the visual diagnostic information in a novel
perspective. Image analysis and rendering are among the many examples. Feature extraction and
pattern recognition are the basis for the automatic identification and classification of different lesions
(like melanomas, tumors, stenosis) in view of the definition of automatic systems supporting the
formulation of the diagnosis by a human expert. Volume rendering and computer vision techniques
permitted the development of computer-assisted surgery, stereotaxis, and many other image-based
surgical and radiological operations.

The need to daily manipulate large volumes of data rose the issue of compression. The last
two decades have seen an increasing interest for medical image coding. The objective is to reduce
the amount of data to be stored and transmitted while preserving the features diagnosis is based
on. The intrinsic difficulty of this issue when facing the problem with a wide perspective, namely
without referring to a specific imaging modality and disease, led to the general agreement that only
compression techniques allowing to recover the original data without loss (lossless compression)
would be suitable. However, the increasing demand of storage space and bandwidth within the clinical
environment has encouraged the development of /ossy techniques providing a larger compression gain
and thus a more efficient management of the data. Another push came from the picture archiving
and communication systems (PACS) community, envisioning an all digital radiologic environment
in hospitals including acquisition, storage, communication, and display. Image compression enables
fast recovery and transmission over the PACS network. PACS aims at providing a system integration
solution facilitating different activities besides computer-aided diagnosis, like teaching, reviewing of
the patient’s records, and the mining of the information of interest. It is worth mentioning that in these
cases the preservation of the original information is less critical, and a loss due to compression could
in principle be tolerated. Last but not the least, applications like teleradiology would be prevented
without compression. The transmission over wide area networks enclosing low-bandwidth channels
like telephone lines or Integrated Service Digital Networks (ISDN) could hinder the diffusion of this
kind of applications.

As it was easy to expect, this rose a call for a regulation for setting the framework for the actual
exploitation of such techniques in the clinical environment. The manipulation of medical information
indeed implicates many complex legal and regulatory issues, at least as far as the processed data are
supposed to be used for formulating a diagnosis.
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Furthermore, as it is reasonable to expect in any multimedia multiuser framework, the need to
exchange data and share resources, namely to communicate, calls for the definition of standards
establishing a common language and protocol. In the digital signal processing framework, this led
to the JPEG2000 [25] and MPEG4 [27] standards for still images and video, respectively, as well
as MPEG7 [26] and MPEG21 [28] for more semantically related issues, like indexation via content-
based description. Even though such standards address the problem for natural images, some attention
has also been devoted to the particular case of medical images. JPEG2000 Part 10 addresses the issue
of medical data compression, with focus on three-dimensional data distributions [56]. However, no
agreement has yet been reached on the subject, which is still under investigation.

On top of this, with the introduction of digital diagnostic imaging and the increasing use of
computers for clinical applications, the american college of radiologists (ACR) and the national
manufacturers association (NEMA) already in the 1970s recognized the need for a standard method
for transferring images and the associated information among devices manufactured by various ven-
dors. The ACR and NEMA formed a joint committee in 1983 to face the problem. This led to the
development of a standard, which is currently designated as the digital imaging and communica-
tions in medicine (DICOM) standard [2], meant to facilitate the interoperability of medical imaging
equipments. More specifically, it sets forth the set of protocols to be followed by devices claiming
conformance with the standard. This includes the syntax and semantics of the commands and the
associated information that can be exchanged and, for media communication, a file format and a
medical directory structure to facilitate the access to the images and the related information stored on
the interchange media. Of particular interest here is that in its Part PS 3.5 it describes how DICOM
standard is applied to construct and encode the data and the support of a number of standard image
compression techniques. Among these are JPEG-LS and JPEG2000.

The field of medical data compression is challenging and requires the interest and efforts of both
the signal processing and the medical communities.

This chapter is organized as follows. Section 14.2 summarizes the features and functionalities,
which are required for a coding system suitable for the integration in a modern PACS system.
Section 14.3 provides an overview on the state of the art; more specifically, Section 14.3.1 focuses
on 2-D data (e.g., still images), and Section 14.3.2 is devoted to 3-D systems (e.g., volumetric data).
Section 14.4 describes the 3-D encoding/2-D decoding object-based MLZC architecture. Section 14.5
describes the strategies employed for reaching independent object processing while avoiding border
artifacts. Section 14.6 describes the coding techniques that have been used in the MLZC system as
well as their generalization for region-based processing. The performance is discussed in Section 14.7,
and Section 14.8 derives conclusions.

14.2 REQUIREMENTS

In the last decade, new requirements have emerged in the field of compression going beyond the
maximization of the coding gain. Among the most important ones are progressively refinable up to
lossless quality and region of interest (ROI)-based processing. Fast inspection of large volumes of data
requires compression schemes be able to provide a swift access to a low-quality version of the images
and to a given portion of them corresponding to the diagnostically relevant segment. Progressiveness
(or scalability) allows to improve the quality of the recovered information by incrementally decoding
the bitstream. In teleradiology this enables the medical staff to start the diagnosis at a very early stage
of transmission, and to eventually delineate the region of interest to switch to a ROI-based mode.
Two scalability options are possible: by quality and by resolution. In the scalability by quality mode,
the resolution of the image does not change during the decoding process. This means that during
the decoding process the image is initially recovered at full size but with low quality, e.g., different
types of artifacts (depending on the coding algorithm) degrade its appearance. In the scalability by
resolution mode, the encoded information is organized such that a reduced size version of the image
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is recovered at full quality just after the decoding starts; the resolution (size) then increases with the
amount of the decoded information.

Another basic requirement concerns the rate—distortion performance. While both the lossless and
lossy representation are needed to be available on the same bitstream, the system should be designed
such that an optimal rate—distortion behavior is reached for any decoding rate. These features were not
supported by the old JPEG standard, neither was ROI-based processing, making it obsolete. Besides
these general requirements, other domain-specific constraints come into play when restraining to
medical imaging. In this case, lossless capabilities become a must at least as far as the data are
supposed to be used for diagnosis. Of particular interest in the medical imaging field are indeed those
systems that are able to provide lossless performance and fast access to the information of interest,
which translates in ROI-based capability and low computational complexity.

Historically, medical image compression has been investigated by researchers working in the
wider field of image and video coding. As a natural consequence, the technological growth in this
field is in some sense a byproduct of the progresses in the more general framework of natural image
and video coding. As it is reasonable to expect, there is no golden rule: different coding algorithms are
best fit to different types of images and scenarios. However, few global guidelines can be retained.
One is the fact that exploitation of the full data correlation, in general, improves compression.
Accordingly, three-dimensional coding systems are more suitable for the application to volumetric
data, and the integration of some kind of “motion compensation” could lead to better results for
time-varying data, including both image sequences (2-D + time) or volume sequences (3-D + time).
On the other end, the same engines that proved to be the most effective for images and videos are also
the most efficient when applied to medical images, in general. However, depending on the imaging
modality and application, some are more suitable than others to fulfill a certain performance either
in terms of compression factor or, generally, with respect to a desired functionality.

A particularly challenging requirement concerns the so-called visually lossless mode. The goal
is to design a system that allows some form of data compaction without affecting the diagnostic
accuracy. This implies the investigation of issues that go beyond the frontiers of classical signal
processing, and involves different fields like vision sciences (to model the sensitivity of the visual
system) and artificial intelligence (for the exploitation of the semantic a-priori knowledge on the
image content). Even though the investigation of these issues is among the most promising paths
of the current trends in image processing, it is beyond the scope of this chapter and it will not be
discussed further.

14.3 STATE OF THE ART

In what follows, we review some of the most widespread classical coding methods that have been
used to compress multidimensional medical data. Some of them respond better to the requirements
summarized in the previous section while others fit best for some specific domains or applications.
The choice of a radiologic compression scheme results from a complex trade-off between systemic
and clinical requirements. Among the most important ones are image characteristic (resolution,
signal-to-noise ratio, contrast, sharpness, entropy); image use (telemedicine, archiving, teaching,
diagnosis); type of degradation introduced by lossy coding; practical issues like user-friendliness,
real-time processing, and cost of implementation and maintenance.

14.3.1 2-D SySTEMS

A first review of radiologic image compression appeared in 1995 [65]. In their paper, Wong et al.
reviewed some of the techniques for lossless and lossy compression that have been applied to
medical images so far. Among the lossless ones there were differential pulse code modulation
(DPCM) [3], hierarchical interpolation (HINT) [49], bit-plane encoding (BPE) [34], multiplicative
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autoregression (MAR) [32], and difference pyramids (DP) [20]. However, the potential advantages
of lossy techniques are clear, justifying the efforts of many researchers. Among those summarized
in [65] were the 2-D discrete cosine transform (DCT), implemented either block-wise or on the entire
image (e.g., full-frame DCT) [22,68], the lapped orthogonal transform (LOT) [23], and other classical
methods like vector quantization [13] and adaptive predictive coding [33].

Hereafter, we mention some of the most interesting contributions.

14.3.1.1 Lossless Techniques

14.3.1.1.1 Differential Pulse Code Modulation

DPCM is a simple coding method based on prediction in the image domain. The value of the current
pixel is approximated by the linear combination of some neighboring pixels according to some
weighting factors. The prediction error is entropy-coded and transmitted. According to Wong [65],
the compression factors that could be obtained with this technique were in the range 1.5-3, depending
on the entropy coder. The main disadvantage of DPCM is that progressiveness is not allowed because
the image is reconstructed pixel-wise.

14.3.1.1.2 Hierarchical Interpolation

Pyramids have extensively been exploited for data compression in different guises. Basically, subsam-
pling is iterated on progressively lower-resolution versions of the original image up to a predefined
level. The lowest resolution is encoded and transmitted. The lossless representation is obtained
by successively encoding and transmitting the interpolation residuals between subsequent pyramid
levels. This technique has been tested by different researchers. As an example, in the HINT imple-
mentation of Roos et al. [51] the compression ratios ranged from about 1.4 for 12-bit 512 x 512
MR images to 3.4 for 9-bit 512 x 512 angiographic images. This system was also generalized
for 2-D image sequences to investigate the usefulness of exploitation of the temporal dimension.
For interframe decorrelation, different approaches were considered, including extrapolation- and
interpolation-based methods, methods based on local motion estimation, block motion estimation,
and unregistered decorrelation. The test set consisted of sequences of coronary X-ray angiograms,
ventricle angiograms, and liver scintigrams, as well as of a (nonmedical) videoconferencing image
sequence. For the medical image sequences the authors concluded that the interpolation-based meth-
ods were superior to extrapolation-based methods and that the estimation of interframe motion, in
general, was not advantageous [50].

14.3.1.1.3  Bit-Plane Encoding

BPE in the image domain can be seen as a successive approximation quantization that can lead to
a lossless representation. When it is implemented in the image domain, the subsequent bit planes of
the gray-level original image are successively entropy-coded and transmitted. Even though it does
not outperform the other methods considered by Rabbani and Jones [46], the main interest of this
technique is that it enables progressiveness by quality. This method has then been successfully applied
for encoding the subband coefficients in wavelet-based coding, enabling scalability functionalities.

14.3.1.1.4 Multiplicative Autoregression
MAR is based on the assumption that images are locally stationary and as such they can be approx-
imated by a 2-D linear stochastic model [15]. The basic blocks of a MAR encoder are a parameter
estimator, a 2-D MAR predictor, and an entropy coder. A multi-resolution version (MMAR) has also
been elaborated by Kuduvalli [32]. MAR and MMAR techniques have shown to outperform other
methods on some datasets; the main disadvantage is implementation complexity.

More recently, different solutions have been proposed for lossless compression. Among these, the
context-based adaptive lossless image codec (CALIC) [66] proposed by Wu has proved to be the most
effective and, as such, it is often taken as the benchmark for lossless medical image compression.
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14.3.1.1.5 CALIC

The basic principle of CALIC is to use a large number of modeling contexts for both (nonlinear)
adaptive prediction and entropy coding. The problem of context dilution is avoided by decoupling
the prediction and coding phases: CALIC only estimates the expectation of the prediction errors
conditioned on a large number of compound contexts instead of estimating a large number of error
conditional probabilities. Such expectation values are used to correct the prediction of the current
pixel value as obtained from spatial prediction, and the resulting residual is entropy-encoded using
only eight “primary” contexts. These contexts are formed by quantizing a local error energy estimator,
which depends on the local gradients as well as on the noncorrected prediction error. CALIC was
proposed to the ISO/JPEG as a candidate algorithm for the standard [14] and it was able to provide
the lowest lossless rate on six out of seven image classes used as test set (medical, aerial, prepress,
scanned, video, and compound documents). However, the low complexity context-based lossless
image compression algorithm (LOCO-I) of Weinberger [63] was chosen owing to its lower com-
putational cost and competitive performance. The superiority of CALIC with respect to the other
state-of-the-art techniques was further proven in another set of tests described by Clunie [12]. In
particular, it was run on a set of 3679 images including CT, MR, NM, US, 10, CR, and digitized
x-rays (DX) and compared to different compression systems including JPEG-LS [1] and JPEG2000
in lossless mode. Again, results show that CALIC equipped with an arithmetic coder was able to
provide the highest compression rate except for one modality for which JPEG-LS did better. These
results are also consistent with those of Kivijarvi [31] and Deneker [17].

14.3.1.2 Lossy Techniques

Lossy methods implicitly rely on the assumption that a visually lossless regime can be reached which
allows to obtain high coding gains while preserving those features which determine diagnostic accu-
racy. Though, this is still a quite ambitious challenge, which encloses many open issues going beyond
the boundaries of the field of signal processing. The difficulty in identification of the features that are
relevant for the formulation of the diagnosis of a given pathology based on a given imaging modality
is what makes the human intervention unavoidable in the decision process. Systems for automatic
diagnosis are still in their early stages, and are undergoing a vast investigation. If it is difficult to
automatically extract the features, to guantify the amount of degradation, which is acceptable in order
to preserve the diagnostically relevant information is still more ambitious. It is worth to outline that
vision-related issues of both low level (related to stimulus encoding) and higher levels (concerning
perception and even cognitive processes) come into play, which depend on vision-based mechanisms
that are still far from being understood. Last but not the least, the validation of a lossy technique
based on the subjective evaluation by medical experts is quite complex. The number of variables is
large and probably they are not mutually independent. This makes it difficult to design an ad-hoc
psychophysical experiment, where a large number of parameters must be controlled.

The most widespread approach to lossy compression is transform-based coding. Both the DCT
and the discrete wavelet transform (DWT) have been exploited to this end.

14.3.1.3 DCT-Based Techniques

A revisitation of the DCT for compression of different types of medical images is due to Wu and
Tai [68]. A block-based DCT was applied to the image (the block size is 8 x 8 pixels). Then the
resulting subband samples were reordered by assigning all the samples at the same spatial frequency
to disjoint sets. In this way, some kind of subband decomposition was obtained, where the blocks
representing the high-frequency components had, in general, low energy, and were mostly set to
zero after quantization. For the remaining bands, a frequency domain block-wise prediction was
implemented. The residual error was further quantized and eventually entropy-coded. The same
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entropy coding method used by JPEG was adopted. The performance was evaluated on 30 medical
images (US, angiograms, and x-ray) and compared to that of JPEG. The best results were obtained
on the angiographic images, for which the proposed algorithm clearly outperformed JPEG, while the
improvement was more modest for the others.

Another kind of subband decomposition was proposed by Chiu et al. [9] for the compression of
ultrasound images of the liver. The rationale of this approach was in the fact that ultrasound images are
characterized by a pronounced speckle pattern which holds a diagnostic relevance as representative
of the tissue and as such should, in general, be preserved. The set partitioning hierarchical trees
(SPIHT) algorithm proposed by Taubman [60] was chosen as the benchmark for performance.

The low-rate compression of this type of images by SPIHT, in general, produces artifacts that
smooth the speckle pattern and are particularly visible in areas of low contrast. Instead, the authors
proposed an image-adaptive scheme that chooses the best representation for each image region,
according to a predefined cost function. Accordingly, the image would be split either in space (image
domain) or in frequency, or both, such that the “best” basis would be selected for each partition.
The space frequency segmentation (SFS) starts with a large set of basis and an associated set of
quantizers, and then uses a fast tree-pruning algorithm to select the best combination according
to a given rate—distortion criterion. In this work, however, only the lossy regime was allowed and
tested. The proposed SFS scheme outperformed SPIHT over a wide range of bit rates and, as an
important factor in this framework, this held true for both the objective (PSNR) and subjective quality
assessment. The set of experiments performed by the authors for the investigation of the degradation
of the diagnostically relevant information can only be considered as an indication. However, its
importance is in the fact that it strengthened the point that the amount and type of distortion that
could be tolerated depends hardly on the image features, and thus on both the imaging modality
and the disease under investigation. This was also clearly pointed out by Cosman et al. in [13]. The
amount of degradation that could be tolerated on medical images depends on the degree to which
it would affect the subsequent formulation of a diagnosis. Noteworthy, in their paper the authors
also outline that neither pixel-wise measures (like the PSNR) nor receiver operating curves (ROCs)
would be suitable, the latter because the ROC analysis is only amenable for binary tasks, while
a much more complex decisional process is generally involved in the examination of a medical
image.

The key for combining high-coding efficiency with lossless performance is scalability. Allowing
a progressively refinable up to lossless representation, systems featuring scalability functionalities
are flexible tools that are able to adapt to the current user requests. The critical point is that for an
embedded coding algorithm to be competitive with a nonembedded one in terms of rate and distortion,
a quite effective coding strategy for the significance map must be devised. This has determined the
success of the wavelet transform in the field of compression, since the resulting subband structure is
such that both intraband and interband relationships among coefficients can be profitably exploited to
the purpose. More generally, wavelets are particularly advantageous because they are able to respond
to all the requirements summarized in Section 14.2.

14.3.1.4 Wavelet-Based Techniques

As mentioned in Section 14.2, the demand of the current multimedia clinical framework goes beyond
the maximization of the compression ratio, calling for systems featuring specific functionalities.
The most important ones are progressiveness and ROI-based processing. This has determined the
success of the wavelet-based techniques, which can be implemented preserving the specificity of the
input data (mapping integer to integer values) while being well suitable for region-based processing.
Furthermore, the nonlinear approximation properties of wavelets inspired the design of an effective
coding strategy, which has become the most widespread in the field of data compression: the Shapiro’s
embedded zerotree wavelet (EZW) based coding algorithm [53].
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14.3.1.4.1 Embedded Zerotree Wavelet-Based Coding
The EZW [53] is the ancestor of a large number of algorithms that were successively devised with the
purpose of improving its performance and adapting to particular data structures and applications.
The basic idea is to exploit the correlation among the wavelet coefficients in different subbands
with the same orientation through the definition of parent—children relationships. The core hypoth-
esis (zerotree hypothesis) is to assume that if a wavelet coefficient w at a certain scale is below a
given threshold 7, then all its descendants (the coefficients in subbands at the analogous position,
finer resolution, and same orientation) are also insignificant. Scalability is obtained by following a
successive approximation quantization (SAQ) scheme, which translates into bit-plane encoding. The
significance of the wavelet coefficients with respect to a monotonically decreasing set of thresholds
is encoded into a corresponding set of significance maps in a two-steps process. The generated set of
symbols is entropy coded by an arithmetic coder. The compression efficiency is due to the gathering
of the (in)significance information of a set of wavelet coefficients forming a tree into a unique symbol
afferent to the root (the ancestor).

Among the most relevant evolutions of the EZW is the SPIHT [52] algorithm introduced by Said
and Pearlman.

14.3.1.4.2 SPIHT

Grounded on the same underlying stochastic model, SPIHT relies on a different policy for partitioning
and sorting the trees for encoding. The basic steps of the SPIHT algorithm are partial ordering by
magnitude of the wavelet coefficients; set partitioning into hierarchical trees (according to their
significance); and ordered bit-plane encoding of the refinement bits. During the sorting pass, the data
are organized into hierarchical sets based on the significance of the ancestor, the immediate offspring
nodes, and the remaining nodes. Accordingly, three lists are defined and progressively updated during
the “sorting pass”: the list of insignificant pixels (LIP), the list of insignificant sets (LIS), and the list
of significant pixels (LSP). During the “refinement pass” the value of the significant coefficients (i.e.,
those belonging to the LSP) is updated to the current quantization level. The SPIHT algorithm, in
general, outperforms EZW at the expenses of an increased complexity. Both of them are often used
as the benchmark for compression performance, in both the lossless and lossy modes.

The proven efficiency of these coding methods has pushed some researchers to use them in com-
bination with subband decompositions resulting from the application of different families of linear
or nonlinear filters, leading to a large set of algorithms.

It is worth pointing out here that the lack of a common database to be used for testing the
performance of the different algorithms is one of the main bottlenecks for their comparison and
classification. Some efforts in this direction are nowadays spontaneously done by the researchers
in the data compression community, which is particularly important in view of the definition of a
standard for multidimensional medical data compression. Here we summarize some of the more
relevant contributions to draw a picture of the state-of-the-art scenario.

Gruter [21], applies the EZW coding principle to a subband structure issued from a so-called
rank-order polynomial subband decomposition (ROPD) to a x-ray and a heart US images. Basically,
the images are decomposed into a “lower” and a “higher” frequency subbands. The “approximation”
subband is obtained by simply subsampling the image, while the “detail” subband represents the
residual after rank-order polynomial prediction of the original samples. By an ad hoc definition of
the prediction polynomials in vector form, both numerical and morphological (nonlinear) filters could
be modeled. The ROPD algorithm was tested in both the lossless and lossy modes and compared
to SPIHT, JPEG lossless, a previous version of the algorithm only using morphological filters [19]
(morphological subband decomposition, MSD), and a codec based on wavelet/trellis-coded quanti-
zation (WTCQ) [36]. ROPD slightly outperformed SPIHT in terms of compression ratio, whereas a
more sensible improvement was observed with respect to the other algorithms. This holds for all the
images of the test set (two MRI images of a head scan and one x-ray of the pelvis). The interest of this
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work is mostly in the adaptation of the algorithm for ROI-based coding. In this case, a shape-adaptive
nonlinear decomposition [19] was applied to the region of interest of a typical heart ultrasound image,
which was then losslessly coded.

A solution for coding coronary angiographic images was proposed by Munteanu [42]. This
wavelet-based algorithm reached both lossless and scalability by quality functionalities. The wavelet
transform was implemented via the lifting steps scheme in the integer version [7] to enable the lossless
performance. The strategy followed for coding only exploited intraband dependencies. The authors
proved that if the zerotree hypothesis holds, the number of symbols used to code the zero regions with
a fixed-size, block-based method is lower than the number of zerotree symbols that would be required
following a EZW-like approach, for block sizes confined to some theoretical bounds. Basically, the
wavelet image was partitioned into a lattice of squares of width v (v =4 in their implementation). A
starting threshold value was assigned to every square of every subband as the maximum power of two
below the maximum absolute value of the coefficients in the square, and the maximum of the series
of the starting threshold values Ty« was retained. The subbands were then scanned in raster order,
as well as the squares within the subbands, to record the significance of the coefficients according to
a decreasing set of thresholds ranging from Tp,x to zero. The generated set of symbols was encoded
using a high-order arithmetic coder. This coding strategy implies an ordering of the coefficients
according to their magnitude, enabling scalability functionalities. Such an order can be modified for
providing the algorithm region-based processing. After determining the correspondence between a
spatial region and the corresponding set of squares, ROI-based coding could be reached by grouping
such squares into a logical entity and attributing them the highest priority during the coding process.
The algorithm was also tested in the case v =1 for the sake of comparison. The performance was
compared to that provided by a number of other methods including CALIC, lossless JPEG, EZW, and
SPIHT. Both the wavelet-based coders were implemented on a subband structure issued by integer
lifting. The results showed that the proposed algorithm outperformed the others with the exception
of CALIC, which gave very close lossless rates.

14.3.1.4.3 ROI-Based Coding

The most effective wavelet-based coding methods have also been generalized for region of interest
processing. Menegaz et al. [39—41], proposed an extension of the EZW algorithm for object process-
ing. Among the main features of such an approach are the finely graded up-to-lossless representation
of any object and the absence of discontinuities along the object’s borders at any decoding quality.

Penedo et al. [44], provide a ROI-based version of SPIHT (OB-SPIHT) and of a similar algorithm,
the set partitioning embedded block coding (SPECK) by Islam and Pearlman [24] (OB-SPECK).

The dataset consisted in this case of mammographies digitized at 12 bits/pixel over
4096 x 5120 pixels. The region of interest was first segmented and then transformed by a region-based
DWT [4]. The shape of the region of interest was encoded by a two-link shape-coding method [35].
OB-SPIHT and OB-SPECK were obtained by simply pruning the tree branches falling outside of
the objects. The performance was compared to that of SPIHT and JPEG2000 when applied to the
entire image in order to quantify the rate saving provided by region-based processing. A pseudo-
region-based mode was also obtained by running these two reference algorithms on the images with
the background pixels set to zero. Results showed that OB-SPIHT and OB-SPECK perform quite
similarly and that focusing on the region of interest improves the efficiency of the coding system, as
it was reasonable to expect.

To conclude this section, we would like to summarize the main insights that can be drawn
from the results of the research effort in this field. First, the lack of a common reference database
of images representing different imaging modalities and pathologies impedes a clear classification
of the many proposed algorithms. Second, only the algorithms featuring lossless functionalities
are suitable in wide sense, allowing to recover the original information without loss. Lossy tech-
niques could be adopted for specific applications, like education or postdiagnosis archiving. Whether
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lossy compression affects the diagnostically important image features is a difficult issue that still
remains open.

14.3.2 3-D SySTEMS

Most of the current medical imaging techniques produce three-dimensional data. Some of them are
intrinsically volumetric, like MRI, CT, PET, and 3-D ultrasound, while others describe the temporal
evolution of a dynamic phenomenon as a sequence of 2-D images or 3-D volumes. The huge amount
of data generated every day in the clinical environment has triggered considerable research in the
field of volumetric data compression for their efficient storage and transmission. The basic idea is
to take advantage of the correlation among the data samples in the multidimensional space (3-D or
4-D) to improve compression efficiency. The most widespread approach combines a multidimensional
decorrelating transform with some generalization of a coding algorithm that has proved to be effective
in 2-D. Here we constrain to still images and volumes.

The design of a coding scheme results from the trade-off among the cost functions derived from
a set of requirements. Among these are optimal rate—distortion performance over the entire set of bit
rates as well as progressiveness capabilities, either by quality or by resolution. Besides these general
requirements, which apply to any coding framework, there are some domain-specific constraint that
must be fulfilled. In the case of medical imaging, lossless functionalities are a must. It is thus desirable
that the type of chosen scalability will end up with a lossless representation.

Many solutions have been proposed so far. As was the case in 2-D, both the DCT and the DWT have
been used for data decorrelation. The main problem with non-DWT-based schemes is that they hardly
cope with the requirements mentioned above, which make them unsuitable despite in some cases
they provide a good rate—distortion performance, eventually outperforming the DWT-based ones.

Among the wavelet-based methods, the most relevant ones all described hereafter.

14.3.2.1 3-D Set Partitioning Hierarchical Trees

Kim and Pearlman [29], applied the 3-D version of the SPIHT algorithm to volumetric medical
data. The wavelet transform was implemented in its integer version and different filters were tested.
The decomposition was performed first along the z-axis and then the x and y spatial dimensions
were processed. The system was tested on five datasets including MR (chest, liver, and head) and
CT (skull). The results were compared to those provided by 3-D EZW as well as to those of some
two-dimensional techniques including CALIC for the lossless mode. The lossless rates provided by
3-D SPIHT have been improved up to about the 30-38% of those of the 2-D methods, and slightly
outperformed 3-D EZW on almost all the test sets.

A similar approach was followed by Xiong et al. [69] where the problem of context modeling
for efficient entropy coding was addressed. This algorithm provided a slightly higher coding gain
than 3-D SPIHT on the MR chest set. Noteworthy, since it has often been used as the benchmark for
performance evaluation of 3-D systems, the 3-D EZW algorithm has been tested by many researchers.
Among the numerous contributions are those of Bilgin et al. [S] Menegaz et al. [39,41], Chan et al. [8],
Tai et al. [58], and Wu et al. [67].

An extended study of the possible architectures is presented by Shelkens et al. [57], where the
authors provide a comparative analysis of different 3-D wavelet coding systems. After a brief overview
of the more interesting state-of-the-art techniques, they propose and compare different architectures.
They developed new hybrid systems by combining the most effective methods, namely quadtrees,
block-based entropy coding, layered zero coding (LZC), and context-adaptive arithmetic coding.
The wavelet-based coding systems they proposed are the 3-D extensions of the square partitioning
(SQP) [43], the quadtree limited (QT-L), and the embedded block coding (EBCOT) [59]. More
specifically, the cube-splitting (CS) algorithm is based on quadtrees [54], the 3-D quadtree limited
(3-D QT-L) combines the use of quadtrees with block-based coding of the significance map [42] and
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3-D CS-EBCOT [55] integrates both the CS and the layered zero-coding strategies. All the wavelet-
based systems share the same implementation of the DWT via integer lifting and different filters, and
decomposition depths were allowed along the three axis. The benchmarks for performance were a
JPEG-like 3-D DCT-based coding scheme (JPEG 3-D), 3-D SPIHT, and another 3-D subband-based
set partitioning block coding (SB-SPECK) method proposed by Wheeler [64].

14.3.2.2 Cube Splitting

The Cube Splitting algorithm was derived as the generalization for 3-D data of the SQP method of
Munteanu [43]. As it is the case for the nested quadtree splitting (NQS) [11] and the SB-SPECK,
the same coding principle of EZW and SPIHT, consisting of a “primary” or “significance” pass and
a “refinement” pass, is applied to a subband structure. Intraband instead of interband relationships
are exploited for coding. Instead of using quadtrees, the subbands are split into squares. Follow-
ing the SAQ policy, the significance of each square with respect to a set of decreasing thresholds
is progressively established by an ad hoc operator. If the block is significant with respect to the
current threshold, it is further split in four squares over which the test for significance is repeated.
The procedure is iterated until the significance of the leaf nodes is isolated. Thus, the significance
pass selects all the leafs that have become significant in the current pass. Then, the refinement
pass for the significant leaf nodes is performed. Next, the significance pass is restarted to update
the entire quadtree structure by identifying the new significant leaf nodes. In the SQP coder, the
significance, refinement, and sign information were encoded by adaptive arithmetic coding. The
generalization for 3-D is straightforward. The resulting CS coder aims at isolating small subcubes
possibly containing significant wavelet coefficients. The same coding algorithm as for SQP is applied
to oct-trees. A context-adaptive arithmetic coder is used for entropy coding employing four and two
context models for the significance and refinement passes, respectively. Moreover, the 3-D data
are organized into group of frames (GOFs) consisting of either 8, 16, and 32 slices to improve the
accessibility.

14.3.2.3 3-D Quadtree Limited

This method is similar to the SQP and CS coders described in the previous section, the main difference
being that in this case, the size of the blocks is upper-bounded. When the size of the corresponding area
reaches a predefined minimum value, the partitioning is stopped and the subband samples are entropy-
coded. A second difference is that the order of encoding of the coefficients that are nonsignificant
in the current pass is partially altered by introducing another coding stage called “insignificance
pass” [57]. The coefficients classified as nonsignificant during the significance pass are appended to
alist named list of nonsignificant coefficients (LNC), and are coded at first at the beginning of the next
significance step. The authors motivate this choice by considering that the coefficients in the LNC
lie in the neighborhood of others that were already found to be significant during one of the previous
passes (including the current one), and as such have an high probability to become significant in the
next coding steps. The significance and refinement passes of the other coefficients follow. Finally, an
extended set of contexts is used for both conditioning and entropy coding.

14.3.2.4 CS-Embedded Block Coding (CS-EBCOT)

The EBCOT coder proposed by Taubman [59] is a block-based coding strategy, which have become
quite popular as the one chosen for the new JPEG2000 standard. Coding of the subband coefficients
consists of two steps. During the first one, usually referred to as Tier I (T1), the subbands are
partitioned into blocks and each block is entropy-coded according to the LZC technique [60]. Thus
each block is associated to an embedded bitstream featuring scalability by quality. The second coding
step, Tier 2 (T2), aims at identifying a set of truncation points of each block such that a given global
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rate—distortion function is optimized. The T1 pass is articulated in a “significance propagation,” a
“magnitude refinement,” and a “normalization” pass. During the first one, the coefficients that have
been classified as nonsignificant in all the previous passes and have at least one significant coefficient
in a predefined preferred neighborhood are encoded. The second refines the quantization of the
coefficients that were significant in one of the previous passes. Finally, the third pass processes all
the coefficients that are significant regardless of their preferred neighborhood. On the other end, T2
performs the postcompression rate distortion (PCRD) optimization by searching the truncation point
of every block-wise bitstream in order to reach the minimum distortion for the given rate. We refer
to Taubman [59] for further details. The 3-D CS-EBCOT combines the principles utilized in the CS
coder with a 3-D version of EBCOT.

14.3.2.5 3-D DCT

The 3-D DCT coding scheme represents in some sense the 3-D version of the JPEG standard. The
three-dimensional DCT is performed on cubic blocks of 8 x 8 x 8 voxels. The resulting coefficients
are quantized by a uniform quantizer and scanned for coding along a space-filling 3-D curve. Entropy
coding is implemented by a combination of run-length and arithmetic coding. The DCT-based coder
normally does not provide lossless compression.

Lossy and lossless compression performance was evaluated over five datasets includ-
ing CT (CT1 with 512 x 512 x 100 x 12bpp and CT2 with 512 x 512 x 44 x 12bpp), MRI
(256 x 256 x 200 x 12bpp), PET (128 x 128 x 39 x 15 bpp), and ultrasound images. The conclu-
sions can be summarized as follows. First, the use of the wavelet transform boosts the performance:
3-D systems are advantageous when the interslice spacing is such that a significant correlation exists
between adjacent slices. Second, for lossless coding, CS-EBCOT and 3-D QT-L provide the best
results for all the datasets. Third, in lossy coding, 3-D QTL tends to deliver the best performance
when using the (5/3) kernel [6]. At low rates, CS-EBCOT competes with JPEG2000-3-D. Con-
versely, the 3-D SPIHT would be the best choice in combination with the 9/7 filter, followed closely
by CS and CS-EBCOT. Results show that the three proposed algorithms provide excellent perfor-
mance in lossless mode, and rate—distortion results that are competitive with the reference techniques
(3-D SB-SPECK and JPEG2000-3-D, namely the JPEG2000 encoder incorporating a 3-D wavelet
transform).

In summary, the research in the field of medical image compression led to the common consensus
that 3-D wavelet-based architectures are fruitful for compression as long as the correlation along the
third dimension is sufficiently pronounced. On top of this, the availability of ad-hoc functionalities
like fast access to the data and ROI-based capabilities are critical for the suitability of a given system
for PACS. In the medical imaging field the users tend to give their preference to systems that are
better tailored on their needs eventually sacrificing some gain in compression.

Probably, the major drawbacks of 3-D systems are the decoding delay and the computational com-
plexity. A possible shortcut to the solution of this problem is ROI-based coding. This is particularly
appealing for 3-D data due to the high demand in terms of transmission and storage resources.

14.3.3 3-D ROI-Basep CODING

Different solutions have been proposed so far for 3-D ROI-based coding. Of particular interest
are those of Menegaz et al. [39,40], and Ueno and Pearlman [62]. Besides the strategy used for
entropy coding, the main difference is in the way the region-based transform is implemented. The
different solutions are application-driven and satisfy to different sets of constraints. The system
presented in [62] combines a shape-adaptive DWT with scaling-based ROI coding and 3-D SPIHT
for entropy coding. The dataset is partitioned into group of pictures (GOPs), which are encoded
independently to save run-time memory allocation. The test set consists of a volumetric MR of
the chest (256 x 256 x 64 x 8 bpp). Performance is compared to that obtained with a conventional
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region-based DWT implementation. The advantage of this algorithm is that the number of coefficients
to be encoded for each region is equal to the number of pixels corresponding to the object in the
image domain.

A particularly interesting solution is provided by Menegaz et al. [39,40]. In this case, ROI-based
functionalities are enabled on both 3-D objects and user-defined 2-D images, allowing a fast access
to the information of interest with finely graded granularity. Furthermore, no border artifacts appear
in the image at any decoding rate. The 3-D ROI-based multidimensional LZC (MLZC) technique [40]
is an application-driven architecture. It was developed on the ground of the observation that despite
the availability of advanced rendering techniques, it is still common practice for doctors to analyze 3-D
data distributions one 2-D image at a time. Accordingly, in order to be suitable within PACS, a coding
system must provide a fast access to the single 2-D images. On top of this, the availability of ROI-
based functionalities enables to fasten the access to the portion of image that is crucial for diagnosis,
permitting a prompt response by the experts. The 2-D decoding capabilities were accomplished by
independently encoding each subband image, and making the corresponding information accessible
through the introduction of some special characters (markers) into the bitstream. In this way, once
the user had specified the position of the image of interest along the z-axis, the set of subband
images that were needed for its reconstruction was automatically determined and the concerned
information was decoded. The inverse DWT was performed locally. ROI-based functionality was
integrated by assigning subsequent segments of the bitstream to the different objects, depending on
their priority [38,39]. This led to a versatile and highly efficient coding engine allowing to swiftly
recover any object of any 2-D image of the dataset at a finely graded up to lossless quality. Besides
competitive compression rates and novel application-driven functionalities, the proposed system
enables a pseudo-lossless mode, where the diagnostically relevant parts of the image are represented
without loss, while a lower quality is assumed to be acceptable for the others. The potential of such
an architecture is in the combination of a 3-D transform providing a concise description of the data,
with the possibility to recover single 2-D images by decoding only the part of the bitstream holding
the necessary information. Besides the improvement in the efficiency for accessing the information of
interest, ROI-based processing enables the parallelization of the encoding/decoding of the different
objects. Using the integer version of the wavelet transform, which is necessary for reaching the lossless
mode, makes the algorithm particularly suitable for the implementation on a device. Last but not least,
the analysis of the compression performance shows that the proposed system is competitive with the
others state-of-the-art techniques. It is thus a good compromise between the gain in compression
efficiency provided by 3-D systems and the fast access to the data of 2-D ones. The remaining part
of this chapter is devoted to the description of such a system.

14.3.4 MoDEL-BAsED CODING

To conclude this section, we would like to briefly discuss the new trend for data compression: the
model-based approach. In the perspective of model-based coding, high efficiency can be accom-
plished on the ground of a different notion of redundancy, grounded on semantic. This discloses a
new perspective in the compression philosophy, based on a redefinition of the notion of relevance.
If, in general, the goal of a coding system is to represent the information by reducing the mathemat-
ical or statistical redundancy, the availability of a priori information about the imaged data suggests
a more general approach, where the ultimate goal is to eliminate all kinds of redundancy, either
mathematical or semantical. Following a model-based approach means to focus on semantics instead
of just considering the data as multidimensional matrices of numbers. This philosophy traces back
to the so-called second-generation coding techniques pioneered by Kunt et al. in 1985 [33], and it
has inspired many of the last-generation coding systems, like JPEG2000 [25] for still image coding,
MPEGH4 [27] for video-sequences, and MPEG7 [26] for content-based description of images and
database retrieval.
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Since semantic comes into play, such an approach must be preceded by an image analysis step.
In the general case, the problem of object identification and categorization is ill-posed. However, in
the particular case of medical imaging, the availability of a priori information about both the image
content and the subsequent use of the images simplifies the task. To get a picture of this, just consider
an MRI head scan performed in an oncology division. The object of interest will most probably be
the brain, while the surrounding tissues and the skull could be considered as noninformative for the
investigation under way. The features of the region of interest could then be progressively updated
during the investigation and, for instance, focus on the tumor and the region of the brain that surrounds
it, where the major changes due to the lesion are expected to be. In both cases, it is known a priori
that the object of interest is the brain (or eventually a part of it), located at the center of the image
and with certain shape and textural properties (the latter depending on the type of scan).

In most of the state-of-the-art implementations, the general idea of model-based coding spe-
cializes in region of interest coding. Such regions often correspond to physical objects, like human
organs or specific types of lesions, and are extracted by an ad hoc segmentation of the raw data. Here
we assume that the object of interest is given, and we refer to Duncan and Ayache [18] for a survey on
medical image analysis. According to the guidelines described above, model-based coding consists
in combining classical coding techniques on regions where the original data must be preserved (at
least up to a given extent) with generative models reproducing the visual appearance on the regions
where the lossless constraint can be relaxed.

14.4 3-D/2-D ROI-BASED MLZC: A 3-D ENCODING/2-D DECODING
OBJECT-BASED ARCHITECTURE

The coding algorithm described in this section allows to combine the improvement in compression
performance resulting from a fully 3-D architecture with a swift access to single imaged objects. In
this framework, the qualification of object is used to identify the part of the data which is of interest for
the user. Accordingly, it is used to indicate 3-D sets of voxels in the 3-D ROI-based working mode,
a single 2-D image in the 3-D/2-D working mode and a region of a 2-D image in the ROI-based
3-D/2D working modality (as illustrated in Figure 14.1), respectively. The data are first decorrelated
by a 3-D-DWT and subsequently encoded by an ad hoc coding strategy. The implementation via
the lifting steps scheme proposed by Sweldens [16] is particularly advantageous in this framework.

X

FIGURE 14.1 Volumetric data. We call z the third dimension and assume that the images are the intersections
of the volume with a plan orthogonal to z-axis.
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First, it provides a very simple way of constructing nonlinear wavelet transforms mapping integer-
to-integer values [7]. Second, perfect reconstruction is guaranteed by construction for any type of
signal extension along borders. This greatly simplifies the management of the boundary conditions
underlying the independent object processing with respect to the classical filter-bank implementa-
tion. Third, it is computationally efficient. It can be shown that the lifting steps implementation
asymptotically reduces the computational complexity by a factor of 4 with respect to the classical
filter-bank implementation, as was proved by Reichel et al. [48]. Finally, the transformation can be
implemented in-place, namely progressively updating the values of the original samples, without
allocating auxiliary memory, which is quite important when dealing with large volumes.

The 3-D DWT is followed by SAQ, bit-plane encoding and context-adaptive arithmetic coding.
Some markers are placed in the bitstream to enable random access. Tuning the coding parameters
leads to different working modalities. In particular, 3-D encoding/2-D decoding capabilities are
gained at the expense of a slight degradation in coding gain due to the extra information needed to
enable random access to selected segments of the bitstream. The object-based functionality is reached
by independently encoding the different objects, which can then be decoded at the desired bit rate.
Finally, the working mode featuring both 3-D encoding/2-D decoding and object-based capabilities
is obtained by concatenating one segment of bitstream built according to the rules enabling 2-D
decoding for each object. The price to pay is an additional overhead, which lowers the compression
factor. However, the possibility to focus the decoding process on a specific region of a certain
2-D image allows a very efficient access to the information of interest, which can be recovered at the
desired up-to lossless quality. We believe this is important feature for a coding system meant to be used
for medical applications, which largely compensates for the eventual loss in compression efficiency.

The next sections describe more in detail how the different functionalities are reached. In par-
ticular, Section 14.5 illustrates the object-based processing, Section 14.5.1 comments on the 3-D
analysis/2-D reconstruction working modality and Section 14.6 illustrates the chosen coding strategy
as well as its modifications for reaching to the different working modes.

14.5 OBJECT-BASED PROCESSING

In ROI-based compression systems, the management of objects involves both the transformation and
the coding steps. In the perspective of transformation it brings up a boundary problem. As discrete
signals are nothing but sets of samples, it is straightforward to associate the idea of object to a subset
of samples. The issue of boundary conditions is greatly simplified when the DWT is implemented
by the lifting steps scheme [16]. In this case, perfect reconstruction is ensured by construction, for
any kind of signal extension at the borders. Nevertheless, perfect reconstruction is not the only issue
when dealing with a complete coding system. Our goal was to avoid artifacts along borders in all
working modalities in order to make object-based processing completely transparent with respect
to the unconstrained general case where the signal is processed as a whole. Otherwise stated, we
wanted the images decoded at a given graylevel resolution (i.e., quantization level) to be exactly
the same in the following conditions: (a) the signal is encoded/decoded as a whole and (b) each
object is independently encoded and decoded. The perfect reconstruction condition is not enough
to ensure the absence of artifacts in terms of discontinuities at borders. Since quantized coefficients
are approximations of the true values, any signal extension used to reconstruct two adjacent samples
belonging to different objects (e.g., lying at the opposite sides of a boundary) would generate a
discontinuity. To avoid this, the inverse transform must be performed as if the whole set of true
coefficients were available. The use of the lifting scheme simplifies this task. The analysis and
reconstruction filter-banks for the lifting steps implementation in 1-D case are shown in Figure 14.2.
In the figure, s, and ¢, represent the mth prediction and update steps, respectively, and K a gain factor.
At the output of the analysis chain (Figure 14.2a) the upper branch corresponds to the low-pass (LP)
subband while the lower branch corresponds to the high-pass (HP) subband. The idea is to determine
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the spatial position of the wavelet coefficients in the considered subband at the input of the synthesis
chain (Figure 14.2b) that are necessary to reconstruct a given wavelet coefficient at the output. The
key point of the proposed solution is to start at the finest resolution (I = 1) and select the set of wavelet
coefficients which are needed to reconstruct the object in the signal domain (full resolution, [ =0).
At this point, the problem is solved for [ = 1, or, equivalently, it has been projected to the next coarser
level. Owing to the recursiveness of the implementation of the inverse transform, the approximation
subband of level [ = 1 becomes the reference set of samples that must be reconstructed without loss,
and so on. By going through all the resolutions and successively iterating the procedure as described
for/=1, ...,L— 1, the appropriate set of wavelet coefficients is selected. Such set of coefficients is
called generalized projection (GP) of the object in a given subband and is determined by an ad hoc
GP operator [37]. The 3-D generalization is straightforward. Let GP be the generalized projection
operator, and let GP,, be the set of samples obtained by applying GP in the direction n =x, y, z. The
separability of the transform leads to the following composition rule:

GPy, = GP, {GPy {GP,{-}}} (14.1)

The set of wavelet coefficients to be encoded for each object are those belonging to its generalized
projection.

As illustration, we consider a volumetric set consisting of 256 x 256 x 128 images of a MR brain
scan. It is assumed that the object of interest is the brain, while the surrounding part is the background
(see Figure 14.3). Figure 14.4 illustrates the result of the application of the 3-D GP operator. For
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FIGURE 14.3 Saggital view of the MR of a brain: (a) original image, (b) object of interest, and (c) mask.
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convenience, we define border voxels BP(l,j), the samples belonging to the GP and nof to the object
projection (OP):

BP = GP & (GP N OP) (14.2)

For increasing levels of decomposition, the percentage of object voxels remains constant (being the
outcome of the polyphase transform), while the percentage of border voxels increases. Figure 14.5
represents the percentage of object and border voxels as a function of a linear index obtained as
i=(l—1) x 7+. The percentage of voxels corresponding to the GP(!, j) in the different subbands
increases with both the decomposition level and the length of the filter impulse response. It reaches
65% for the 9/7 and 25% for the 5/3 filter, on average, for L =4. In the approximation subband the
percentage of object voxels is 13.3%, while that of the border voxels amounts to the 19% and the
60.59% for the 5/3 and 9/7 filters, respectively.

FIGURE 14.4 Three-dimensional GP of the brain for /=1, ... ,4, j=1 (LLH subband); L =4 and the 5/3
filter was used. White voxels identify O(/,j), while gray voxels represent the border extension.
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FIGURE 14.5 Percentage of object and border voxels across the subbands. Subband (/, ) corresponds to the
index i = (I — 1) x 7+ . Continuous line: OP; dash-dot line: 5/3 filter; dashed line: 9/7 filter.
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TABLE 14.1

Total Number of Subband Images to Decode for Reconstructing Image
k for L=3

Ni/k 0 1 2 3 4 5 6 7
5/3 34 46 49 46 42 46 42 46
9/7 58 139 111 161 82 147 111 139

14.5.1 3-D ANALYSIS VS. 2-D RECONSTRUCTION

In the 3-D system, filtering is successively performed along the x,y, and z directions. We assume
that the 2-D images are stacked along the z-axis. Then, the positions of the wavelet coefficients
corresponding to GP(l,j) in subband (/,;) in the 1-D case are mapped to the positions of the subband
images along the z-axis in the 3-D case. More precisely, GP(I, )i identifies the z-coordinates of all
the images in subband (/, j) that are necessary to recover the image with index k. In this case, the
index j selects either LP (j=a) or HP (j =d) filtering along z. The total number Ny of subband
images needed for the reconstruction of the image of index k is given by [41]

Ny =4[GP(L,a); + GP(L,d)i]

1
+ > B x GP(La) +4 x GP(Ld)] (14.3)
I=L—1

Table 14.1 shows the values for N; for the 5/3 and the 9/7 filters. When using the 5/3 filter, the
number of subband images needed is between 1/2 and 1/3 of those required when using the 9/7 filter,
depending on k. Accordingly, the 5/3 filter allows a faster reconstruction of the image of interest,
thus it is preferable when the fast access to the data is required.

14.6 MULTIDIMENSIONAL LAYERED ZERO CODING

MLZC is based on the LZC algorithm proposed by Taubman and Zakhor [60]. The main differences
between LZC and the proposed MLZC algorithm concern the underlying subband structure and the
definition of the conditioning terms. This section starts with an overview of the basic principles of
the LZC method and then details the proposed system. Particularly, we first summarize the basics of
LZC and then introduce the MLZC coding principle.

14.6.1 LAYERED ZerRO CODING

In the LZC approach, each subband is quantized and encoded in a sequence of N quantization
layers, following the SAQ policy, which provides scalability by quality features. The LZC method
is based on the observation that the most frequent symbol produced by the quantizers is the zero
symbol, and achieves high efficiency by splitting the encoding phase in two successive steps: zero
coding, which encodes a symbol representing the significance of the considered coefficients with
respect to the current quantizer and magnitude refinement, which generates and encodes a symbol
defining the value of each nonzero symbol. Zero coding exploits some spatial or other dependencies
among subband samples by providing such information to a context-adaptive arithmetic coder [45].
Different solutions are possible for the definition of the conditioning terms, accounting for both local
and wide-scale neighborhoods. We refer to [60] for more details.
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14.6.2 MLZC CoDING PRINCIPLE

MLZC applies the same quantization and entropy coding policy as LZC to a 3-D subband structure.
In order to illustrate how the spatial and interband relationships are exploited, we use the concepts
of generalized neighborhood and significance state of a given coefficient. We define generalized
neighborhood of a subband sample c(/, j, k) in subband j of level / and position k the set GN(/, ], k)
consisting of both the coefficients in a given spatial neighborhood N(/, j, k) and the parent coefficient
c(l+1,7,K’) in the same subband at the next coarser scale, where k' = |k/2]:

GN(l,j,k) = N(,j,k) Uc(l + 1,j,K) (14.4)

The MLZC scheme uses the significance state of the samples belonging to a generalized neighborhood
of the coefficient to be coded for conditioning the arithmetic coding [61].

For each quantization level Q;, the significance state of each coefficient is determined by scanning
the subbands starting from the lowest resolution. For the resulting symbol, two coding modes are
possible: significance and refinement mode. The significance mode is used for samples that were
nonsignificant during all the previous scans, whether they are significant or not with respect to the
current threshold. For the other coefficients, the refinement mode is used. The significance mode is
used to encode the significance map. The underlying model consists in assuming that if a coefficient is
lower than a certain threshold, it is reasonable to expect both its spatial neighbors and its descendants
are below a corresponding threshold as well.

The significance map consists of the sequence of symbols

1 if Qilx(k)] # 0
ailk] = {0 otherwise (14.5)
where k = n,i + nyj + n,q defines the position of the considered sample and the Q, operator quantizes
x(k) with step Q;. In what follows, we call local scale neighborhood of a coefficient c(/,j, k) in
subband (/, j) and position k the set of coefficients lying in the spatial neighborhood N(/,j, k). Then,
we will refer to the sequence of symbols resulting from the application of Q; to the set c(/,j, k)
as to o;[/,j,k]. The significance state of the samples in the generalized neighborhood of c¢(/,j, k)
is represented by some conditioning terms x(-). The local-scale conditioning terms x*(-) concern

spatial neighborhoods while interband terms Xif (+) account for interband dependencies:

, 1L, K1+ ¥ [Lj,kl forl #L
x[L.j. k] = _ (14.6)
X1, K] forl =L

14.6.3 SpaTiAL CONDITIONING

The x°[/,j, K] are defined as linear combinations of functions representing the significance state of
one or more samples in N(/,j, K)

P—1
©11,j, K] = Z wyoll,j, k'l VK € N (14.7)
p=0

where p =p(k’). The weights w, =2” are such that each term of the summation contributes to the
value of the pth bitplane of x°[l,j, k], P is the bit depth of x*[/,j, k], and o is the distribution of the
sequence of symbols o(l,j, k) generated by quantizer Q;.

The set of local-scale 2-D contexts that were considered are illustrated in Figure 14.6. Contexts
numbered from 1 to 5 only account for coefficients that have already been encoded in the current step,
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while those with label 6 to 8 also use samples that will be successively encoded in the current step,
so that their significance state refers to the previous scan. The grouping of o may become necessary
for avoiding context dilution when dealing with local-space neighborhoods of wide support. This
sets an upper limit on the number of possible contexts. The 3-D local-scale conditioning terms were
obtained by extending the set of the M most effective 2-D contexts to the third dimension. The support
N(l,j,Kk) of each selected 2-D context was extended to the adjacent subband images as illustrated in
Figure 14.7. According to our notations, the subband image with index (v — 1) is scanned before that
with index v, making the significance state of the corresponding samples with respect to the current
quantization level available for its encoding. Conversely, only the significance state relative to the
previous scan is known for the subband image of index (v + 1). Since we expect a more pronounced
correlation among the significance states of adjacent samples within the same scan, we decided to give
more degrees of freedom to the extension of the interscale conditioning term in the previous (v — 1)
than the next (v+ 1) subband images. Particularly, for (v — 1), two possible configurations were
tested, as illustrated in Figure 14.7. The name associated with each context is in the form (nyn,n3),
where the indexes identify the 2-D context in the previous (v — 1), current (v) and next (v + 1) layer,
respectively. The case n1, n3 = 0 reveals that no samples were considered in the corresponding layer.
Results show that the spatial contexts leading to the best performance correspond to n, =6,7,8.
Their 3-D extension leads to the triplets (nin,n3) with ny =1,2,3 and n3 =0, 1. As an example, the
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FIGURE 14.6 2-D contexts.
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FIGURE 14.7 Extension of the spatial support in the previous (v — 1) and the next (v + 1) subband images.
Squares with same pattern represent voxels whose significance states are combined in the definition of the
corresponding x*[1,j,K].
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triplet (161) selects the 3-D context for which the 2-D spatial configuration in the current layer (v) is
the one labeled as number 6 in Figure 14.6, and the samples with same coordinates are used in both
the previous (v + 1) and subsequent (v — 1) layers (i.e., the leftmost configuration in Figure 14.7).

14.6.4 INTERBAND CONDITIONING

The observed self-similarity among subbands within the subband tree makes the parent c¢(/ + 1,7, k")
of the current coefficient c(/, j, k) the most natural candidate for interband conditioning. Accordingly,
the expression for the interband conditioning term is

X [LJ, K] = wpyeoll + 1,7, K] (14.8)
where wpy,, = 2PM8 is the weight needed to set the MSB of the global context
xLj Kl = 1Lk + X 1Lj k] VI#L (14.9)

This rule does not apply to the coarsest subbands for which no parents can be identified. In this case,
only the local-space contribution is used.

14.6.5 BITSTREAM SYNTAX

The ability to access any 2-D image of the set constrains the bitstream structure. In all the modes
(G-PROG, LPL-PROG, and LPL), the subbands are scanned starting from coarsest resolution. The
signal approximation LLL;—; is encoded first, and all the subbands at level (/ + 1) are processed
before any subband at the next finer level /. What makes the difference among the considered working
modalities are the order of encoding of the subband images and the placement of the markers. We
describe them in what follows.

An illustration of the bitstream structure of a given 3-D subband in the different modes is given
in Figure 14.8. In the figure, H is the bitstream header, L} is the encoded information corresponding
to the ith bitplane of layer v, [ is the bit depth and N the number of layers. The placement of the
markers within the bitstream and the ordering of the segments L} determine the working mode, as
described hereafter.

14.6.5.1 Global Progressive (G-PROG)

The scanning order follows the decomposition level: all subbands at level / + 1 are scanned before
passing to the next finer level /. During the ith quantization step, the quantizer Q; is applied to each
image of each subband. This enables the scalability by quality functionality on the volume, such that
the decoding process can be stopped at any point into the bitstream. In this mode no markers are
placed within the bitstream, the compression ratio is maximized, but the 3-D encoding/2-D decoding
capability is disabled.

14.6.5.2 Layer per Layer Progressive (LPL-PROG)

This scheme is derived from the G-PROG mode by adding a marker into the bitstream after each
segment representing one bitplane of one layer, namely between each couple (L, L}"H ), and between
each couple of segments corresponding to changes in the bitplane (LfV , Li1 -+1)- Since the quantizers are
successively applied — as in the G-PROG mode — subband by subband and, within every subband,
layer by layer, scalability by quality is allowed on both the whole volume and any 2-D image of the
dataset, provided that 2-D local-scale conditioning is used. Owing to the large number of markers,
the major drawback of this solution is the increase in the amount of the encoded information, and

thus the reduction of the compression factor with respect to the G-PROG mode.
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FIGURE 14.8 Structure of the bitstream for MLZC coding scheme in the different working modes. H is the
bitstream header, L} the encoded information corresponding to the i bitplane of layer v, I the bit-depth and N
the number of layers of the considered 3-D subband.

14.6.5.3 Layer per Layer (LPL) Mode

A possibility for reducing the overloading implied by the LPL-PROG mode is to reorder the segments
and reduce the number of markers. In this case, segment units consist of the encoded information
pertaining to all the bitplanes of a given layer, and markers are put in-between them, namely between
couples of the type (LY, L}’H). The progressiveness by quality functionalities are suboptimal for both
the single images and the whole volume. However, since this solution provides a compression factor
in-between those corresponding to the G-PROG and LPL-PROG modes, it represents a good trade-off
between compression efficiency and 2-D decoding time. Quality scalability could be improved by
designing an ad-hoc procedure for rate allocation. We leave this subject for future investigation.

As previously mentioned, all these configurations were tested in conjunction with both the 2-D
and 3-D contexts. However, the desired 3-D encoding/2-D decoding capabilities constrain the choice
to two-dimensional contexts without interband conditioning.

14.6.6 3-D OsjecT-BASED CODING

We restrict our analysis to the case of two disjoint regions. For simplicity, we adopt the same
terminology used in JPEG2000 and call ROI the object of interest and background the rest of the
image or volume. In our implementation, the ROI is identified by a color code in a three-dimensional
mask that we assume it is available at both the encoder and decoder sides. The problem of shape
representation and coding is not addressed in this work.

Independent object coding has two major advantages. First, it is suitable for parallelization:
different units can be devoted to the processing of the different objects simultaneously. Second, it
is expected to improve coding efficiency when the objects correspond to statistically distinguishable
sources. In what follows, the generalization of EZW-3-D and MLZC coding systems for region-based
processing is detailed.
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14.6.6.1 Embedded Zerotree Wavelet-Based Coding

The generalization of the classical EZW technique [53] for independent processing of 3-D objects
is performed by applying the 3-D extension of the coding algorithm to the different objects inde-
pendently. The definition of the parent—children relationship is slightly modified with respect to the
general case where the entire volume is encoded, to emphasize the semantics of the voxels as belong-
ing to a particular region. Accordingly, the set of descendants of a wavelet coefficient c(/, j, k) at
position Kk in subband (/,j) is identified by restricting the corresponding oct-tree to the domain of
the generalized object projection GP(l,j) in all the finer scales. More specifically, let T be a given
oct-tree and let T'(Z,) identify the set of samples of the oct-tree in subband (/, ).

Definition 14.6.1

A semantic oct-tree is the set of all subband samples ST:

ST = Uy;ST (L, ) (14.10)
ST(l,j) = T(l,j) N GP(l,}) (14.11)

Based on this, we derive a semantically constrained definition for a zerotree root.

Definition 14.6.2

A subband sample is a zerotree root if all the coefficients, which belong to the afferent oct-tree, are
nonsignificant with respect to the threshold.

Figure 14.9 illustrates the semantically constrained oct-tree. Given a zerotree candidate point,
the significance of all the descendents lying outside the generalized projection is assumed to be
nonrelevant to the classification of the root as a zerotree. In consequence, we expect the number of

8,

FIGURE 14.9 Semantic oct-tree.
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zerotree roots to increase with respect to the general case where all the descendants within 7 are
required to be nonsignificant. This potentially augments number of zerotree roots and thus the coding
efficiency. The inherent embedding resulting from the quantization strategy allows PSNR scalability
for any object. Accordingly, each object can be reconstructed with increasing quality by progressively
decoding the concerned portion of the bitstream.

14.6.6.2 Multidimensional Layered Zero Coding

Very little modifications are needed to adapt the MLLZC system for object-based processing. As for
the EZW, each coefficient is encoded if and only if it belongs to the generalized projection of the
considered object.

Equation (14.7) is generalized for this case by assuming that the significance state of any sample
outside the generalized projection is zero:

P—1
Xk Lj1 =Y w5k, Lj] (14.12)
p=0
olk’,1,j1 VK e GP(,j
o[k, 1,j]1 = e, 17] ) “J) (14.13)
0 otherwise

14.6.7 3-D/2-D MLZC

This section illustrates how the MLZC algorithm can be adapted for 3-D encoding/2-D decoding
functionalities. In order to be able to access any 2-D image with scalable quality it is necessary
to independently encode each bitplane of each subband layer (LPL-PROG mode). This implies the
choice of an intraband two-dimensional context for spatial conditioning to avoid interlayer dependen-
cies among the coefficients. This is a necessary condition for the independent decoding of the subband
layers. Quality scalability on a given 2-D object in image & is obtained by successively decoding the
bitplanes of the subband layers that are necessary for its reconstruction. In the LPL-PROG mode, the
ith bitplane is encoded for each subband layer v before switching to the next (i — 1)th. The markers
separate the information related to the different bitplanes and subband layers.

Given the index of the image of interest, the concerned portions of the bitstream are automatically
identified, accessed, and decoded. The required number of subband layers depends on the wavelet
filter (see Table 14.1). As mentioned before, the 5/3 filter is preferable because it allows a significant
saving of the decoding time compared with the 9/7. Moreover, while the two filters perform similarly
in terms of lossless rate, the 5/3 minimizes the power of the round off noise implied by the integer
lifting [48]. All this makes such a filter particularly suitable for this application.

A trade-off between overhead and scalability can be reached by removing the markers between
the bitplanes and only keeping the random access to subband layers (LPL mode). In this case the
coding order is layer by layer, each layer being represented with the entire set of bitplanes. However,
this corresponds to a suboptimal embedding in the rate—distortion sense.

14.6.8 3-D/2-D OBject-BAasep MLZC

The object-based 3-D/2-D MLZC system permits random access to any object of any 2-D image of
the dataset with scalable up to lossless quality.

As was the case for the 3-D ROI-based system, in the encoding step, each object is assigned
a portion of the bitstream, which can be independently accessed and decoded. Then, as explained
in Section 14.6.7, to preserve quality scalability, the LPL-PROG mode must be chosen for both
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the ROI and the background in order to obtain the appropriate granularity for the encoded infor-
mation. However, as already pointed out, this implies an overhead that degrades the compression
performance. Quality scalability on a 2-D object of image k is obtained by successively decoding the
bitplanes of its generalized projection in the subband layers that are required for the reconstruction
of the corresponding image.

The bitstream structure shown in Figure 14.8 is applied to each subband of every object. The
global bitstream consists of the concatenation of segments of this type, one for each object. Even
though here we have considered the case of only two objects (the ROI and the background), this is
not a constraint and the proposed system is able to handle any number of them. Given the index of
the image of interest, the concerned portions of the bitstream are automatically identified, accessed,
and decoded with the help of the masks. Besides providing competitive compression performance
and allowing a fast access to the ROI at a progressively refinable quality, such a fine granularity also
permits to easily reorganize the encoded information to get different functionalities. For instance,
by changing the order of the coding units, or by randomly accessing the corresponding bitstream
segments, progressiveness by resolution could be obtained.

14.7 RESULTS AND DISCUSSION

This section provides an overview of the results obtained using different system configurations and
working modes. The datasets that were used are presented in Section 14.7.1. The performance
of the MLZC system in the different working modalities (G-PROG, LPL-PROG, and LPL) are
analyzed in Section 14.7.2 using four datasets with heterogeneous features. Section 14.7.3 analyzes
the performance of the 3-D object-based system. It is assumed that the data consist of one ROI
surrounded by the background. The system is first characterized by comparison with other 3-D and 2-D
algorithms when applied to MR images of the brain. Then, the object-based performance is examined.
At last, Section 14.7.4 is devoted to the 3-D/2-D object-based MLZC system, integrating both ROI-
based functionalities and 2-D decoding capabilities. In this case, only 2-D spatial conditioning
is allowed. Interband as well as 3-D spatial conditioning would indeed introduce the same type
of dependencies among subband coefficients impeding the independent decoding of the subband
layers.

14.7.1 DATASETS

The performance of the MLZC 3-D encoding/2-D decoding system was evaluated on the four datasets
illustrated in Figure 14.10:

o Dynamic spatial reconstructor (DSR). The complete DSR set consists of a 4D (3-D-time)
sequence of 16 3-D cardiac CT data. The imaging device is a unique ultra-fast multislice
scanning system built and managed by the Mayo Foundation. Each acquisition corresponds
to one phase of the cardiac cycle of a canine heart and is composed of 107 images of size
128 x 128. A voxel represents approximately (0.9 mm)? of tissue.

e MRI head scan. This volume consists of 128 images of size 256 x 256 representing the
saggital view of an human head.

e MR-MRI head scan. This volume has been obtained at the Mallinckrodt Institute of Radiology
(Washington University) [S]. It consists of 58 images of a saggital view of the head of size
256 x 256. Since this dataset has also been used as a test set by other authors [5,30,69] it
allows to compare the compression performance of the MLZC with that of other 3-D systems.

o Opthalmologic angiographic sequence (ANGIO). The ANGIO set is a 3-D sequence
(2-D+time) of angiography images of a human retina, consisting of 52 images of 256 x 256
pixels each.
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FIGURE 14.10 Samples of the 3-D dataset. First line: DSR images. The brightest region in the middle represents
the left ventricle of a canine heart. Second line: human head MRI, saggital view. Third line: MR-MRI. Fourth
line: opthalmologic angiography sequence (2-D + time). The brightness results from the diffusion of the contrast
medium into the vessels.



Trends in Model-Based Coding of Multidimensional Medical Data 377

The different features of the considered datasets make the resulting test set heterogeneous enough
to be used for characterizing the system. The DSR volume is very smooth and high correlation is
exhibited among adjacent voxels along all the three spatial dimensions. This makes it very easy to
code and particularly suitable for the proposed coding system. It represents the “best case” test set,
for which the coding gain of 3-D over 2-D systems is expected to be the highest.

Conversely, the ANGIO dataset can be considered as the “worst case” for a wavelet-based coding
system. The images are highly contrasted: very sharp edges are juxtaposed to a smooth background.
Wavelet-based coding techniques are not suitable for this kind of data. The edges spread out over the
whole subband structure generating a distribution of nonzero coefficients whose spatial arrangement
cannot be profitably exploited for coding. This is owing to the fact that wavelets are not suitable
descriptors of images with sharp edges. The MR-MRI set has been included for sake of comparison
with the results provided by other authors [5]. Nevertheless, we do not consider it as representative
of a real situation because it went through some preprocessing. In particular, it has been interpolated,
scaled to isotropic 8-bit resolution and thresholded. Finally, the characteristics of the MRI set lie in
between. It is worthy to note that the structure and semantics of the MRI images make the volume
suitable for an object-based approach to coding.

14.7.2 3-D/2-D MLZC

Different 2-D and 3-D coding algorithms were considered for the sake of comparison. The benchmark
for the 3-D case was the 3-D EZW. The MLZC system was characterized by determining the lossless
rates corresponding to the complete set of contexts, in each working mode. Referring to the notations
introduced in Section 14.6, the 2-D context that has been chosen for the definition of the three-
dimensional conditioning terms is the (060). Indeed, results show that it is among the three most
effective 2-D contexts on all the datasets for both the LPL-PROG and LPL modes. As expected, the
best performance in terms of lossless rate is obtained in the G-PROG mode. As it is the case for
EZW-3-D, the G-PROG mode does not allow 2-D decoding. In the LPL and LPL-PROG modes
such a functionality is enabled at the expenses of coding efficiency, which decreases because of the
additional information to be encoded to enable random access.

One of the constraints posed by 2-D decoding is that no interband conditioning can be used. Even
though the exploitation of the information about the significance of the parent within the subband
hierarchy can be fruitful in some cases, results show that the compression performance is not much
affected.

The observed dependency of the lossless rate on the design parameters of the conditioning terms
(i.e., the spatial support and the use of interband conditioning) applies to both MLZC-2-D and MLZC.
The efficiency of the entropy coding increases with the size of the spatial support up to a limit where
the sparseness of the conditioning space does not allow an adequate representation of the statistics
of the symbols to be encoded.

The benchmark for 2-D systems is the new coding standard for still images JPEG2000 [25,47].
Figure 14.11 compares the performance of the different 2-D algorithms for DSR. In this case, MLZC-
2-D outperforms both JPEG2000 and JPEG-LS. For the old JPEG standard (JPEG-LS), all of the seven
available prediction modes were tested and the one providing the best performance (corresponding
to K =7 for all the datasets) was retained.

Table 14.2 summarizes the performance of the different algorithms and working modes. The (060)
and (160) contexts were chosen as references, and no interband conditioning was used. As was the
case for JPEG2000, the data concerning the 2-D algorithms were obtained by running them on the
whole set of 2-D images and taking the average of the resulting set of lossless rates. As expected,
the coding gain provided by the 3-D over the 2-D systems depends on the amount of correlation and
smoothness along the z-axis. Accordingly, it is quite pronounced for DSR (16.3%) and MR-MRI
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FIGURE 14.11 Performance of 2-D algorithms on DSR dataset. The lossless rate of each 2-D image is rep-
resented as a function of its position along the z-axis. Continuous line: MLZC-2-D; dashed line: JPEG2000;
dash-dotline: JPEG-LS. The lossless rate provided by the MLZC algorithm in the LPL modality is 3.06 bit/voxel.

TABLE 14.2
Lossless Performances (Bit/Voxel) with 5/3 Filter

G-PROG LPL-PROG LPL EZW-3-D MLZC-2-D JPEG2K JPEG-LS

DSR 2.99 3.11 3.03 2.88 3.56 3.62 3.90
2.93 3.08 3.06

MRI 4.58 4.63 4.55 4.46 4.62 4.65 5.10
4.52 4.60 4.52

MR-MRI 2.24 2.28 2.24 2271 2.92 2.95 3.437
2.19 223 222

ANGIO 4.19 4.23 4.20 4.18 4.41 443 3.87
4.16 422 421

Note: The decomposition depth is L =4 for DSR, MRI and MR-MRI, and L = 3 for ANGIO.
The two values correspond to the contexts (060) and (160) for each dataset. No interband
conditioning is used.

(33.06%), for which the LPL mode leads to a sensible rate saving over JPEG2000, while it is lower
for both MRI (2.2%) and ANGIO (5.2%).

The best compression performance for ANGIO is obtained with JPEG-LS. As mentioned above,
such a dataset is not suitable for wavelet-based coding, so that other algorithms can easily be more
effective. Nevertheless, the LPL method provides an improvement of about 5% over JPEG2000. The
3-D encoding/2-D decoding approach can thus be considered as a good trade-off between compression
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FIGURE 14.12 Performances in lossy regime of LPL-PROG and MLZC-2-D on MRI. (a) PSNR as a function
of the image index (z coordinate); each image has been independently decoded at 0.5 bit/pixel. (b) PSNR as a
function of the bit rate for images 40 and 41 of the dataset.

efficiency and the fast access to the data, while featuring many desirable functionalities which are
not supported by JPEG-LS.

The evaluation of the performance in lossy regime is out of the scope of this paper. The observed
oscillatory trend of the PSNR along the coordinate axis entails the analysis of both the rounding
noise implied by integer lifting and the quantization noise [48]. Figure 14.12 gives an example. After
encoding the volume in the LPL-PROG mode, every image of the dataset was independently decoded
at 0.5 bit/pixel. Figure 14.12(a) compares the corresponding PSNR to that obtained by separately
encoding and decoding each image with the MLZC-2-D at the same rate. It is important to notice
that the control over the decoding bit rate on the single 2-D images is only possible when they are
decoded one by one. On average, the 3-D method outperforms the 2-D counterpart on the central
portion of the dataset (images 20 to 100), where the images are not dominated by the background.
In this case, the oscillation has period one, namely every other image has higher PSNR. This makes
the improvement provided by the 3-D system dependent on the position of the considered image.
Figure 14.12(b) shows the PSNR for images of index 40 and 41 as a function of the decoding rate.
The maximum and mean increase in the PSNR are about 4.7 and 2.7 dB for image 40, and about 0.8
and 2.7 for image 41, respectively. This issue is currently under investigation. The model proposed
in [48] has been extended to the 3-D case [37]. The next step is the definition of a quantization policy
ensuring a more uniform distribution of the residual error at a given rate.

14.7.3 3-D Osject-BAsED MLZC

In medical images the background often encloses the majority of the voxels. For a typical MRI
dataset, for instance, about 90% of the voxels belong to the background. A sensible rate saving can
thus be achieved via ROI-based coding. In this experiment, the test set consisted of a MRI head
scan of 256 x 256 x 128 voxels with a graylevel resolution of 8 bpp. Again, it was assumed that the
object of interest was the brain, and the rest was considered as the background. Figure 14.13 shows
one sample image together with the corresponding masks selecting the ROI and the background,
respectively. Some coding results are also provided for the 8-bit MR-MRI dataset.

14.7.3.1 System Characterization

The performance of the EZW-3-D and MLZC was analyzed by comparison with the 2-D counter-
parts, namely EZW-2-D and MLZC-2-D as well as with JPEG and JPEG2000. For 2-D encoding, the
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FIGURE 14.13 Saggital view of the MR of a brain: (a) original image; (b) mask; (c) object of interest;
(d) background.

TABLE 14.3
Lossless Rates for MRI and MR-MRI Datasets

EZW-2-D MLZC-2-D JPEG2K JPEG-LS EZW-3-D MLZC

MRI 4.698 4.597 4.651 5.101 4.456 4.457
MR-MRI 2.878 2.848 2.954 3.437 2.271 2.143

Note: For the 2-D algorithms, the average lossless rate was retained for each mode. The
filter is 5/3, L = 4, and global conditioning is used in the MLZC mode with the (070)
and (271) contexts for 2-D and 3-D, respectively.

images were processed independently. For all the wavelet-based methods, namely EZW, MLZC, and
JPEG2000, L =3, 4 levels of decomposition and the 5/3 [6] filter were chosen. All of the seven pre-
diction modalities of the lossless JPEG mode (JPEG-LS) were tested and the best one, corresponding
to k =7, was retained. Results show that the most effective context for these datasets using MLZC-
2-D is the (070) with interband conditioning, so such a context was used to define the 3-D spatial
conditioning terms. Accordingly, x*[/, ], k] was constructed as illustrated in Figure 14.7, with (070)
being the spatial support in layer v. The (271) context was used for the evaluation of the object-based
performances. It consists of the corner pixels of the first-order neighborhood in the current layer (v),
a cross-shaped support in the previous layer (v — 1), and the pixel in the same spatial position as the
current one in the next (v + 1) layer (see Figure 14.6 and Figure 14.7).

For the head MRI dataset, performance tends to improve when extending the generalized
neighborhood used for conditional arithmetic coding, in both the 2-D and 3-D cases.

The same set of experiments was run on the MR-MRI dataset. In general, the trend was the
same as for the MRI set, namely the highest compression factors were obtained by using the context
(070) and (271) with interband conditioning, for MLZC and MLZC-2-D, respectively. Table 14.3
compares the average lossless rates of each of the considered 2-D algorithms to those provided by
MLZC and EZW-3-D, for both datasets. Among the 2-D algorithms, MLZC-2-D with context (070)
outperforms the others. JPEG2000 results in a lossless rate slightly lower than EZW-2-D for MRI.
All 2-D schemes provide a sensible improvement over JPEG-LS. For MRI, the lowest lossless rate
corresponds to the EZW-3-D scheme, which in this case slightly outperforms MLZC. Nevertheless,
the MLZC method is faster and less computationally demanding than EZW-3-D.

For MR-MRI, some results are available in the literature. We refer here to those presented by
Bilgin et al. [5]. The first one was obtained for L =3 and using the integer version of the (2 + 2, 2)
filter (as defined in [6]) on the whole volume. The second was based on a two-level integer transform
with the (141, 1) filter run on 16 slice coding units, and the compression efficiency data were
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averaged over the volume. The coding scheme — 3-D CB-EZW — was a version of EZW-3-D
exploiting context modeling. The corresponding lossless rates were 2.285 and 2.195 bits/voxel.
The best MLZC mode results in 2.143 bits/voxel, slightly improving such a result. However, a
wider set of measurements would be required for the comparative evaluation of the two competing
systems.

14.7.3.2 Object-Based Performance

The results given in this section concern the MRI dataset. In the proposed system, the object of inter-
est and the background are encoded independently. Each of them generates a self-contained segment
of the bitstream. This implies that the border information is encoded twice: as side information for
both the object and the background. In this way, each of them can be accessed and reconstructed
as if the whole set of wavelet coefficients were available, avoiding artifacts along the contours for
any quantization of the decoded coefficients. ROI-based EZW-2-D was taken as the benchmark for
the object-based functionalities. Despite the availability of ROI-based functionalities, JPEG2000
was not suitable for the purpose. In JPEG2000, ROI-based coding is performed by the MAXSHIFT
method [10]. Basically, the subband coefficients within the ROI mask are shifted up (or, equivalently,
those outside the ROI are shifted down) so that the minimum value in the ROI is greater than the
maximum value in the background. This splits the bitplanes, respectively, used for the ROI and the
background in two disjoint sets. The rate allocation procedure assigns to each layer of each codeblock
(in the different subbands) a coding priority (through the MAXSHIFT method), which depends on
both the semantic classification and the gain in terms of rate—distortion ratio. This establishes the
relative order of encoding of the ROI subband coefficients with respect to the background. Results
showed that with the implementation of the procedure described by Taubman [59], for the head MRI
dataset, high priority is assigned to the background layers in the codeblocks, moving the focus of
the encoder out of the ROI. The ROI and background codeblocks are mixed up, compromising ROI-
based functionalities. This can be easily verified by decoding the portion of the bitstream indicated
by the encoder as representing the ROI. The resulting image is composed of both the ROI and the
background. A possible solution would be to design an ad hoc rate allocation algorithm optimized for
datasets having a background very easy to code, but this is out of the scope of our work. Instead, we
independently compressed the ROI and the background with JPEG2000 and compared the respective
bit rates to those provided by both our EZW-2-D object-based system and ROI-based JPEG2000.
Such working conditions emphasize the implicit ROI mask encoding by JPEG2000. Even though the
mask does not need to be separately coded, its encoding is implied by the exhaustive scanning of the
subbands.

Results are given in Figure 14.14. The global lossless rate under different conditions is shown
as a function of the image index. In particular, the dash-dot line represents ROI-based JPEG2000
and the continuous line is for EZW-2-D with independent object (I0) coding. The curve represents
the sum of the lossless rates concerning the ROI and the background. Owing to the rate alloca-
tion policy, JPEG2000 outperforms EZW-2-D in compression efficiency. The drawback is that, as
mentioned previously, the codeblocks of the ROI and the background are interlaced in such a way
that the ROI-based functionalities are not always achieved. The dashed line represents the total rate
needed for independently encoding the ROI and the background by JPEG2000. The gap between the
corresponding curve and the one for EZW-2-D IO emphasizes the performance degradation due to
the implict coding of the mask. Figure 14.14 points out that the EZW-2-D coding scheme represents
a good compromise for the trade off between coding efficiency and random access to the objects.
Figure 14.15 shows the lossless rates for the ROI (OBJ), the background (BGND), and the entire
image (WHOLE) for EZW-2-D. The continuous and dashed lines correspond to L =3 and L =4,
respectively. Here, the bit rates are calculated as the ratio between the size of the portion of the bit-
stream concerning the OBJ(BGND) and the size of the OBJ(BGND). While the curves for WHOLE
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FIGURE 14.14 Lossless rates as a function of the position of the 2-D images along the z-axis. Continuous line:
EZW-2-D; dashed line: JPEG2000 IO (independent object); dotted line: JPEG2000 ROI.
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FIGURE 14.15 Lossless rates for the EZW-2-D algorithm as a function of the position of the 2-D images along
the z-axis, for the 5/3 filter. Dashed line: L = 3; continuous line: L =4.
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TABLE 14.4

Lossless Rates (LR) for Head MRI

LR (bpp) OB]J BGND WHOLE OBJ+BGND A%
EZW-3-D 0.9045 39012  4.4598 4.8057 +7.75
MLZC (271) 09188  3.8868  4.4566 4.8056 +7.83
EZW-2-D 0.9327 4.0835  4.6977 5.0162 +6.78
JPEG2K 10 1.0641 40656  4.6511 5.1297 +10.29
JPEG2K ROI . - 4.6511 4.9099 +5.56

Note: The filter is 5/3 L =4. Global conditioning was used in the MLZC mode.

and BGND are close to each other, the one for OBJ is outdistanced. The volume and the background
enclose a large number of black samples, which are simple to compress. Conversely, the region of
interest is entirely structured, and necessitates more bit/pixel to be encoded. The steep slope at both
ends of the curve corresponding to the object are due to the fact that the ROI takes only very few or
no pixels, stretching the curve to infinity. This example points out the importance of the ROI-based
approach. For this dataset, only the 19% — on average — of the bitstream corresponding to the entire
volume is needed to represent the ROIL. The random access to the objects allows fast access to the
important information, with considerable improvement in compression efficiency.

Table 14.4 quantifies the degradation in compression efficiency due to independent object cod-
ing. The second and third columns (OBJ and BGND) show the lossless rates for the ROI and the
background. The forth and fifth columns (WHOLE and OBJ+BGND) are the bitrates obtained when
encoding the entire volume and the object and background, respectively. The last one shows the
percentage increase of the lossless rate for independent encoding of the objects with respect to that
corresponding to the entire volume. The increase of the lossless rate for independent object cod-
ing is measured by the difference between the required rate (OBJ+BGND) and the reference one
(WHOLE). The differences between the compression ratios for the cases WHOLE and OBJ4+BGND
are due to two causes. First, the entropy coder performs differently in the two cases because of the
different sources. Second, the total number of coefficients to be encoded is larger for OBJ+BGND
because of the twofold encoding of the border voxels (BP) of the GP. The size of the bitstream
increases by about 7% for L =4 in case of separate object handling. According to Table 14.4, the
gain in compression efficiency due to the exploitation of the full correlation among data is about
4-5%. The improvement in compression efficiency provided by MLZC over JPEG2000 depends on
the working mode. Taking the OBJ4+-BGND as reference, the corresponding rate reduction is about
2.2% and 6.3%, respectively for JPEG2000 ROI and JPEG2000 IO.

The prioritization of the information inherent to separate object processing leads to a significant
improvement in coding efficiency when it is possible to relax the lossless constraint in the background
region. In this case, the BGND can be encoded/decoded at a lower resolution and combined with
the object of interest — which was encoded/decoded without loss — in the final composed image.
Figure 14.16 gives an example. Both the object and the background were compressed by the MLZC
scheme, with context (271) and using interband conditioning. The OBJ was decoded at full quality
(i.e., in lossless mode) while the BGND corresponds to a rate of 0.1 bit/voxels in Figure 14.16a and
0.5 bit/voxels in Figure 14.16b. The PSNR values for images of Figure 14.16a and Figure 14.16b are
of 27.76 and 33.53 dB, respectively. Reconstructed images respecting the lossless constraint in the
ROI and preserving a good visual appearance in the background can thus be obtained by decoding
only the 20% of the information required for the lossless representation of the whole volume.
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FIGURE 14.16 Pseudo-lossless regime for a sample MRI image. The OBJ was recovered without loss, while
the BGND has been decoded at 0.1 bpv (a) and 0.5 bpv (b). The corresponding PSNR values are of 27.76 and
33.53 dB, respectively.

(b)

FIGURE 14.17 ROI-based JPEG2000. Images decoded at different rates: (a) 0.1 bpp; (b) 0.5 bpp; (c) 1.0 bpp;
(d) reference rate for lossless ROI.

14.7.4 3-D/2-D OsjecT-Basep MLZC

The performances of the 3-D/2-D object-based MLZC coding system were tested in the LPL-PROG
mode with the 2-D spatial context (030). This was chosen empirically as the one providing good
compression performance while keeping the computational complexity low.

The JPEG2000 [25] standard in the ROI-based mode was chosen for comparison. Both the loss-
less and lossy regimes were tested. The test set consists of the same two MRI head scans used to
characterize object-based functionalities as discussed in the previous section. Figure 14.17 shows the
images for the decoding rates 0.1, 0.5, 1.0, and 1.6 bits/pixel. The last rate is the lossless rate of the
ROI as provided by the JPEG2000 encoder. In order to make the comparison with our system, we
independently compressed the ROI and the background with JPEG2000 and compared the respective
bit rates to those provided by ROI-based JPEG2000 (see Figure 14.14). The average lossless rates are
compared to those provided by MLZC in the LPL-PROG mode in Table 14.5. In particular, the OBJ
column gives the lossless rate for the object of interest, when it is encoded independently by the dif-
ferent algorithms, while the WHOLE and OBJ+BGND columns provide the lossless rates obtained
for the entire volume and the independent coding of the object and the background, respectively.
The minimum lossless rate for OBJ is obtained by MLZC for both the datasets. For MRI, JPEG2000
ROI outperforms the proposed system for OBJ+-BGND reducing the lossless rate of 2.7%. How-
ever, in this mode the ROI-based functionalities are not completely fulfilled. Conversely, MLZC
OBJ+BGND outperforms JPEG2000 IO of about 1.6%, while preserving random access to every
object.
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TABLE 14.5

Lossless Rates (LR) for MRI and MR-MRI

Volume LR (bpp) OBJ WHOLE OBJ + BGND

MRI MLZC (030) 0.959 4.666 5.048
JPEG2K 10 1.064 4.651 5.130
JPEG2K ROI 1.259 4.651 4910

MR-MRI MLZC (030) 0.788 2.310 2.933
JPEG2K OI 1.062 2.950 3.300
JPEG2K ROI 1.289 2.950 3.267

Note: The filter is 5/3, L = 4. Pure spatial conditioning was used for the
MLZC LPL-PROG mode.

Comparing these results with the lossless rates given in Table 14.4, one can observe that the
performance of the MLZC system are slightly degraded. This is due to the different choice for the
conditioning term, which makes the EZW-3-D outperform MLZC in terms of compression effi-
ciency. However, the interest for the 3-D/2-D coding system lies in the functionalities that are not
supported by the EZW-3-D. For the MR-MRI dataset, MLZC OBJ+BGND provides the best per-
formances. The corresponding rate saving is about 11% and 12.5% over JPEG2000 ROI and IO,
respectively.

14.8 CONCLUSIONS

Coding systems for medical imagery must focus on multidimensional data and cope with specific
requirements. This constrains the design while facilitating the task through the availability of a-priori
knowledge about the image content and its semantic. Besides good rate—distortion performance
in any working mode, medical image coding systems must feature lossless capabilities as well
as scalability (by quality or by resolution). Wavelets proved to be very suitable for this purpose
leading to architectures that meet most of requirements. The semantic of the different objects present
in the images pushes toward the definition of object-based techniques. Different solutions have
been proposed by different researchers, each responding to some domain-specific requirements.
On the same line, based on the fact that it is still common practice for medical doctors to analyze
the volumes image by image, we proposed a coding system providing a fast access to any 2-D image
without sacrificing compression performance. The integration of ROI-based functionalities led to
a versatile and highly efficient engine allowing to swiftly recover any object of any 2-D image of
the dataset at a finely graded up to lossless quality. Furthermore, independent object processing
and the use of the integer version of the wavelet transform make the algorithm particularly suitable
for the implementation on a device. We believe that the set of functionalities of 3-D/2-D object-based
MLZC system makes it well suitable for the integration in PACS and largely compensates for the
eventual loss in compression.

We would like to conclude by mentioning one of the most promising research directions. ROI-
based capabilities are the first step along the path of model-based coding. The basic idea is to improve
the compression performance by combining real and synthetic data. Real data would be classically
encoded while and synthetic data would be generated according to an ad hoc recipe. We believe that
such a philosophy opens the way to a novel approach to image representation leading to the next
generation of infelligent coding systems.
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15.1 INTRODUCTION

This chapter describes a category of data-compression algorithms capable of preserving the scientific
quality of remote-sensing data, yet allowing a considerable reduction of the transmission bandwidth.
Lossless compression applied to remote-sensing images guarantees only a moderate reduction of the
data volume, because of the intrinsic noisiness of the data; on the other hand, conventional lossy
techniques, in which the mean-squared error (MSE) of the decoded data is globally controlled by
users, generally does not preserve the scientific quality of the images. The most suitable approach
seems to be the use of near-lossless methods, which are capable of locally constraining the maximum
error, either absolute or relative, based on the user’s requirements. Advanced near-lossless methods
may rely on differential pulse code modulation (DPCM) schemes, based on either interpolation or
prediction. The former is recommended for lower quality compression, the latter for higher quality,
which is the primary concern in remote-sensing applications. Experimental results of near-lossless
compression of multispectral, hyperspectral, and microwave data from coherent imaging systems, like
synthetic aperture radar (SAR), show the advantages of the proposed approach compared to standard
lossy techniques.

15.2 QUALITY ISSUES IN REMOTE-SENSING DATA COMPRESSION

Data compression is gaining an ever increasing relevance for the remote-sensing community [41].
Since technological progresses allow observations of the Earth to be available at increasing spatial,
spectral, radiometric, and temporal resolutions, the associated data volume is growing much faster
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than the transmission bandwidth does. The introduction of data compression can alleviate bandwidth
requirements at the price of a computational effort for encoding and decoding as well as of a possible
loss of quality.

Compression methods can be either reversible, i.e., lossless or irreversible (lossy). A variety
of image compression methods exists for applications in which reconstruction errors are tolerated.
In remote-sensing applications, data modeling, features extraction, and classifications are usually
performed [20]. Hence, the original quality of the data must often be thoroughly preserved after
compression/decompression. As a matter of fact, however, the intrinsic noisiness of sensors prevents
strictly lossless techniques from being used to obtain a considerable bandwidth reduction. In fact,
whenever reversibility is recommended, compression ratios higher than 2 can hardly be obtained,
because the attainable bit rate is lower-bounded by the entropy of the sensor noise [10,37,38].

Noteworthy are those lossy methods that allow to settle a priori the maximum reconstruction
error, not only globally but also locally. The maximum absolute error, also known as peak error
(PE), or L, distance between original and decoded image, is capable of guarantying a quality that is
uniform throughout the image. If the L, error is user-defined, besides being constrained to be small,
the current definition of near-lossless compression [9] applies.

However, evaluation of the maximum-allowable distortion is an open problem; in other fields,
objective measurements may be integrated with qualitative judgements of skilled experts, but in
remote-sensing applications photoanalysis is not the only concern [34]. The data are often post-
processed to extract information that may not be immediately available by user inspection. In this
perspective, an attractive facility of near-lossless compression methods is that, if the L, error is
constrained to be near to one half of the standard deviation of the background noise, assumed to be
additive and independent of the signal, the decoded image will be virtually lossless [6]. This term
indicates not only that the decoded image is visually indistinguishable from the original, but also that
possible outcomes of postprocessing are likely to be practically the same as if they were calculated
from the original data. Thus, the price of compression will be a small and predictable increment in
the equivalent sensor noisiness [9].

When multispectral or better hyperspectral data are being dealt with, spectral distortion becomes
a primary concern, besides spatial and radiometric distortions. Spectral distortion is a measurement
of how a pixel vector (i.e., a vector having as many components as spectral bands) changes because
of an irreversible compression of its components.

Focusing on images generated by coherent systems, such as SAR systems, lossless compression
methods are little effective for reducing the data volume, because of the intrinsic noisiness that weak-
ens data correlation [12]. However, unpredictable local distortions introduced by lossy compression
methods, though specifically tailored to SAR imagery [26,48], may be unacceptable in many applica-
tions. Furthermore, the signal-dependent nature of speckle [28] makes an L, error control inadequate,
since the errors to be bounded should be relative, i.e., measured as pixel ratios. In fact, larger errors
should be encountered on homogeneous brighter areas than on darker ones. Hence, upper bounding
of the PE no longer guarantees a quantifiable loss of quality. Therefore, near-lossless compression
of SAR images should indicate that the pixel ratio of original to decoded image is strictly bounded
within a prefixed interval [13]. If such an interval is comprised within the speckle distribution, then
the decoded image will be virtually lossless as well [9].

The problem of data transmission to ground stations is crucial for remote-sensing imaging systems
orbiting on satellite platforms. Recent developments of advanced sensors originate huge amounts of
data; however, once these data were lossy compressed, they would not be available as they were
acquired for the user community. The Consultative Committee for Space Data Systems (CCSDS) has
issued a recommendation for the lossless compression of space data [23], which has been already
adopted as an ISO standard [29]. Consequently, for concerns on-board data compression, only lossless
methods are presently recommended, even if a final release of the CCSDS recommendation dealing
with lossy compression is expected in the next future. On the other hand, to expedite dissemination
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and utilization of multispectral and especially hyperspectral images, near-lossless methods yielding
constrained pixel error, either absolute or relative, are more suitable for obtaining a considerable
bandwidth reduction and for preserving, at the same time, the spectral discrimination capability
among pixel vectors, which is the principal source of spectral information.

15.3 DISTORTION MEASURES

15.3.1 RADIOMETRIC DISTORTION

Let {g(i,))}, 0 <g(i,j) < g5, denote an N-pixel digital image and o its standard deviation, and let
{g(i,))} be its possibly distorted version achieved by compressing {g(i,j)} and decompressing the
outcome bit stream.

Some distortion measurements used in this chapter are the following:
mean squared error (MSE), or L%:

1 .. e w12
MSE = Z ,Z [8(i.)) — &)1 (15.1)
signal to noise ratio (SNR):
02
SNRgp) = 10log;g ———— 15.2
(dB) 810 MSE + 1/12 (152)
peak SNR (PSNR):
2
PSNR g5, = 10log g —— (15.3)
@B 0 MSE + 1/12 '

maximum absolute distortion (MAD), or PE, or L:

MAD = Hl,lé;x{lg(i,j) — 8@ (15.4)

percentage maximum absolute distortion (PMAD):

{ 8(i.j) — &(i.))
)

PMAD = max } x 100 (15.5)
i,j

Both in Equation (15.2) and in Equation (15.3), the MSE is incremented by the variance of the integer

roundoff error, to handle the limit lossless case, when MSE = 0.

When multiband data are concerned, let g;(i,j), [=1, ..., L, denote the /th component of the
original multispectral pixel vector and g;(i,j), /=1, ..., L, its distorted version. The radiometric
distortion measurements may be extended to vector data as average RMSE (ARMSE), or L{(L,) (the
innermost norm refers to vector space (/), the outer one to pixel space (i, ))):

1
ARMSE = =% > le1li.)) = 1. /)? (15.6)
i,j I

peak RMSE (PRMSE), or Lo (L»):

PRMSE = max \/Z [910) — &GP (15.7)
1
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2 s s
17 (l’ )
SNR = 101og,, Z"’j’ ST . (15.8)
> [&i1G)) — &G, )]
PSNR = 1010 N-Lg, (15.9)
810 S 181 — BT '
three-dimensional (3D) MAD, or Loo(Lxo):
MAD = rgljaic{lgz(i,j) - g1, DI} (15.10)
The 3D PMAD:
PMAD = max {w} % 100 (15.11)
iji1 &1, j)

In practice, ARMSE (15.6) and PRMSE (15.7) are, respectively, the average and maximum of the
Euclidean norm of the distortion vector. SNR (15.8) is the extension of Equation (15.2) to the 3D
data set. PSNR is the maximum SNR, given the full-scale of vector components. MAD (15.10) is the
maximum over the set of pixel vectors of the maximum absolute component of the distortion vector.
PMAD (15.11) is the maximum over the set of pixel vectors of the maximum percentage error over
vector components.

15.3.2 SPECTRAL DISTORTION

Given two spectral vectors v and v both having L components, let v= {v{, v2, ..., v} be the original
spectral pixel vector v; = g;(i,j) and V= {v1,v2, ..., v} its distorted version obtained after lossy
compression and decompression, i.e., U = g;(i,j). Spectral distortion measurement may be defined
analogous to the radiometric distortion measurements.

The spectral angle mapper (SAM) denotes the absolute value of the spectral angle between the
couple of vectors:

SAM(Y, ¥) £ arccos (va) (15.12)
[IVIl2 - [1V]]2

in which <., -> stands for scalar product. SAM can be measured in either degrees or radians.

Another measurement, especially suitable for hyperspectral data (i.e., for data with large number
of components), is the spectral information divergence (SID) [22] derived from information-theoretic
concepts:

SID(v, V) = D(v||V) + D(V||v) (15.13)

with D(v||v) being the Kullback—Leibler distance (KLD), or entropic divergence, or discrimination
[30], defined as

L
DI £ pilog (%) (15.14)
=1

in which

A U v

n (15.15)

VIl
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In practice, SID is equal to the symmetric KLD and can be compactly written as

L
~ pi
SID(v, V) = —qn1 — 15.16
V9 =Y (r—a) og(ql) (15.16)

=1

which turns out to be symmetric, as one can easily verify. It can be proven as well that SID is always
nonnegative, being zero iff p; = ¢, VI, i.e., if v is parallel to v. The measure unit of SID depends on
the base of logarithm: nat/vector with natural logarithms and bit/vector with logarithms in base 2.

Both SAM (15.12) and SID (15.16) may be either averaged on pixel vectors, or the maximum
may be taken instead, as more representative of spectral quality. It is noteworthy that radiometric
distortion does not necessarily imply spectral distortion. Conversely, spectral distortion is always
accompanied by a radiometric distortion, that is minimal when the couple of vectors have either the
same Euclidean length (L;) for SAM, or the same city-block length (L) for SID.

15.4 ADVANCED COMPRESSION ALGORITHMS FOR
REMOTE-SENSING IMAGES

Considerable research efforts have been recently spent in the development of lossless image compres-
sion techniques. The first specific standard has been the lossless version of JPEG [35], which may use
either Huffman or arithmetic coding. More interestingly, a new standard, which provides also near-
lossless compression, has been recently released under the name JPEG-LS [44]. It is based on an adap-
tive nonlinear prediction and exploits context modeling followed by Golomb-Rice entropy coding.
A similar context-based algorithm, named CALIC, has also been proposed [45]. Eventually, it is worth
mentioning that Part I of the JPEG2000 image coding standard [40] foresees a lossless mode, based
on reversible integer wavelets, and is capable of providing a scalable bit stream that can be decoded
from the lossy (not near-lossless) up to the lossless level [36]. However, image coding standards are
not suitable for the compression of 3D data sets: in spite of their complexity, they are not capable of
exploiting the 3D signal redundancy featured, e.g., by multispectral or hyperspectral imagery.

In the literature, there are only a few lossless compression algorithms tailored to multiband
remote-sensed images, i.e., capable of a 3D decorrelation, and many of them are DPCM-based.
A notable exception, especially for image archiving, is represented by the use of wavelet associated
with inter-band prediction [19]. DPCM schemes, either linear or nonlinear [46], causal (prediction-
based) or noncausal, i.e., interpolation-based or hierarchical [2], are indeed the only algorithms
suitable for L,-constrained (near-lossless) compression of 2D or 3D data.

Concerning nonlinear prediction, a near-lossless 3D extension of the well-known CALIC algo-
rithm has been recently proposed by Magli et al. [32], and seems quite promising for an on-board
implementation. Unfortunately, the presence of empirical coefficients and thresholds, common to
many nonlinear prediction schemes, may introduce instability when data change. Therefore, only
linear prediction, yet adaptive, will be concerned in the following for a 3D extension suitable for
multispectral and hyperspectral data.

Differential pulse code modulation basically consists of a decorrelation followed by entropy
coding of the outcome prediction errors. The simplest way to design a predictor, once a causal
neighborhood is set, is to take a linear combination of the values of such a neighborhood, with
coefficients optimized to yield minimum mean squared error (MMSE) over the whole image. Such
a prediction, however, is optimum only for stationary signals. To overcome this drawback, two
variations have been proposed: adaptive DPCM (ADPCM) [35], in which the coefficients of predictors
are continuously recalculated from the incoming new data, and classified DPCM [27], in which a
preliminary training phase is aimed at recognizing some statistical classes of pixels and at calculating
an optimized predictor for each class. Such predictors are then adaptively combined [5, 24] (as limit
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case the output is switched among one of them [3,11]) to attain the best space-varying prediction. This
strategy will be referred to as adaptive combination/switching of adaptive predictors (ACAP/ASAP).

While details of up-to-date ASAP schemes, both 2D [17] and 3D [11] relaxation-labeled predic-
tion encoder (RLPE), will be reviewed in Section 15.5, the ACAP paradigm underlies the development
of a novel fuzzy logic-based prediction [16] (FMP), in which images are first partitioned into blocks
and an MMSE linear predictor calculated for each block. From the large number of predictors
obtained, a fuzzy-clustering algorithm produces an initial guess of a user-specified number of proto-
type predictors to be fed to an iterative procedure in which to each predictor pixels are given degrees
of membership measuring the fitness of prediction on another causal neighborhood larger than the
prediction support; then predictors are recalculated from pixels depending on their degrees of mem-
bership. The overall prediction will be fuzzy, being given by the sum of the outputs of each predictor
weighted by the memberships of the current pixel to that predictor. The linearity of prediction makes it
possible to formulate the above approach as a problem of approximating the optimum space-varying
linear predictor at each pixel by projecting it onto a set of nonorthogonal prototype predictors capable
of emboding the statistical properties of the image data.

The ACAP paradigm has been extended also to 3D data [12] by simply changing the 2D neighbor-
hood into a 3D one spanning up to three previous bands. To enhance the entropy-coding performance,
both schemes exploit context modeling (see Section 15.4.1) of prediction errors followed by arith-
metic coding. Although RLPE is slightly less performing than FMP, its feature of real-time decoding
is highly valuable in application contexts, since an image is usually encoded only once, but decoded
many times.

15.4.1 CONTEXT MODELING

A notable feature of many advanced data-compression methods [16,17,24,39,44,45] is statistical con-
text modeling for entropy coding. The underlying rationale is that prediction errors should be similar
to stationary white noise as much as possible. As a matter of fact, they are still spatially correlated to a
certain extent and especially are nonstationary, which means that they exhibit space-varying statistics.
The better the prediction, however, the more noise-like prediction errors will be.

Following a trend established in the literature, first in the medical field, then for lossless coding in
general [39,44,45], and recently for near-lossless coding [15,46], prediction errors are entropy-coded
by means of a classified implementation of an entropy-coder, generally arithmetic or Golomb—Rice.
For this purpose, they are arranged into a predefined number of statistically homogeneous classes
based on their spatial context. If such classes are statistically discriminated, then the entropy of a
context-conditioned model of prediction errors will be lower than that derived from a stationary
memoryless model of the decorrelated source [43].

A context function may be defined and measured on prediction errors lying within a causal
neighborhood, possibly larger than the prediction support, as the RMS value of prediction errors
(RMSPE). The context function should capture the nonstationary of prediction errors, regardless of
their spatial correlation. Again, causality of neighborhood is necessary to make the same information
available both at the encoder and at the decoder. At the former, the probability density function (PDF)
of RMSPE is calculated and partitioned into a number of intervals chosen as equally populated; thus,
contexts are equiprobable as well. This choice is motivated by the use of adaptive arithmetic coding
for encoding the errors belonging to each class. Adaptive entropy coding, in general, does not require
previous knowledge of the statistics of the source, but benefits from a number of data large enough
for training, which happens simultaneously with coding. The source given by each class is further
split into sign bit and magnitude. The former is strictly random and is coded as it stands. The latter
exhibits a reduced variance in each class, null if the context (RMSPE) of the current pixel is always
equal its magnitude; thus, it may be coded with few bits. It is noteworthy that such a context-coding
procedure is independent of the particular method used to decorrelate the data. Unlike other schemes,
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e.g., CALIC [45], in which context-coding is embedded in the decorrelation procedure, the above
method [15] can be applied to any DPCM scheme, either lossless or near-lossless.

15.5 NEAR-LOSSLESS COMPRESSION THROUGH 3D CAUSAL DPCM

Whenever multispectral images are to be compressed, advantage may be taken from the spectral
correlation of the data for designing a prediction that is both spatial and spectral, from a causal
neighborhood of pixels [5,18,38,42,47]. This strategy is much more effective as the data are more
spectrally correlated, as in the case of hyperspectral data [5]. If the interband correlation of the data
is weak, as it usually occurs for data with few and sparse spectral bands, a 3D prediction may lead
to negligible coding benefits. In this case, advantage may be taken from a bidirectional spectral
prediction [7], in which once the (k — 1)th band is available, first the kth band is skipped and the
(k 4+ 1)th band is predicted from the (k — 1)th one; then, both these two bands are used to predict the
k th band in a spatially causal but spectrally noncausal fashion.

The DPCM encoder utilized in this work is based on a classified linear-regression prediction
according to the ASAP paradigm, followed by context-based arithmetic coding of the outcome
residues. Image bands are partitioned into blocks, and an MMSE linear predictor is calculated for
each block. Given a prefixed number of classes, a clustering algorithm produces an initial guess of
as many classified predictors that are fed to an iterative labeling procedure, which classifies pixel
blocks simultaneously refining the associated predictors.

To achieve reduction in bit rate within the constraint of a near-lossless compression [1], prediction
errors are quantized with odd-valued step sizes, A =2FE + 1, where E denotes the induced L, error,
with a quantization noise feedback loop embedded into the encoder, so that the current pixel prediction
is formulated from the same “noisy” data that will be available at the decoder (see Figure 15.1a).

For the case of a relative-error-bounded compression, a rational version of prediction error must be
envisaged. Let us define the relative prediction error (RPE) as ratio of original to predicted pixel value:

A g(n)

=

(15.17)

The rational nature of RPE, however, makes linear quantization unable to guarantee a strictly
user-defined relative-error-bounded performance.

Given a step size A € R, with A > 0 and A # 1, let us define as logarithmic quantization (Log-Q)
ofteR, >0,

oA 2 round[log s ()] = round[log(#)/log(A)]

| (15.18)
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FIGURE 15.1 Flowchart of DPCM with quantization noise feedback loop at the encoder, suitable for
error-bounded near-lossless compression: (a) encoder; (b) decoder.
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FIGURE 15.2 Flowchart of the causal DPCM encoder with context coding referred to as relaxation-labeled
prediction encoder (RLPE).

Substituting Equation (15.18) into Equation (15.17) yields

(15.19)

Oalr(n)] = round[log(g(")) - log@(n»}

log A

If a Log-Q with a step size A is utilized to encode pixel RPEs, it can be proven that the ratio of
original to decoded pixel value is strictly bounded around 1

min{\/z,\/%} < g < max{ﬂ,%} (15.20)

Now, let us introduce a peak measurement of rational error, namely the peak rational error, defined as

PRE(gs) 2 20 loglo<w> (15.21)
min [g(n)/&(n)]
It is easily verified that if Log-Q is utilized, then
PRE4p) = 201og;o(A) (15.22)

Thus, the peak rational error may be easily user-defined.

Quantized prediction errors are then arranged into activity classes based on the spatial context,
which are entropy-coded by means of arithmetic coding. Figure 15.2 shows a flowchart of the encoder.
As it appears, the refined predictors are transmitted along with the label of each block and the set of
thresholds defining the context classes for entropy coding.

15.6 NEAR-LOSSLESS IMAGE COMPRESSION THROUGH NONCAUSAL DPCM

Laplacian pyramids are multiresolution image representations obtained by means of recursive reduc-
tion (lowpass filtering followed by downsampling) and expansion (upsampling followed by lowpass
filtering).

Start with Gy(i, j) = g(i,); define the Gaussian pyramid (GP) as

Gr4+1 = reducer{Gx} k=0,1,...,K—1 (15.23)
where 2K is the highest power of 2 in which the image size can be factorized, and

reducer {Gy} £ (Gy ® 1) 12 (15.24)
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in which the symbol ® indicates linear convolution, | 2 decimation by 2, and r, the anti-aliasing
(lowpass) filter.
Define the enhanced Laplacian pyramid (ELP) [2] as

Ly = Gy —expand,{Gr+1}, k=0,1,...,K -1 (15.25)
with
expand,{Gi+1} = (Giy1 1 2) ® €2 (15.26)

where 12 stands for upsampling by 2, i.e., interleaving samples with Os, and e, the interpolation
(lowpass) filter, which can be the same as r», apart from a dc gain.

A spatial DPCM can also be noncausal, i.e., interpolation-based, or hierarchical: a coarse image
version, i.e., the base band of the GP, Gk, is encoded followed by the ELP, L, k=K —1, ...,0.
Quantization error feedback at each layer allows L, error control via the quantization step at the
finest resolution layer [2].

A rational ELP (RLP), matching the multiplicative nature of the speckle noise, was defined from
the GP (15.23) and utilized for denoising [4]. The ratio, instead of the difference, between the kth
level of the GP and the expanded version of the (k 4 1)th level, yields a pyramid

LiG.)) = M (15.27)
Gi+100,))

where Gk+1 is a shortcoming for expand,{Gy+1} and the domain of subscripts is the same as for
Equation (15.25). Figure 15.3 shows GP and RLP of a test SAR image.

(a) (b)

FIGURE 15.3 (a) Gaussian pyramid and (b) rational Laplacian pyramid of test SAR image.
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The RLP approximates a bandpass image representation, thus retaining all the benefits of multi-
resolution analysis, including those for data compression. The idea is to causally DPCM-encode the
small baseband bitmap icon and to quantize and encode the RLP layers [8]. The quantizer step sizes
except on the bottom layer may be chosen arbitrarily owing to the quantization noise feedback loop
at the encoder, which consists of interpolating the same noisy data, i.e., affected by the distortion
introduced during reconstruction, which will be available at the decoder.

Figure 15.4 shows that Gk, the GP that will be reconstructed at the decoder for k < K, isrecursively
given by the product of the expanded Gr41 and of an approximate version of L}, namely L¥, due to

quantization errors, in which lA,,’f =Gy /Gt 1:1*< = G for the pyramid top or baseband.

For the baseband and intermediate layers, linear quantizers are utilized. The step sizes of the
linear quantizers are calculated for k=K,K — 1, ..., 1, so as to minimize the bit rate for a given
distortion, by exploiting the mechanism of quantization noise feedback. Following the procedure
reported for the ELP [2], the entropy-minimizing step sizes are found out to be

Ay = . k=K. K—1,...,1 (15.28)

where 6}, is the average standard deviation of L;;_, and Pg the power gain of the 1D interpolation
filter.

The last step size, Ao, as well as the type of quantizer is crucial when an error-bounded encoder
is required, since it rules the PE: absolute for the ELP and relative for the RLP. In fact, Gy cannot
be exactly recovered from Gk and IA‘;(", k=K — 1, ...,1,0, unless quantization on the last layer is
extremely fine, which implies a large code rate. Thus, unlike the ELP [2], the RLP is unsuitable for
a strictly lossless compression. Furthermore, the rational nature of RLP makes linear quantization
unable to guarantee relative-error-bounded encoding.

Since the term Gy recursively accounts for previous quantization errors and Lj = Go/ Go, a
logarithmic quantization (15.18) of Lj with a step size A 7 1 implies that the pixel ratio of original
to decoded image is strictly bounded through the step size A of the last quantizer, as in Equation
(15.20). Hence, a relationship identical to Equation (15.22) is found between the step size of the last
quantizer, Ao, and the dynamic range of relative errors.

G
R |~ |2 ?
+
Q <+ PRED
‘:VLC p=
Q' :
E(z) [~ 12 A
Gp

FIGURE 15.4 Flowchart of a hybrid encoder with quantization noise feedback loops on levels 2 (causal DPCM)
and 1 (noncausal DPCM). VLC, variable length coding.
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15.7 EXPERIMENTAL RESULTS

15.7.1 MULTISPECTRAL DATA

The optical data set comprises a Landsat Thematic Mapper (TM) image, with 8 bits/pel and 6 bands
out of the 7 available: the 6th band (thermal infrared) was omitted mainly because of its poor reso-
Iution (120 m x 120 m) and scarce spectral correlation with the other bands. The test site is shown
in Figure 15.5, which portrays the valleys of two rivers, Bradano and Basento, near Metaponto, in
Southern Italy. Thematic mapper bands do not span the visible/infrared wavelength interval continu-
ously. Apart from the visible spectrum, the infrared region is coarsely sampled. Thus, all the infrared
bands are little correlated, both with the visible bands and with one another.

To achieve an optimal multispectral decorrelation, the different bands available should be arranged
in a sequence that maximizes the average crosscorrelation between any couple of consecutive bands
[42]. The optimum causal sequence was found to be 1 -2 —3 —7— 5 — 4. A bidirectional,
i.e., spectrally noncausal, prediction yields bit rates that are slightly lower, on average [7]. The opti-
mum bidirectional sequence was found tobe 1 - 3, 1 -2 <-3 — 7 — 4 — 5 < 7. The difference
in rate between causal and noncausal prediction, however, is moderate: the latter provides an average
gain of 400th of bit per pixel for the optical bands and of nearly 800th for the infrared channels.

Table 15.1 reports the estimated parameters for the six bands, the first of which is encoded in
intra mode, i.e., without reference to any other previously encoded band. The noise variance is larger
in the visible than in the infrared wavelengths also the signal variance follows such a trend; thus, the
intrinsic SNRs are all comparable among the bands.

Bands 2 and 5 are bidirectionally predicted to a larger extent than the other bands of the visible
and infrared group, respectively. The extremely fitting prediction is demonstrated by the associated
prediction residues of Figure 15.7d, which practically comprise only the background noise in most

(@) @ ' 0

FIGURE 15.5 512 x 512 details from test TM image: (a) Band 1 (blue), (b) Band 2 (green), (c) Band 3 (red),
(d) Band 4 (near-infrared), (¢) Band 5 (short-wave infrared), (f) Band 7 (middle infrared).
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TABLE 15.1

Average Variance (6;), Estimated Noise Variance (&f,), SNR (dB), and
Lossless Bit Rates (in Bit/Pel) of the Six 30 m Bands of the Test TM
Image Achieved by RLPE

Band (Mode) o2 h SNR (dB) Bit Rate
T™-1 (D) 86.62 159 17.36 3.37
TM-2 (B) 48.99 0.32 21.85 1.86
T™-3 (P) 179.99 0.42 26.32 3.07
TM-4 (P) 124.40 441 14.50 3.85
TM-5 (B) 622.34 5.38 20.64 3.74
TM-7 (P) 245.41 1.85 21.23 3.59
Avg. 218.04 2.33 19.71 3.25
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FIGURE 15.6 Band 5 of TM image (see Figure 15.7a) compressed by means of RLPE, in intraband mode (2D
DPCM) and in bidirectional interband mode (3D DPCM) from bands 4 and 7, and JPEG (intraband): (a) PSNR
vs. bit rate; (b) peak error vs. bit rate.

of the image. The work parameters of the algorithm are noncrucial [17] and have been chosen so as
to balance coding performances with encoding time (decoding is always real time).

Rate distortion (RD) plots are reported in Figure 15.6a for the RLPE scheme, both in intraband
(2D RLPE) and interband modes (3D RLPE), and for the DCT-based lossy JPEG. The test image is the
512 x 512 detail from band 5 (Figure 15.7a). In the interband mode (3D), the image is bidirectionally
predicted from bands 4 and 7. 2D RLPE gains over JPEG for rates above 0.8 bit/pel; 3D RLPE crosses
the RD plot of JPEG at 0.4 bit/pel. The knee for low rates is typical of all causal DPCM schemes and
is an effect of quantization noise feedback in the prediction loop. From Figure 15.1a it appears that,
since the “noisy” data reconstructed at the decoder are utilized for prediction, prediction becomes
poorer and poorer as the bit rate, and hence the quality of dequantized samples, decreases. The
near-lossless performance, shown in the PE vs. bit rate plots of Figure 15.6b, demonstrates that the
two Loo-bounded encoders are far superior to JPEG, which is L,-bounded through the user-definable
quality factor [35]. The standard deviation of the sensor’s noise was found [14] to be approximately
equal to 3 (2.36); hence the virtually lossless case, corresponding to a quantization step size A =3,
with an induced MAD 1, is achieved at 3.45 bits/pel by 2D RLPE and at 2.43 bits/pel by 3D RLPE,
with a PSNR gain over JPEG of 7.5 and 11 dB, respectively.
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() (d)

FIGURE 15.7 (a)512 x 512 testimage from Landsat TM band 5; prediction errors (stretched by 2 and biased by
128 for displaying convenience) produced by: (b) intraband lossless JPEG (predictor 7); (c) intraband predictor
(2D RLPE); (d) interband predictor (3D RLPE) with bidirectional prediction from TM bands 4 and 7.

The meaning of the virtually lossless term is highlighted in Figure 15.8, reporting the bitmaps
and the histograms of pixel differences between original and decoded images, for 3D RLPE and
JPEG, respectively, both at 2.43 bits/pel. Besides the 11 dB PSNR gain of RLPE over JPEG, the error
is practically uniformly distributed in [—1, 1], as well as uniformly spread over the whole image. In
the latter case the error is roughly Gaussian in [—15, 17] and spatially heterogeneous, much larger
around edges and in textured areas than on the background.

15.7.2 HYPERSPECTRAL DATA

The data set includes also a sequence of hyperspectral images collected in 1997 by the Airborne
visible infrared imaging spectrometer (AVIRIS), operated by NASA/JPL, on the Cuprite Mine test
site, in Nevada. The sequence is constituted of 224 bands recorded at different wavelengths in the
range 380 to 2500 nm, with an average spectral separation between two bands of 10 nm. The image
size is 614 x 2048 pixels. A 614 x 512 subimage was used in this experiment. The raw sequence was
acquired by the 12-bit analog-to-digital converter (ADC) with which the sensor was equipped in 1995,
in place of the former 10-bit ADC. The raw data from the digital counter have been radiometrically
calibrated by multiplying by a gain and adding an offset (both varying with wavelengths), and are
expressed as radiance values, rounded to integers, and packed in a 16-bit wordlength, including a
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FIGURE 15.8 Error between original and decoded TM band 5, at same bit rate of 2.72 bits/pel (stretched by
a factor 7 and biased by 128 for displaying convenience): (a) 3D RLPE; (b) JPEG; error distribution; (c) 3D
RLPE; (d) JPEG.

sign bit. A detail of band 48 (808 nm) is shown in Figure 15.9. The second spectrometer, covering the
near-infrared (NIR) spectrum, was analyzed in a recent work by Aiazzi et al. [10]. It was found that
the noise affecting AVIRIS data is somewhat correlated spectrally and across track, and less along
track, owing the “whisk-broom” scan mechanism as well as to postprocessing. First, the 3D RLPE
was run on the test AVIRIS sequence in the reversible mode, i.e., with A = 1. Each of the 224 bands
was decorrelated and encoded with reference to its two previous bands. A larger number of bands
for prediction is useless [5], besides being computationally more onerous. Figure 15.10 reports the
bit rate produced by the encoder varying with the wavelength, for the proposed scheme and for the
interband fuzzy-clustered DPCM encoder (3D FC-DPCM) [5]. The number of predictors M =4 and
the size of prediction support S = 18 are the same for both the encoders. As it appears, the former is
slightly superior to the latter, which requires an encoding time more than ten times greater, and does
not allow real-time decoding.

A distortion analysis varying with coding bit rate was carried out also on AVIRIS data. The test
image is the band 48 (808 nm) of Cuprite 97 portrayed in Figure 15.9. It is somewhat detailed and
richly textured. Rate distortion plots are reported in Figure 15.11a for RLPE operating with M =4
predictors, in both intraband (2D RLPE) mode (S = 8 coefficients per predictor), and interband mode
(3D RLPE), with reference to either one or two previous bands, with S = 12 and S = 16, respectively.
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FIGURE 15.9 (See color insert following page 336) NASA/JPL AVIRIS Cuprite Mine image, 614 x 512
details shown as color compositions of red (band 30), green (band 16), and blue (band 4) radiances collected in
1997 with a wordlength of 16 bits.
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FIGURE 15.10 Bitrates (in bit/pel) produced by 3D RLPE and by the 3D fuzzy-clustered DPCM (FC-DPCM),
for the reversible encoding of the 224 bands from the test AVIRIS sequences, varying with the wavelength. Each
band is predicted both spatially and spectrally from the two previous bands.
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FIGURE 15.11 Band 48 of AVIRIS Cuprite’97 compressed by means of the RLPE causal DPCM, in 2D,
intraband mode (INTRA), and 3D, interband (INTER) from one (1B) and two (2B) previous bands, with either
linear (Lin-Q), or logarithmic quantizer (Log-Q): (a) PSNR vs. bit rate; (b) peak error vs. bit rate.
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Owing sign bit, the full scale g¢ in Equation (15.3) was set equal to 2!> — 1 =32767 instead of
65535 (negative values introduced by calibration never occur in the sample band). Hence, the PSNR
attains a value of 10log; (12&2‘5) ~ 102 dB, due to integer roundoff noise only, when the reversibility
is reached. The 3D RLPE gains 16 to 18 dB over 2D RLPE, corresponding to almost three code
bit, depending on whether one or two previous bands are exploited for the 3D prediction. Two-band
3D prediction, instead of one, gains about 2dB for medium to high bit rates, and up to 4 dB for
low rates. Notice that according to RD theory [30], when a uniform quantizer is employed, all the
SNR/PSNR bit rate plots are straight lines with slope ~6 dB/bit, for rates larger than, say, 1 bit/pel.
This does not happen for Log-Q which loses about 2 dB and drifts from the theoretical line as the
lossless case is approached. The near-lossless performance is shown in the PE vs. bit rate plots of
Figure 15.11b. Values of PE are far larger than those reported in Figure 15.6b, because the full scale is
now 32,767 instead of 255. The trends are in accordance with those of PSNR, except for the Log-Q,
which achieves a performance much poorer than that of Lin-Q for the infra experiment. The standard
deviation of the noise was found [10] to be approximately 10; hence, the virtually lossless case is
given by the 3D encoder at a bit rate around 3 bits/pel, yielding a compression ratio CR > 5.

Another experiment concerns assessments of PMAD-constrained coding performances. Bands
35 to 97, covering the NIR wavelengths, have been compressed in both MAD-constrained mode
(linear quantization) and PMAD-constrained mode (logarithmic quantization). The work parameters
of RLPE have still been chosen so as to balance performances with encoding time. The outcome
bit rates varying with band number, together with the related distortion parameters, are shown in
Figure 15.12. As it appears, the bit rate plots follow similar trends varying with the amount of
distortion, but quite different trends for the two types of distortion (i.e., either MAD or PMAD).
For example, around the water vapor absorption wavelengths (= band 80) the MAD-bounded plots
exhibit pronounced valleys that can be explained because the intrinsic SNR of the data becomes
lower; thus the linear quantizer dramatically abates the noisy prediction errors. On the other hand,
the PMAD-bounded encoder tends to quantize the noisy residues more finely when the signal is
lower. Therefore, bit rate peaks are generated instead of valleys. More generally speaking, bit rate
peaks from the PMAD-bounded encoder are associated with low responses from the spectrometer.
This explains why the bit rate plots of Figure 15.12b never fall below 1 bit/pixel/band.
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FIGURE 15.12 (See color insert following page 336) Bit rates produced by 3D RLPE on the data produced by
the second spectrometer (NIR) of AVIRIS Cuprite Mine *97: (a) linear quantization to yield user-defined MAD
values; (b) logarithmic quantization to yield user-defined PMAD values.
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Eventually, some of the distortion measures defined in Section 15.3 have been calculated on
the distorted hyperspectral pixel vectors achieved by decompressing the bit streams generated by
the near-lossless encoder, both MAD- and PMAD-bounded. The RMSEs of the vector data, both
average RMSE (15.6) and peak RMSE (15.7), are plotted in Figure 15.13a as a function of the bit rate
from the encoder. The MAD-bounded encoder obviously minimizes both the radiometric distortions:
average (ARMSE) and maximum (PRMSE) Euclidean norm of the pixel error vector.

A further advantage is that ARMSE and PRMSE are very close to each other for all bit rates.
The PMAD-bounded encoder is somewhat poorer: ARMSE is comparable with that of the former,
but PRMSE is far larger, owing the high-signal components that are coarsely quantized in order to
minimize PMAD. Trivially, the MAD of the data cube (15.10) is exactly equal to the desired value
(see Figure 15.12a), whereas the PMAD, being unconstrained, is higher. Symmetric results, not
reported here, have been found by measuring PMAD on MAD- and PMAD-bounded decoded data.

As far as radiometric distortion is concerned, results are not surprising: radiometric distortions
measured on vectors are straightforwardly derived from those measured on scalar pixel values. The
introduction of such spectral measurements as SAM (15.12) and SID (15.16) may overcome the
rationale of distortion, as established in the image processing community. Figure 15.14 shows spectral
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FIGURE 15.13 (See color insert following page 336) Radiometric distortions vs. bit rate for compressed
AVIRIS Cuprite Mine ’97 data: (a) RMSE; (b) MAD.
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FIGURE 15.14 (See color insert following page 336) Spectral distortions vs. bit rate for compressed AVIRIS
Cuprite Mine ’97 data: (a) spectral angle mapper (SAM); (b) spectral information divergence (SID).
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distortions between original and decompressed hyperspectral pixel vectors. The PMAD-bounded
algorithm yields plots (SAM, Figure 15.14a) lying in the middle between the corresponding ones
produced by the MAD-bounded algorithm and that are very close to each other too.

Since the maximum SAM is a better clue of spectral quality of the decoded data than the aver-
age SAM may be, a likely conclusion would be that PMAD-bounded compression optimizes the
spectral quality of the data, while MAD-bounded is superior in terms of radiometric quality. The
considerations expressed for SAM are emphasized by the plots of Figure 15.14b reporting average
and maximum SID. The latter is capable of discriminating spectral quality more finely than SAM
does, as already noticed in the case of multiband classification [22].

15.7.3 SAR Focusep DAta

A thorough performance comparison aimed at highlighting the rational near-lossless approach was
carried out among causal RLPE-DPCM (2D) with either linear or logarithmic quantization and
noncausal DPCM achieved by RLP with linear quantization except on bottom layer where it is
logarithmic. The standards JPEG [35] and JPEG 2000 [40] were also considered.

The well-known NASA/JPL AIRSAR image of San Francisco (4-look amplitude) remapped to
8 bits/pel was used for the coding experiment. The test SAR image is shown as the bottom layer of
the GP in Figure 15.3a.

Figure 15.15a shows the PSNR vs. the bit rates produced by the five different encoders starting
from the test SAR image. For the RLP and the RLPE-DPCM (Log-Q) the rightmost part of the plots
(say, bit rate >2 bits/pel) correspond to a virtually lossless coding. As it appears, RLPE-DPCM gains
more than 1.5dB PSNR over RLP. The two plots are parallel for medium to high rates and cross
each other at approximately 1 bit/pel. This is not surprising because both encoders utilize Log-Q,
and it is widely known that noncausal DPCM is preferable to causal DPCM for low rates only [2].
Concerning the schemes utilizing linear quantizers, RLPE-DPCM and JPEG2K share the best RD
performances: the former outperforms the latter for rates higher than 1.5 dB, and vice versa. However,
it is evident that the logarithmic quantizer, introduced to allow relative-error-bounded coding, yields
poorer RD performances than a linear quantizer does, especially for low rates. JPEG and JPEG2K
having similar quantizers (psychovisual) follow similar RD trends. However, the two plots are closer
for lower rates and farther apart as the rate increases, unlike what usually happens for “optical”,
i.e., noncoherent, images. The visual quality of the decoded images, however, is quite different. For
lower rates, JPEG2K takes advantages from despeckling the image; instead JPEG introduces severe
blocking impairments, especially annoying on the sea.
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FIGURE 15.15 Comparisons on test SAR image (8 bits/pel): (a) PSNR vs. bit rate; (b) PRE vs. bit rate.
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FIGURE 15.16 Ratio of original to reconstructed image at the same bit rate of 2.45 bits/pel: (a) RLP, (b) JPEG;
distribution of original-to-decoded ratio: (c) RLP, (d) JPEG.

The relative-error-bounded near-lossless performance of the two encoder utilizing logarithmic
quantization is highlighted in the plots of Figure 15.15b reporting PRE (15.21) vs. bit rate between
original and decoded versions of the test SAR image. PRE is user defined and far lower than that of
the other schemes, including RLPE-DPCM which exhibits the best results among the three encoders
using linear quantization. Again RLP and RLPE-DPCM cross each other around 1 bit/pel.

The meaning of the virtually lossless term is demonstrated in Figure 15.16, reporting the bitmaps
and the histograms of pixel ratio between original and decoded images (i.e., the image of noise), for
RLP and JPEG, both at 2.45 bits/pel. Although the PSNR gain of RLP over JPEG is only 2 dB at 2.45
bits/pel, in the former case the relative error is small and uniformly spread; in the latter case it is het-
erogeneous, much larger around image edges. The variance of the ratio is less than one tenth of that of
speckle (nominally 4-look amplitude) for RLP. Hence, the definition of virtually lossless applies [9].

15.7.4 SAR Raw DatA

Many interesting papers [21,25,31,33] have reported previous work concerning raw data compression.
All authors agree that the I and Q components of the complex SAR signal can be well modeled as
zero-mean Gaussian-independent processes. Some nonstationarity is present causing a slow variation
of the standard deviation of the data in range and azimuth. However, on reasonably small data blocks,
the raw signal can be regarded as a stationary Gaussian process and it is quite natural to exploit the
Gaussian signal statistics by employing a pdf-optimized nonuniform Lloyd-Max quantizer [30].
Given this premise it is apparent that the ELP [2] does not fit well the statistics of the raw data.
This conclusion has been also strengthened by the analysis performed on the correlation of the
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data: some weak correlation exists in the range direction while data are extremely uncorrelated in
the azimuth direction as shown in Figure 15.17a and Figure 15.17b where the autocorrelations of the
real and imaginary parts of the raw SIR-C/XSAR data of Innsbruck, varying with lag, are reported,
respectively. The interpolative 2D nature of ELP prevents this scheme from obtaining significant
advantages on such data.

Relaxation-labeled prediction encoder seemed more promising for raw data and efforts have been
thus concentrated on this scheme mainly. Preliminary results have shown that owing to the extremely
scarce correlation in the azimuth direction, the causal neighborhood utilized for the prediction has to
be 1D and oriented in the range direction. RLPE has been thus modified in this sense. According to
[31], it has been found that when increasing the size of the causal neighborhood the performances of
RLPE slightly increase. Such performances are better than those [31] reported up to now as shown
in Figure 15.18a, where results of FBAQ and NBAQ are plotted for comparison.

Figure 15.18b shows instead the RD curves of ELP. Notwithstanding, the performances of RLPE
are superior, once context-based arithmetic coding is adopted also ELP becomes better than NPAQ
and FBAQ. On SAR raw data, a smart prediction can improve decorrelation performances up to 1 dB.
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FIGURE 15.17 Autocorrelation of SIR-C/XSAR complex raw data of Innsbruck as a function of lag: (a) real
part; (b) imaginary part.
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FIGURE 15.18 Compression performance on SIR-C/XSAR raw data of Innsbruck: (a) RLPE; (b) ELP.
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Context modeling and context-based arithmetic coding can further increase performances of more
than 1 dB. Overall, a gain of more than 2 dB can be obtained with respect to the most efficient schemes
recently reported in the literature. The cascade of context modeling and context-based arithmetic
coding is not advantageous: one of them is sufficient to guarantee the coding gain.

15.8 CONCLUSIONS

This work has demonstrated the potentialities of near-lossless compression, i.e., with bounded pixel
error, either absolute or relative, when it is applied to remote-sensing data. Unlike lossless compres-
sion achieving typical CRs around 2, near-lossless compression can be adjusted to allow a virtually
lossless compression with CRs higher than 3 for 8-bit multispectral data and larger than 5 for 16-bit
hyperspectral data. The main result of this analysis is that, for a given CR, near-lossless methods, either
MAD- or PMAD-constrained, are more suitable for preserving the spectral discrimination capability
among pixel vectors, which is the principal outcome of spectral information. Therefore, whenever a
lossless compression is not practicable, near-lossless compression is recommended in such applica-
tions where spectral quality is a crucial point. Furthermore, since the maximum reconstruction error
is defined by the user before compression, whenever higher CRs are required, the loss of performance
expected in application tasks can be accurately modeled and predicted. An original approach to near-
lossless compression of detected SAR images is also reported, which is based on encoding the rational
Laplacian pyramid of a speckled SAR image, after linearly quantizing its upper layers and logarithmi-
cally quantizing its bottom layer, to achieve near-lossless compression with constrained relative error.
Besides virtually lossless compression, for which causal DPCM is recommended, noncausal pyramid-
based DPCM outperforms causal DPCM when near-lossless compression at low to medium rates is
desired. Eventually, preliminary results of RLPE on SAR raw data show the adaptation capabilities
of this scheme, which results more efficient than the up-to-date algorithms reported in the literature.
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16.1 INTRODUCTION

For a next-generation 45-nm lithography system, using 25-nm, 5-bit gray pixels, a typical image
of only one layer of a 2cm x 1 cm chip represents 1.6 terabits of data. A direct-write maskless
lithography system with the same specifications requires data transfer rates of 10 terabits per second
in order to meet the current industry production throughput of one wafer per layer per minute [7]. These
enormous data sizes, and data transfer rates, motivate the application of lossless data compression to
VLSI layout data.

VLSI designs produced by microchip designers consist of multiple layers of two-dimensional
(2D) polygons stacked vertically, representing wires, transistors, etc. For pixel-based lithography
writers, each layer is converted into a 2D image. Pixels may be binary or gray depending on the
design of the writer. A sample of such an image is shown in Figure 16.1.

Il

FIGURE 16.1 A sample of binary layout image data.
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These lithography images differ from natural or even document images in several important ways.
They are synthetically generated, highly structured, follow a rigid set of design rules, and contain
highly repetitive regions cells of common structure.

Our previous experiments [4,5] have shown that Lempel-Ziv (LZ) style copying [13], used in
ZIP, results in high compression ratios on dense, repetitive circuits, such as arrays of memory cells.
However, where these repetitions do not exist, such as control logic circuits, LZ copying does not
perform as well. In contrast, context-based prediction [10], used in JBIG [2], captures the local
structure of lithography data, resulting in good compression ratios on nonrepetitive circuits, but fails
to take advantage of repetitions, where they exist.

We have combined the advantages of LZ copying and JBIG context modeling into a new loss-
less image compression technique called context copy combinatorial coding (C4). C4 is a single
compression technique that performs well for all types of layout: repetitive, nonrepetitive, or a het-
erogeneous mix of both. In addition, we have developed hierarchical combinatorial coding (HCC) as
a low-complexity alternative entropy-coding technique to arithmetic coding [6] to be used within C4.

Section 16.2 describes the overall structure of C4. Section 16.3 describes the context-based
prediction model used in C4. Section 16.4 describes LZ copying in two dimensions and how the C4
encoder segments the image into regions using LZ copying and context-based prediction. Section
16.5 describes HCC used to code prediction errors. Section 16.6 describes the extension of C4 to
gray-pixel layout image data. Section 16.7 includes the compression results of C4 in comparison to
other existing compression techniques for integrated circuit layout data.

16.2 OVERVIEW OF C4

The basic concept underlying C4 compression is to integrate the advantages of two disparate com-
pression techniques: local context-based prediction and LZ-style copying. This is accomplished by
automatic segmentation of the image into copy regions and prediction regions. Each pixel inside a
copy region is copied from a pixel preceding it in raster-scan order. Each pixel inside a prediction
region, i.e., not contained in any copy region, is predicted from its local context. However, neither
predicted values nor copied values are 100% correct, so error bits are used to indicate the position of
these prediction or copy errors. These error bits can be compressed using any binary entropy coder,
but in C4, we apply our own HCC technique as a low-complexity alternative to arithmetic coding.
Only the copy regions and compressed error bits are transmitted to the decoder.

In addition, for our application to direct-write maskless lithography, the C4 decoding algorithm
must be implemented in hardware as a parallel array of thousands of C4 decoders fabricated on the
same integrated-circuit chip as a massively parallel array of writers [4]. As such, the C4 decoder
must have a low implementation complexity. In contrast, the C4 encoder is under no such complexity
constraint. This basic asymmetry in the complexity requirement between encoding and decoding is
central to the design of the C4 algorithm.

Figure 16.2 shows a high-level block diagram of the C4 encoder and decoder for binary layout
images. First, a prediction error image is generated from the layout, using a simple 3-pixel context-
based prediction model. Next, the resulting error image is used to determine the segmentation map
between copy regions and the prediction region, i.e., the set of pixels not contained in any copy region.
As specified by the segmentation map, the Predict/Copy block estimates each pixel value, either by
copying or by prediction. The result is compared to the actual value in the layout image. Correctly
predicted or copied pixels are indicated by a “0”, and incorrectly predicted or copied pixels are
indicated with a ““1”, equivalent to a Boolean XOR operation. These error bits are compressed without
loss by the HCC encoder, which are transmitted to the decoder, along with the segmentation map.

The decoder mirrors the encoder, but skips the complex steps necessary to find the segmentation
map, which are received from the encoder. Again as specified by the segmentation, the Predict/Copy
block estimates each pixel value, either by copying or by prediction. The HCC decoder decompresses
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FIGURE 16.2 Block diagram of C4 encoder and decoder for binary images.

TABLE 16.1

The 3-Pixel Contexts, Prediction, and the
Empirical Prediction Error Probability for a
Sample Layout

Context Prediction Error | Error probability

|:|—| H:l ‘:H 0.0055

H—l H H:l 0.071
—E. ‘:I ‘:ﬂ 0.039
" -1
L= -"I
—I—| I:l H 0.022
—E m u 0.037
—r . E 0.0031

the error bits from the encoder. If the error bit is “0” the prediction or copy is correct, and if the
error bit is “1” the prediction or copy is incorrect and must be inverted, equivalent to a Boolean XOR
operation. Since there is no data modeling performed in the C4 decoder, it is considerably simpler
to implement than the encoder, satisfying one of the requirements of our application domain.

16.3 CONTEXT-BASED PREDICTION MODEL

For our application domain, i.e., integrated-circuit layout compression, we choose a simple 3-pixel
binary context-based prediction model to use in C4, much simpler that the 10-pixel model used in
JBIG. Nonetheless, it captures the essential “Manhattan” structure of layout data, as well as some
design rules, as seen in Table 16.1.
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The pixels used to predict the current-coded pixel are the ones above, left, and above-left of
the current pixel. The first column shows the eight possible 3-pixel contexts, the second column the
prediction, the third column what a prediction error represents, and the fourth column the empirical
prediction error probability for an example layout. From these results, it is clear that the prediction
mechanism works extremely well; visual inspection of the prediction error image reveals that predic-
tion errors primarily occur at the corners in the layout. The two exceptional 0% error cases in rows
5 and 6 represent design rule violations. To generate the prediction error image, each correctly pre-
dicted pixel is marked with a “0”, and each incorrectly predicted pixel is marked with a “1”, creating
a binary image which can be compressed with a standard binary entropy coder. The fewer the num-
ber of incorrect predictions, the higher the compression ratio achieved. An example of nonrepetitive
layout for which prediction works well is shown in Figure 16.3a and its corresponding prediction
error image is shown in Figure 16.3b.

In contrast to the nonrepetitive layout shown in Figure 16.3a, some layout image data contain
regions that are visually “dense” and repetitive. An example of such a region is shown in Figure 16.4a.
This visual “denseness” results in a dense, large number of prediction errors as seen clearly in the
prediction error image in Figure 16.4b.

The high density of prediction errors translates into low compression ratios using prediction
alone. In C4, areas of dense repetitive layout are covered by copy regions to reduce the number of
errors, as described in Section 16.4.

FIGURE 16.4 Dense repetitive layout image data and its resulting prediction error image.
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16.4 COPY REGIONS AND SEGMENTATION

As seen in Figure 16.4a of the previous section, some layout images are highly repetitive. We can take
advantage of this repetitiveness to achieve compression by specifying copy regions, i.e., a rectangular
region that is copied from another rectangular region preceding it in raster-scan order. In the remainder
of this section, we describe the procedure the C4 encoder uses to find these copy regions.

An example of a copy region is shown in the dashed rectangle in Figure 16.5. As seen, a copy
region is specified with six copy parameters: position of the upper left corner x, y, width w, height
h, distance to the left to copy from dx, and distance above to copy from dy. For the copy region in
Figure 16.5, every pixel inside the region is copied from dx pixels to its left, and dy = 0. Although
the entire region is copied, the copy itself need not be 100% correct. Similar to the prediction error
map, there is a corresponding copy error map within the copy region. Each correctly copied pixel is
indicated by a “0”, and each incorrectly copied pixel is marked by a “1”, creating a binary subimage,
which can be compressed with a standard binary entropy coder.

As described in Section 16.2, the C4 encoder automatically segments the image into copy regions
and the prediction region, i.e., all pixels not contained in any copy region. Each copy region has its
own copy parameters and corresponding copy error map, and the background prediction region has
a corresponding prediction error map. Together, the error maps merge to form a combined binary
prediction/copy error map of the entire image, which is compressed using HCC as a binary entropy
coder. The lower the number of the total sum of prediction and copy errors, the higher the compression
ratio achieved. However, this improvement in compression by the introduction of copy regions is
offset by the cost in bits to specify the copy parameters (x, y, w, h, dx, dy) of each copy region.
Moreover, copy regions that overlap with each other are undesirable: each pixel should only be coded
once, to save as many bits as possible.

Ideally, we would like the C4 encoder to find the set of nonoverlapping copy regions, which
minimizes the sum of number of compressed prediction/copy error bits, and the number of bits
necessary to specify the parameters of each copy region. An exhaustive search over this space would
involve going over all possible nonoverlapping copy region sets, a combinatorial problem, generating
the error bits for each set, and performing HCC compression on the error bits. This is clearly infeasible.
To make the problem tractable, a number of simplifying assumptions and approximate metrics are
adopted.

First we use entropy as a heuristic to estimate the number of bits generated by the HCC encoder
to represent error pixels. If p denotes the percentage of prediction/copy error pixels over the entire
image, then error pixels are assigned a per-pixel cost of C = — log,(p) bits, and correctly predicted
or copied pixels are assigned a per-pixel cost of —log,(1 — p) ~ 0. Of course, given a segmentation
map, p can be easily calculated by counting the number of prediction/copy error bits; at the same

dx (x, y) w

FIGURE 16.5 Illustration of a copy left region.
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time, p affects how copy regions are generated in the first place, as discussed shortly. In C4, we solve
this chicken and egg problem by first guessing a value of p, finding a segmentation map using this
value, counting the percentage of prediction/copy error pixels, and using this percentage as a new
value for p as input to the segmentation algorithm. This process can be iterated until the guess p
matches the percentage of error pixels, but in practice we find that one iteration is sufficient if the
starting guess is reasonable. Empirically, we have found a good starting guess to be the percentage of
error pixels when no copy regions are used, then discounted by a constant factor, e.g., a factor of 4.

Next, for any given copy region, we compare the cost, in bits, of coding that region using copy
vs. the cost of coding the region using prediction. If the cost of copying is lower, then the amount
by which it is lower is the benefit of using this region. The cost of copying is defined as the sum
of the cost of describing the copy parameters, and the cost of coding the copy error map. For our
particular application domain, the description cost is 51 bits. Here we have restricted x, y, w, h to
10-bits each, which is reasonable for our 1024 x 1024 test images. In addition, we assume that copies
are either from above, or to the left, so (dx, dy) is replaced by (left/above, d) and represented with 11
bits, where d, represented by 10 bits, denotes the distance left or above to copy from, and left/above,
represented by 1 bit, denotes the direction left or above to copy from. This assumption is in line with
the Manhattan structure of layout data. The cost of coding the copy error map is estimated as CE¢opy,
where C denotes the estimated per-pixel cost of an error pixel, as discussed previously, and Ecqpy
denotes the number of copy error pixels in the region. Correctly copied pixels are assumed to have
0 cost, as discussed previously. So the total cost of copying is 51 + CE¢opy.

The cost of coding the region using prediction is the cost of coding the prediction error map of
that region. It is estimated as CE qngext, Where Econtext denotes the number of prediction error pixels
in the region. Finally, the benefit of a region is the difference between these two costs, C(Econtext —
Ecopy) — 51. Note that it is possible for a region to have negative benefit if Econtext — Ecopy < (51/C).
The threshold T = (51/C) is used to quickly disqualify potential copy regions in the search algorithm
presented below.

Using benefit as a metric, the optimization goal is to find the set of nonoverlapping copy regions,
which maximizes the sum of benefit over all regions. This search space is combinatorial in size, so
exhaustive search is prohibitively complex. Instead we adopt a greedy approach, similar to that used
in the 2D-LZ algorithm described in [4]. The basic strategy used by the find copy regions algorithm
in Figure 16.2 is as follows: start with an empty list of copy regions; and in raster-scan order, add
copy regions of maximum benefit, which do not overlap with regions previously added to the list.
The completed list of copy regions is the segmentation of the layout. A detailed flow diagram of the
find copy regions algorithm is shown in Figure 16.6, and described in the remainder of this section.

In raster-scan order, we iterate through all possible (x,y). If (x,y) is inside any region in the
segmentation list, we move on to the next (x,y); otherwise, we iterate through all possible
(left/above, d). Next for a given (x, y, left/above, d), we maximize the size of the copy region (w, 1)
with the constraint that a stop pixel is not encountered; we define a stop pixel to be any pixel inside
a region in the segmentation list, or any pixel with a copy error. These conditions prevent overlap
of copy regions and prevent the occurrence of copy errors, respectively. Later, we describe how to
relax this latter condition to allow for copy errors. The process of finding maximum size copy regions
(w, h) is discussed in the next paragraph. Finally, we compute the benefit of all the maximum sized
copy regions, and, if any region with positive benefit exists, we add the one with the highest positive
benefit to the segmentation list.

We now describe the process of finding the maximum size copy region (w, #). For any given
(x,y,left /above, d), there is actually a set of maximum size copy regions bordered by stop pixels,
because (w, k) is a 2D quantity. This is illustrated in the example in Figure 16.7. In the figure, the
position of the stop pixels are marked with ® and three overlapping maximum copy regions are shown
as (x,y, wi, hy), (x,y, w2, h), and (x, y, w3, h3). The values w1, k1, wa, hy, w3, and h3 are found using
the following procedure: initialize w =1, h= 1. Increment w until a stop pixel is encountered; at
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FIGURE 16.6 Flow diagram of the find copy regions algorithm.
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FIGURE 16.7 Illustration of three maximum copy regions bordered by four stop pixels.
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this point w = w;. Next increment 4, and for each 4 increment w from 1 to wy, until a stop pixel is
encountered; at this point 2z =h; and w = w,. Again increment %, and for each /4 increment w from
1 to wy, until a stop pixel is encountered; at this point 7 = h, and w = w3. Finally, increment %, and
for each h increment w from 1 to w3, until a stop pixel is encountered; at this point A =h3 and w=1.
The maximum size algorithm is terminated when a stop pixel is encountered at w = 1.

As stated previously, any pixel inside a region in the segmentation list, and any pixel with a copy
error, is a stop pixel. The latter condition prevents any copy errors inside a copy region. We relax
this condition to merge smaller, error-free, copy regions into larger copy regions with a few number
of copy errors. The basic premise is to tradeoff the 51 bits necessary to describe a new copy region
against the introduction of bits needed to code copy errors, by excluding some copy error pixels
from being stop pixels. For each copy error pixel, we look at a window of W pixels in a row, where
the leftmost pixel is the copy error. If, in that window, the number of copy errors is less than the
average number of errors expected, Ecopy < Wp, and the number of copy errors is less than the number
of prediction errors, Ecopy < Epredict, then the pixel with the copy error is no longer considered to
be a stop pixel. The size of the look-ahead window W is a user-defined input parameter to the C4
algorithm. Larger values of W correspond to fewer, larger copy regions, at the expense of increasing
the number of copy errors.

16.5 HIERARCHICAL COMBINATORIAL CODING

We have proposed and developed combinatorial coding (CC) [6] as an alternative to arithmetic coding
to encode the error bits in Figure 16.2. The basis for CC is universal enumerative coding [3], which
works as follows. For any binary sequence of known length N, let k denote the number of ones
in that sequence. k ranges from O to N, and can be encoded using a minimal binary code [12],
i.e., a simple Huffman code for uniform distributions, using [log,(N + 1)] bits. There are exactly
C(N,k)=N!/(N — k)!k! sequences of length N with k ones, which can be hypothetically listed. The
index of our sequence in this list, known as the ordinal or rank, is an integer ranging from 1 to C(NV, k),
which can again be encoded using a minimal binary code, using [log, C(N, k)] bits. Enumerative
coding is theoretically shown to be optimal [3] if the bits to be compressed are independently and
identically distributed (i.i.d.) as Bernoulli(f), where 6 denotes the unknown probability that “1”
occurs, which in C4 corresponds to the percentage of error pixels in the prediction/copy error map.
The drawback of computing an enumerative code directly is its complexity: the algorithm to find the
rank corresponding to a particular binary sequence of length N, called ranking in the literature, is
O(N) in time, is O(N?) in memory, and requires O(N) bit precision arithmetic [3].

In CC, this problem is addressed by first dividing the bit sequence into blocks of fixed size M.
For today’s 32-bit architecture computers, M = 32 is a convenient and efficient choice. Enumerative
coding is then applied separately to each block, generating a (k, rank) pair for each block. Again,
using the same assumption that input bits are i.i.d. as Bernoulli(9), the number of k ones in a block of
M bits are i.i.d. as Binomial(M, 6). Even though the parameter 6 is unknown, as long as the Binomial
distribution is not too skewed, e.g., 0.01 <8 < 0.99, a dynamic Huffman code efficiently compresses
the k values with little overhead, because the range of & is small. Given there are k ones in a block
of M bits, the rank remains uniformly distributed, as in enumerative coding. Therefore, rank values
are efficiently coded using a minimum binary code.

The efficiency of CC, as described, is on par with arithmetic coding, except in cases of extremely
skewed distributions, e.g., 8 < 0.01. In these cases, the probability that k =0 approaches 1 for each
block, causing the Huffman code to be inefficient. To address this issue, we have developed an
extension to CC, called hierarchical combinatorial coding (HCC). It works by binarizing sequence
of k values such that k =0 is indicated with a “0” and k =1 to 32 is indicated with a “1”. CC is then
applied to the binarized sequence of “0” and “1”, and the value of k, ranging from 1 to 32 in the “1”
case, is Huffman-coded. Clearly, this procedure of CC encoding, binarizing the k values, then CC
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FIGURE 16.8 Two-level HCC with a block size M =4 for each level.

bits — level 0

encoding again can be recursively applied in a hierarchical fashion to take care of any inefficiencies
in the Huffman code for k values as 6 approaches 0.

Figure 16.8 is an example of HCC in action with two levels of hierarchy and block size M =4.
Only values in bold italics are coded and transmitted to the decoder. Looking at rows from bottom to
top, the original data are in the lowest row labeled “bits — level 0”. Applying CC with M = 4, the next
two rows show the rank and k value for each block in level 0. Note that when k = 0 no rank value is
needed as indicated by the hyphen. The high frequency of 0 in “k — level 0” makes it inefficient for
coding directly using Huffman coding. Instead, we binarize “k — level 0, to form “bits — level 17,
using the binarization procedure described in the previous paragraph. CC is recursively applied
to “bits — level 17, to compute “rank — level 1” and “k — level 1”. Finally, to code the data,
“k — level 1” is coded using a Huffman code, “rank — level 1” is coded using a minimal binary
code, nonzero values of “k — level 0” are coded using a Huffman code, and “rank — level 0” is
coded using a minimal binary code.

The rationale for choosing Huffman coding and minimal binary coding is the same as CC. If
the input is assumed to be i.i.d. as Bernoulli(9), all level rank values are uniformly distributed,
given the corresponding k-values in the same level. Furthermore, although the exact distribution
of k values is unknown, a dynamic Huffman code can adapt to the distribution with little overhead,
because the dynamic range of k is small. Finally, for highly skewed distributions of k, which hurts the
compression efficiency of Huffman coding, the binarization process reduces the skew by removing
the most probable symbol k£ = 0.

Studying the example in Figure 16.8, we can intuitively understand the efficiency of HCC: the
single Huffman coded 0 in “k — level 1” decodes to M? zeros in “bits — level 0. In general, for
L-level HCC, a single Huffman coded 0 in level L — 1 corresponds to M’ zeros in “bits — level 0.
HCC’s ability to effectively compress blocks of zeros is critical to achieving high compression ratios,
when the percentage of the error pixels is low.

In addition to achieving efficient compression, HCC also has several properties favorable to our
application domain. First, the decoder is extremely simple to implement: the Huffman code tables are
small because the range of k values is small, unranking is accomplished with a simple table lookup,
comparator, and adder, and minimal binary decoding is also accomplished by a simple table lookup
and an adder. Second, the decoder is fast: blocks of MU+ zeros can be decoded instantly when a
zero is encountered at level L. Third, HCC is easily parallelizable: block sizes are fixed and block
boundaries are independent of the data, so the compressed bitstream can be easily partitioned and
distributed to multiple parallel HCC decoders. This is in contrast to run-length coding schemes such
as Golomb codes [8], which also code for runs of zeros, but have data-dependent block boundaries.

Independent of our development of HCC, a similar technique called hierarchical enumerative
coding (HEC) has been developed in [9]. The main difference between HEC and HCC is the method
of coding k values at each level. HCC uses binarization and simple Huffman coding, whereas HEC
uses hierarchical integer enumerative coding, which is more complex [9]. In addition, HEC requires
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TABLE 16.2
Result of 3-Pixel Context-Based Binary Image Compression
on a 242 kb Layout Image for a P3 800 MHz Processor

Metric Huf8  Arithmetic  Golomb HEC HCC
Compression ratio 7.1 47 49 48 49

Encoding time (sec) 0.99 7.46 0.52 2.43 0.54
Decoding time (sec) 0.75 10.19 0.60 2.11 0.56

more levels of hierarchy to achieve the same level of compression efficiency as HCC. Consequently,
HCC is significantly less complex to compute than HEC.

To compare HCC with existing entropy coding techniques, we apply 3-pixel context-based pre-
diction as described in Section 16.3 to a 242 kb layout image and generate eight binary streams. We
then apply Huffman coding to blocks of 8-bits, arithmetic coding, Golomb run-length coding, HEC,
and HCC to each binary stream, and report the compression ratio obtained by each algorithm. In
addition, we report the encoding and decoding times as a measure for complexity of these algorithms.
The results are shown in Table 16.2.

Among these techniques, HCC is one of the most efficient in terms of compression, and one of
the fastest to encode and decode, justifying its use in C4. The only algorithm comparable in both
efficiency and speed, among those tested, is Golomb run-length coding. However, as mentioned
previously, HCC has fixed, data-independent block boundaries, which are advantageous for parallel
hardware implementations, run-length coding does not. Run times are reported for 100 iterations on an
800 MHz Pentium III workstation. All algorithms are written in C# and optimized with the assistance
of VTune to eliminate bottlenecks. The arithmetic coding algorithm is based on that described in [12].

16.6 EXTENSION TO GRAY PIXELS

So far, C4 as described is a binary image compression technique. To extend C4 to encode 5-bit
gray-pixel layout image, slight modifications need to be made to the prediction mechanism, and the
representation of the error. Specifically, the local 3-pixel context-based prediction, described in Sec-
tion 16.3, is replaced by 3-pixel linear prediction with saturation, to be described later; furthermore,
in places of prediction or copy error, where the error bit is “1”, an error value indicates the correct
value of that pixel. A block diagram of the C4 encoder and decoder for gray-pixel images is shown
in Figure 16.9.

First, a prediction error image is generated from the layout, using a simple 3-pixel linear prediction
model. The error image is a binary image, where “0” denotes a correctly predicted gray-pixel value
and “1” denotes a prediction error. The copy regions are found as before in binary C4, with no change
inthe algorithm. As specified by the copy regions, the Predict/Copy generates pixel values either using
copying or linear prediction. The result is compared to the actual value in the layout image. Correctly
predicted or copied pixels are indicated by a “0”, and incorrectly predicted or copied pixels are
indicated by a “1” with an error value generated indicating the true value of the pixel. The error bits are
compressed with a HCC encoder, and the actual error values are compressed with a Huffman encoder.

As in binary C4, the gray-pixel C4 decoder mirrors the encoder, but skips the complex steps
necessary to find the copy regions. The Predict/Copy block generates pixel values either using copying
or linear prediction according to the copy regions. The HCC decoder decodes the error bits, and the
Huffman decoder decodes the error values. If the error bit is “0” the prediction or copy is correct, and
if the error bit is “1” the prediction or copy is incorrect and the actual pixel value is the error value.
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FIGURE 16.9 Block diagram of C4 encoder and decoder for gray-pixel images.
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FIGURE 16.10 Three-pixel linear prediction with saturation used in gray-pixel C4.

The linear prediction mechanism used in gray-pixel C4 is analogous to the context-based pre-
diction used in binary C4. Each pixel is predicted from its 3-pixel neighborhood as shown in
Figure 16.10. “?” is predicted as a linear combination of its local 3-pixel neighborhood “a,” “b,”
and “c.” If the prediction value is negative or exceeds the maximum allowed pixel value max,
then the result is clipped to O or max, respectively. Interestingly, this linear predictor can also be
applied to a binary image by setting max = 1, resulting in the same predicted values as binary
context-based prediction described in Section 16.3. It is also similar to the median predictor used in
JPEG-LS [11].

16.7 COMPRESSION RESULTS

We apply a suite of existing and general lossless compression techniques as well as C4 to binary layout
image data. Compression results are listed in Table 16.3. The original data are 2048 x 2048 binary
images with 300 nm pixels sampled from an industry microprocessor layout, which corresponds to a
0.61 mm x 0.61 mm section, covering about 0.1% of the chip area. Each entry in the table corresponds
to the compression ratio for one such image.

The first column “type” indicates where the sample comes from: memory, control, or a mixture
of the two. Memory circuits are typically extremely dense but highly repetitive. In contrast, control
circuits are highly irregular, but typically much less dense. The second column “layer” indicates
which layer of the chip the image comes from. Poly and Metall layers are typically the densest, and
mostly correspond to wire routing and formation of transistors. The remaining columns from left to
right are compression ratios achieved by JBIG, ZIP, 2D-LZ our 2D extension to the LZ77 copying
[4], BZIP2 based on the Burrows—Wheeler transform [1], and C4. The bold numbers indicate the
highest compression for each row.
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TABLE 16.3
Compression Ratios of JBIG, ZIP, 2D-LZ, BZIP2, and C4 for
2048 x 2048 Binary Layout Image Data

Type Layer JBIG yAld 2D-LZ BZIP2 C4
Memory M2 59 88 233 260 332
cells Ml 10 48 79 56 90

Poly 12 51 120 83 141
Control M2 47 22 26 32 50
logic M1 20 11 11 11 22

Poly 42 19 20 23 45
TABLE 16.4

Compression Ratio of Run Length, Huffman, LZ77, ZIP, BZIP2,
and C4 for 5-Bit Gray Layout Image Data

Layer RLE Huf LZ77 LZ77 VAl BZIP2 c4
256 1024
M2 14 2.3 4.4 21 25 28 35
M1 1.0 1.7 29 5.0 7.8 11 15
Poly 1.1 1.6 33 4.6 6.6 10 14
Via 5.0 3.7 10 12 15 24 32
N 6.7 32 13 28 32 42 52
P 5.7 33 16 45 52 72 80

As seen, C4 outperforms all these algorithms for all types of layouts. This is significant, because
most layouts contain a heterogeneous mix of memory and control circuits. ZIP, 2D-LZ, and BZIP2
take advantage of repetitions resulting in high compression ratios on memory cells. In contrast, where
the layout becomes less regular, the context modeling of JBIG has an advantage over ZIP, 2D-LZ,
and BZIP2.

Table 16.4 gives compression results for more modern layout image data with 65 nm pixels and
5-bit gray layout image data. For each layer, five blocks of 1024 x 1024 pixels are sampled from two
different layouts, three from the first, and two from the second, and the minimum compression ratio
achieved for each algorithm over all five samples is reported. The reason for using minimum rather
than the average has to do with limited buffering in the actual hardware implementation of maskless
lithography writers. Specifically, the compression ratio must be consistent across all portions of the
layout as much as possible. From left to right, compression ratios are reported in columns for a
simple run-length encoder, Huffman encoder, LZ77 with a history buffer length of 256, LZ77 with
a history buffer length of 1024, ZIP, BZIP2, and C4. Clearly, C4 still has the highest compression
ratio among all these techniques. Some notable lossless gray-pixel image compression techniques
have been excluded from this table including SPIHT and JPEG-LS. Our previous experiments [5]
have already shown that they do not perform well as simple ZIP compression on this class of data.

In Table 16.5, we show results for ten sample images from the data set used to obtain Table
16.4, where each row is information on one sample image. In the first column “type”, we visually
categorize each sample as repetitive, nonrepetitive, or containing a mix of repetitive and nonrepetitive
regions. The second column is the chip layer from which the sample is drawn. The third column “LP”
is the compression ratio achieved by linear prediction alone, equivalent to C4 compression with copy
regions disabled. The fourth and fifth columns are the compression ratio achieved by ZIP and the
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TABLE 16.5

Percent of Each Image Covered by Copy Regions
(Copy%), and Its Relation to Compression Ratios for
Linear Prediction (LP), ZIP, and C4 for 5-Bit Gray Layout

Image Data
Type Layer LP Zip Cc4 Copy%
Repetitive M1 33 7.8 18 94
Poly 2.1 6.6 18 99
Nonrepetitive Ml 14 12 16 18
Poly 7.3 9.6 14 42
Mixed M1 7.5 12 15 44
Poly 4.1 10 14 62
M2 15 26 35 33
N 18 32 52 21
P 29 52 80 33
Via 7.1 15 32 54

full C4 compression, respectively. The last column “Copy%” is the percent of the total sample image
area covered by copy regions, when C4 compression is applied. Any pixel of the image not covered
by copy regions is, by default, linearly predicted from its neighbors.

Clearly, the Copy% varies dramatically from image to image ranging from 18% to 99% across
the 10 samples, testifying to C4’s ability to adapt to different types of layouts. In general, a high
Copy% corresponds to repetitive layout, and low Copy% corresponds to nonrepetitive layout. Also,
the higher the Copy%, the more favorably ZIP compares to LP compression. This agrees with the
intuition that LZ-style techniques work well for repetitive layout, and prediction techniques work
well for nonrepetitive layout. At one extreme, in the nonrepetitive-M1 row, where 18% of the image
is copied in C4, LP’s compression ratio exceeds ZIP. At the other extreme, in the repetitive-Poly row,
where 99% of the image is copied, ZIP’s compression ratio is more than three times that of LP. This
trend breaks down when the compression becomes high for both LP and ZIP, e.g., the rows labeled
Mixed-N and Mixed-P. These layouts contain large featureless areas, which are easily compressible
by both copying and prediction. In these cases, C4 favors using prediction to avoid the overhead of
specifying copy parameters.

16.8 SUMMARY

C4 is a novel compression algorithm, which successfully integrates the advantages of two very
disparate compression techniques: context-based modeling and LZ-style copying. This is particularly
important in the context of layout image data compression, which contains a heterogeneous mix of
data: dense repetitive data, better suited to LZ-style coding, and less dense structured data, better
suited to context-based encoding. In addition, C4 utilizes a novel binary entropy-coding technique
called combinatorial coding, which is simultaneously as efficient as arithmetic coding and as fast
as Huffman coding. Compression results show that C4 achieves superior compression results over
JBIG, ZIP, BZIP2, and 2D-LZ for a wide variety of industry lithography image data.
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current methods, limitations, 209
digital image compression, 208-209
greedy algorithms, 212-214
highly nonlinear approximations, 210-212
nonlinear algorithms, 210-214
reduntant expansions, 209-230, see also Redundant

expansions

Image compression multiresolution analysis, 3—32
and filter banks, 6-7
coding schemes, 20-32
content-driven ELP coder, 27-29
continuous wavelet transform and frames, 5

embedded block coding with optimized truncation, 26-27

embedded zero-tree wavelet coder, 20-22
lifting scheme, 11-14
multiresolution spaces, 5—6
orthogonal and biorthogonal filter banks, 8-9
reconstruction at boundaries, 9
synchronization tree, 29
wavelet analysis and filter banks, 4-16
wavelet decomposition of images, 14-15
Image compression, advanced modeling and coding
techniques for, 35-66
arithmetic coding and context modeling, 40-52, see also
Arithmetic coding and context modeling
EBCOT, overview, 58-64, see also EBCOT
entropy and coding in, 36-40
fixed- and variable-length codes, 37-38
information sequencing and embedding, 52-58, see also
Information sequencing and embedding
Image compression, application, 199-204
coding schemes, 202-204
experimental approximation properties, 199-202
Image multiresolution analysis, 14-15
Image partitions, in fractal image compression, 154—157
hierarchical partitions, 155-156
quadtrees, 155
split-merge partitions, 156—157
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Implicit shape coding, 301-302
Information sequencing and embedding, in image
compression, 52-58

coding vs. ordering, 57-58
embedded quantization and bit-plane coding, 54-56
fractional bit-plane coding, 56-57
multiresolution compression with wavelets, 53—-54
quantization, 52-53

Integer-to-integer wavelets, 128

ISDN (integrated service digital networks), 352

Jacquin—Barnsley operator, 149-154, 162-166
JBIG (joint bi-level image group)
arithmetic coding in, 51-52
in binary image compression, 287-291
JBIG2, 289-291
probabilities in, 288
JND (just noticeable distortion) threshold, 69
evaluation, 78-79
JPEG 2000 standard, 101-109
advanced features, 106-108
codestream syntax, progression orders and
codestream generation, 105-106
data organization, 103-104
DC level shifting, 101-102
entropy coding, 104-105
error resilience, 107-108
extensions, 108
motion JPEG 2000, 108
multicomponent transformation, 102
quantization, 103
region of interest coding, 106-107
transform and quantization, 101-103
wavelet transformation, 102—103
JPEG family of coding standards, 87-110
advanced research related to, 109-110
available software, 110
DCT-based coding, 109
history, 88
JPEG 2000 standard, 101, see also JPEG 2000 standard
JPEG standard, 89-96, see also JPEG standard
JPEG-LS standard, 96-101, see also JPEG-LS standard
wavelet-based coding and beyond, 109-110
JPEG standard, 89-96
codestream syntax, 95-96
entropy coding, 91-94
Huffman coding, 91-93
lossless mode, 94
progressive and hierarchical encoding, 95
quantization, 90-91
transform, 89-90
JPEG+MMR+IJPEG, 336-344
computing rate and distortion per block,
337-338
fast thresholding, 340-341
optimized thresholding as segmentation,
338-339
performance, 341-344
JPEG2000 lossless coding option, 128-129
JPEG2000 sign coding primitive, 60
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JPEG-LS standard, 96-101
codestream syntax, 100-101
context-based prediction, 97-98
entropy coding, 98-99
Golomb coding, 98-99
JPEG-LS part 2, 99-100
near-lossless mode, 99
run mode, 99

KLT (Karhunen—Loeve transform), 208

Learning penalty, 49
Lifting scheme, in wavelet transforms implementation,
12-14
Linear predictive techniques, in lossless image coding,
116
Linear signal expansions with bounded communication,
244-248
coding strategy, definition, 244-246
communication within a coherence region, 246
global communication, 246247
local and global communication requirements,
differentiation, 246
wavelets and sensor broadcast, 244
LIP (list of insignificant pixel), 24-26, 358
LIS (list of insignificant sets), 358
L-level wavelet transformation, 102-103
LNC (nonsignificant coefficients), 361
Local contrast sensitivity, in perception, 69
LOCO-I, 127
Lossless DPCM, see Linear predictive techniques
Lossless image coding, 113-140
application domains, 134-140, see also Application
domains
context modeling, 116-117
entropy coding, 117-121
methods
optimizations, 129-134, see also Optimizations
prediction, 115-116
principles, 114-121
Lossless image coding methods, 121-129
and prediction, 123
arithmetic coding procedures, 122-123
context-based adaptive lossless image coding, 123-127,
see also Context-based adaptive lossless image coding
experimental results, 129
gradient-adjusted predictor, 124—125
Huffman coding procedures, 121-122
JPEG lossless, 121-123
JPEG-LS, 127-128
reversible wavelets, 128-129
LPL (layer per layer) mode, 372
LPL-PROG (layer per layer progressive), 371-372
LSP (list of significant pixel), 24-26
LTI (linear time-invariant) filters, 13

Mallat’s DWT, quantization, 15-16

wavelet pyramid, 19
MAP (maximum a posteriori) estimation, 315
MAR (multiplicative autoregression) technique, 355
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MAYV (maximum absolute value), 28
MAXSHIFT method, 106-107
MCECQ (minimum conditional entropy context
quantization), 131-132
McMillan condition, 37
MDI (multidirectional interpolation) method, 272
MED (median edge detection), 116
Minkowski metrics, 77
MLZC (multidimensional layered zero coding),
368-375
3-D object-based coding, 372-374, see also 3-D
object-based coding
3-D/2-D MLZC, 374
3-D/2-D object-based MLZC, 374-375
bitstream syntax, 371
global progressive, 371
interband conditioning, 371
layer per layer mode, 372
layer per layer progressive, 371-372
layered zero coding approach, 368
MLZC coding principle, 369
spatial conditioning, 369-371
MMSE (minimum mean-squared error), 4
MMSE decoder, 263
Modeling task, in lossless image coding, 115
Modified Huffman (MH) code, 286
MP (Matching pursuit) algorithm, 212-213
MPEG-4 shape coding tools, 303-308
binary shape coding, 304-307
boundary blocks texture coding, 307-308
codec optimization, 308-316
coding efficiency evaluation criteria, 307
gray-scale shape coding, 307
inter-mode, 306-307
intra-mode, 305-306
shape representation, 304
video coder architecture, 308
MPS (more probable symbol), 120
MR (magnitude refinement) primitive, in EBCOT
algorithm, 27
MR (modified READ (relative element address designate))
algorithm, 286-287
MRC (mixed raster content) imaging model, 324-325
for compression, 327-336
JP2-based JPM, 347-348
JPEG+MMR-+IPEG, 336-344, see also
JPEG+MMR+JPEG
object segmentation versus region classification,
329-330
plane filling, 333-336
redundant data and segmentation analysis, 330-333
within JPEG 2000, 344-348
MRF (Markov random field) model, 311
MSB (most significant bits), in pixel values recovery, 273
MTF (modulation transfer function), 69
Multidimensional medical data, model-based coding trends,
351-385
2-D systems, 354-360, see also 2-D systems
3-D analysis versus 2-D reconstruction, 368
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3-D object-based MLZC, 379-384
3-D ROI-based coding, 362-363
3-D systems, 360-362, see also 3-D systems
3-D/2-D MLZC, 377-379
3-D/2-D object-based MLZC, 384-385
3-D/2-D ROI-based MLZC, 364-365
datasets, 375-377
MLZC, 368-375, see also MLZC
model-based coding, 363-364
object based processing, 365-368
requirements, 353-354
Multiresolution analysis, for image compression, 3-32, see
also Image compression
Multiresolution spaces, in image compression
multiresolution analysis, 5-6

NCD (normalized color distance), 261
Near-lossless compression, 390
New image representation paradigms, 179-205
alternative approaches, 192-193
curvelets, 187-191
digital curvelets, 196-198
digital wedgelets, 193196, see also Digital wedgelets
implementation, 195-196
problems and solutions, 180-193
wedgelets, 184—-187
Noiseless source coding theorem, 36
Nonlinear approximation error, 180
Nonspecific suppression, 72
Normal mode, in significance coding, 60

OBASC (object based analysis-synthesis coding), 300
Optimal context quantization, 131-134
Optimizations, in lossless image coding, 129-134
multiple prediction, 130-131
optimal context quantization, 131-134
Orthogonal and biorthogonal filter banks, in image
compression multiresolution analysis, 8-9

PACS (picture archiving and communication systems), 352
PCRD-opt (postcompression rate-distortion
optimization), 62
Perception
and image coding, 69-84, see also Image coding,
perceptual aspects
characterization mechanisms, 69
effects, in DCT domain, 79-81
perception metrics, in wavelet domain, 81-84
Perceptual coding, 256
Perceptual distortion metrics, 76-78
Perfect reconstruction (PR) system, in image
compression, 9
Physically constrained nonbandlimited images, 248-250
compression, 250
sampling and interpolation, 249-250
wave field models, 248-249
Pixel values recovery
error concealment for, 271-275
self-embedding methods, 275-277
Postcompression rate-distortion optimization, 109
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Posteriori quantization, 218
Precincts, 104
PWC (piecewise-constant) codes, 139

QMF (quadrature mirror filter) banks, 9
Quad-tree hierarchy, 28

Quality progressive pack-stream, in EBCOT, 64
Quantizer, in compression algorithms, 4

RAPP (runs of adaptive pixelpatterns), 139
Raster imaging models, 324-327
DjVu, 326-327
mixed raster content, 324-325
region classification, 325-326
residual additive planes, 327
soft masks for blending, 327
Reduntant expansions, 209-230
anisotrophy, benefits, 220-222
benefits, 209-210
coding performance, 222-223
experimental results, 220-223
extensions to color images, 223-226
high adaptivity, 227-230
high adaptivity, importance, 227
rate scalability, 229-230
scalable image encoder, 214-220, see also Scalable
image encoder
spatial adaptivity, 227-229
Reed Solomon (RS) codes, 262
Relaxation-labeled prediction encoder, 408
Remote-sensing image coding, 389409
advanced compression algorithms for, 393-395
context modeling, 394-395
distortion measures, 391-393
experimental results, 399—409
hyperspectral data, 401-406
multispectral data, 399401
near-lossless compression through 3D causal DPCM,
395-396
near-lossless image compression through noncausal
DPCM, 396-398
quality issues, 389-391
radiometric distortion, 391-392
SAR focused data, 406407
SAR raw data, 407-409
spectral distortion, 392-393
Repeat-accumulate (RA) codes, 262
Resolution scalability, 26, 54
RLC (run-length coding) primitive, in EBCOT algorithm,
27
ROB (region of background), 276
ROI (region of interest), in pixel values recovery, 276
ROPD (rank-order polynomial subband decomposition),
358
Run mode, in significance coding, 60

Scalable image encoder, 214-220
anisotrophy and orientation, 216-217
coding stage, 218
coefficient quantization, 218-219
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dictionary functions, generation, 215-216
dictionary, 217-218
matching pursuit search, 215
rate control, 220
Second-generation coding techniques, 363-364
Second-generation wavelets, 11
Sensor broadcast problem, 236-238
problem formulation, 236237
problem relevance, 237-238
Sensor networks field snapshots, distributed compression,
235-251, see also Distributed compression
SFS (space frequency segmentation), 357
Sign coding primitive, in EBCOT algorithm, 27
Significance coding, in EBCOT algorithm, 59—-60
Significance propagation pass, 61
Skewed sources, 37
SNR scalability, 26
Spatial orientation tree, 23
SPECK (set partitioning embedded block coding), 359
SPIHT (set partitioning hierarchical trees) algorithm,
22-26, 57, 357-359
SRN (shape refreshment need), 314
Subordinate list, in EZW algorithm, 21-22
Subordinate pass, in EZW algorithm, 22
Synchronization tree, in image compression, 29

TRN (texture refreshment need), 314
TRPP (template relative pixel patterns), 139
TSGD (two-sided geometric distribution) modeling, 127
Two-dimensional shape coding, 299-319
applications, 316-318
implicit shape coding, 301-302
interactive TV, 318
MPEG-4 shape coding, 303, see also MPEG-4 shape
coding tools
shape coding, 301

UCM (universal context modeling) scheme, 123

Variable-length code, 37
Virtually lossless compression, 390
Virtually lossless term, 407
Visually lossless mode, in multidimensional medical data,
354
Visually weighted MSE, 62
VLSI layout image data, lossless compression,
413-425
and C4, see also C4 (context copy combinatorial coding)
compression results, 423-425
context-based prediction model, 415416
copy regions and segmentation, 417-420
extension to gray pixels, 422-423
hierarchical combinatorial coding, 420-422
ranking in, 420
VOP (video object plane), 300

Wavelet analysis and filter banks, in image compression
multiresolution analysis, 4-16

Wavelet footprints, 210

Wavelet orthonormal bases, shortcomings,
179-180
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Wavelet transforms implementation, via lifting,
12-14

Wavelets, new image representation paradigms,
179-205

Wedgelets constructions, 179, 184-187

Wedgeprints, 210

WS (whole-sample symmetric) extension, in image
compression, 10
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W-SFQ (wedgelet-space frequency quantization)
compression, 203-204
WTCQ (wavelet/trellis-coded quantization), 358

YUV color space, 225

ZC (zero coding) primitive, in EBCOT algorithm, 27
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FIGURE 7.3 Image IBB North: (a) original image, (b) wedge reconstruction A =0.012, and (c) with
corresponding wedge grid superimposed.
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FIGURE 8.8 Distortion—rate performance for JPEG-2000, SPIHT, and the proposed MP coder for common test
images. (a) Cameraman (256 x 256); (b) Lena (512 x 512).



FIGURE 8.9 Japanese woman coded with 1500 MP atoms, using the most energetic channel search strategy in
YUV color space (a) and in RGB color space (b).

FIGURE 8.15 Matching pursuit bitstream of sail image decoded after 50, 150, and 500 coefficients. (a) 50
coefficients; (b) 150 coefficients; and (c) 500 coefficients.
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FIGURE 13.1 Illustration of MRC imaging model. (a) The basic three-layer model where the foreground color
is poured through the mask onto the background layer. In using a sequence of mask + FG pairs; (b) the three-layer
model can be extended; (c) Less than three layers can be used by using default colors for mask and FG layers.



FIGURE 13.3 An image is divided into regions, each region being classified as belonging to one class, e.g.,
text, picture, background, etc. The final image is rendered by looking up this map and retrieving the pixel (or
block) data from the assigned layer.
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FIGURE 13.4 In the DjVu rendering model, objects are rendered, with their assigned colors, onto a background
plane. There is neither explicit mask plane nor FG bitmaps.
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FIGURE 13.7 Two example segmentation strategies that yield the same image. (a) Original image containing a
picture and colored text; (b) BG plane with the canvas and the picture; (c) mask plane containing the text shapes;
(d) text associated colors are present at the FG plane; (e) another mask that simply marks the text areas; and (f)
the corresponding FG plane containing the colored text.
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FIGURE 13.8 MRC plane decomposition diagram, consisting only of the segmenter and plane-filling modules.



January 31, 2001

Dear Mom and Dad,

Haorw are both of you doing? I thought [ would drop a line
to say hi. Fanny, little Danny, and [ are doing well. As
you can see by the picture, little Danny isn’t quite so little!
Isn’t this letter really great! | took a picture of Danny
that was on a Kodak PhotoCD, and 1 merged it onto this
letter using my computer. I then printed the letter using

a color inkjet printer I just bought...

Danny’s wearing the gorgeous BLUE sweater you gave
him last time you were visiting. It just brings out the
RED in his lips and cheeks. He definitely gets his good
looks from his mother!

Take care of yourselves and write soon.

Love v ¢
Michael

FIGURE 13.20 Another compound image for testing. Image size is 1400 x 1024 pixels.

FIGURE 15.9 NASA/JPL AVIRIS Cuprite Mine image, 614 x 512 details shown as color compositions of red
(band 30), green (band 16), and blue (band 4) radiances collected in 1997 with a wordlength of 16 bits.
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FIGURE 15.12 Bit rates produced by 3D RLPE on the data produced by the second spectrometer (NIR) of
AVIRIS Cuprite Mine "97: (a) linear quantization to yield user-defined MAD values; (b) logarithmic quantization
to yield user-defined PMAD values.
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FIGURE 15.13 Radiometric distortions vs. bit rate for compressed AVIRIS Cuprite Mine *97 data: (a) RMSE;

(b) MAD.

0.3

0.25

— PMAD-bounded (Max)

—— PMAD-bounded (Avg)

—— MAD-bounded (Max)
MAD-bounded (Avg)

1.5
Average bitrate (bit per pixel per band)

25 3 3.5 4

(a)

SID (bit per pixel spectrum)

-5
1 X 10 . . .
09t = PMAD-bounded (Max) | |
. —— PMAD-bounded (Avg)
08l = MAD-bounded (Max)
. MAD-bounded (Avg)
0.7}
0.6
05}
0.4}
03}
0.2}
0.1}
0 n n n n
1 1.5 25 3 35

Average bit rate (bit per pixel per band)

(b)

4

FIGURE 15.14 Spectral distortions vs. bit rate for compressed AVIRIS Cuprite Mine ’97 data: (a) spectral
angle mapper (SAM); (b) spectral information divergence (SID).
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